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Çàäà÷è 1,2a-2ã,3à,4à cîñòàâëÿþò íåîáõîäèìûé ìèíèìóì â ýòîì ëèñòêå.

Â ýòîì ëèñòêå ñèìâîëîì F (a, b; c; z), ãäå c 6= 0,−1,−2, ... îáîçíà÷àåòñÿ ãèïåðãåîìåòðè÷å-
ñêàÿ ôóíêöèÿ, ïðåäñòàâëåííàÿ ñõîäÿùèìñÿ ïðè |z| < 1 ðÿäîì

F (a, b; c; z) = 1 +
∑
n>0

a(a + 1) · · · (a + n− 1)b(b + 1) · · · (b + n− 1)

c(c + 1) · · · (c + n− 1)

zn

n!
.

1. Äîêàæèòå, ÷òî F (a, b + 1; c; z)− F (a, b; c; z) = az
c
F (a + 1, b + 1; c + 1; z).

2. Âûðàçèòå îñíîâíûå ýëåìåíòàðíûå ôóíêöèè ÷åðåç ãèïåðãåîìåòðè÷åñêèå:

(a) (1 + z)a = F (−a, b; b;−z); (á) ln(1 + z) = zF (1, 1; 2;−z);

(â) arcsin z = zF (1/2, 1/2; 3/2; z2); (ã) arctg z = zF (1/2, 1; 3/2;−z2);
(ä)∗ ex = lim

a→+∞
F (a, b; b; z/a) .

3. (a) Äîêàæèòå, ÷òî ïðè c 6= 0,−1,−2, ... ãèïåðãåîìåòðè÷åñêèé ðÿä F (a, b; c; z) ñõîäèò-
ñÿ ïðè |z| < 1 ê àíàëèòè÷åñêîé â ýòîé îáëàñòè ôóíêöèè, ÿâëÿþùåéñÿ ðåøåíèåì
ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ

z(1− z)
d2u

dz2
+ {c− (a + b + 1)z}du

dz
− ab u = 0 .

(á) Ñ÷èòàÿ c ÷èñëîì, îòëè÷íûì îò íàòóðàëüíîãî, âûïèøèòå â âèäå îáîáùåííîãî ñòå-
ïåííîãî ðÿäà ðåøåíèå ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ, èìåþùåå â òî÷êå z = 0
ïîêàçàòåëü 1− c. Ïîêàæèòå, ÷òî ýòî ðåøåíèå ñîâïàäàåò ñ ôóíêöèåé z1−cF (a− c +
1, b− c+ 1; 2− c; z) è âìåñòå ñ ãèïåðãåîìåòðè÷åñêîé ôóíêöèåé F (a, b; c; z) ïðè c 6∈ Z
îáðàçóåò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ.

4. (a) Äîêàæèòå, ÷òî äèôôåðåíöèàëüíîå óðàâíåíèå w′′ = w
z
èìååò ðåøåíèå w1(z), àíàëè-

òè÷íîå âî âñåé êîìïëåêñíîé ïëîñêîñòè z. Íàéäèòå ýòî ðåøåíèå â âèäå ñõîäÿùåãîñÿ
ñòåïåííîãî ðÿäà.

(á)∗ Äîêàæèòå (íàïðèìåð, ïîíèçèâ ïîðÿäîê óðàâíåíèÿ), ÷òî ýòî æå óðàâíåíèå èìååò
òàêæå ðåøåíèå âèäà w2(z) = u(z) + w1(z) log z, ãäå u(z) - àíàëèòè÷åñêàÿ ôóíêöèÿ.

(â) Ïðåäúÿâèòå ÿâíóþ ôîðìóëó äëÿ ðåøåíèÿ w2(z). Íàéäèòå 2 ïåðâûõ êîýôôèöèåíòà
ðàçëîæåíèÿ u(z) (ñì. ïðåäûäóùèé ïóíêò) â ðÿä Òýéëîðà ïî z.

5. (a) Äîêàæèòå, ÷òî ãèïåðãåîìåòðè÷åñêîå óðàâíåíèå

z(1− z)
d2u

dz2
+ {c− (a + b + 1)z}du

dz
− ab u = 0

èìååò 3 ðåãóëÿðíûõ îñîáûõ òî÷êè íà ðàñøèðåííîé êîìïëåêñíîé ïëîñêîñòè.
(á) Íàéäèòå ïîêàçàòåëè ðåøåíèé âî âñåõ îñîáûõ òî÷êàõ.
(â)∗ Äîêàæèòå, ÷òî âñÿêîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà, èìåþùåå

ðîâíî 3 ðåãóëÿðíûõ îñîáûõ òî÷êè a, b, c (óðàâíåíèå Ðèìàíà), ïðèâîäèòñÿ ê ãèïåð-
ãåîìåòðè÷åñêîìó óðàâíåíèþ äðîáíî-ëèíåéíîé çàìåíîé íåçàâèñèìîãî ïåðåìåííîãî

z è çàìåíîé u 7→
(
z−a
z−b

)k ( z−c
z−b

)l
u çàâèñèìîãî ïåðåìåííîãî u.

6. (a)∗ Ïóñòü Re c > Re b > 0. Äîêàæèòå, ÷òî èíòåãðàë

Ia,b,c(z) =

∫ 1

0

tb−1(1− t)c−b−1(1− tz)−adt

ñõîäèòñÿ ïðè |z| < 1 è, êàê ôóíêöèÿ z, óäîâëåòâîðÿåò ãèïåðãåîìåòðè÷åñêîìó óðàâ-
íåíèþ ñ ïàðàìåòðàìè a, b, c. Ñ÷èòàåòñÿ, ÷òî âûáðàíà âåòâü ôóíêöèè (1 − tz)−a,
ñòðåìÿùàÿñÿ ê 1 ïðè z → 0

(á)∗∗ Ïîêàæèòå, ÷òî

Ia,b,c(z) =
Γ(b)Γ(c− b)

Γ(c)
F (a, b; c; z) .


