
úÁÄÁÞÉ �Ï ËÏÍ�ÌÅËÓÎÏÍÕ ÁÎÁÌÉÚÕ 7, 10.5.2011{24.5.20111. äÏËÁÖÉÔÅ, ÞÔÏ a) ÅÓÌÉ k > 1 | ÎÁÔÕÒÁÌØÎÏÅ ÞÉÓÌÏ, ÔÏ G2k(�) := ∑(m;n) 6=(0;0)(m� + n)−2k ÁÂÓÏ-ÌÀÔÎÏ ÓÈÏÄÉÔÓÑ É Ñ×ÌÑÅÔÓÑ ÍÏÄÕÌÑÒÎÏÊ ÆÏÒÍÏÊ ×ÅÓÁ 2k; b) G2k(i∞) = 2�(2k) = (−1)k+1 22k(2k)!B2k�2k (ÓÍ.ÚÁÄÁÞÕ 7 ÌÉÓÔÏÞËÁ 2); Ó) ∑n∈Z(n + �)−k = 1(k−1)!(−2�i)k ∑∞m=1mk−1qm (ÎÁ�ÏÍÎÉÍ, ÞÔÏ q = exp(2�i�));d) åÓÌÉ ÏÂÏÚÎÁÞÉÔØ ÞÅÒÅÚ �k(n) ÓÕÍÍÕ k-ÙÈ ÓÔÅ�ÅÎÅÊ ×ÓÅÈ ÎÁÔÕÒÁÌØÎÙÈ ÄÅÌÉÔÅÌÅÊ n, É �ÅÒÅÎÏÒÍÉÒÏ-×ÁÔØ ÒÑÄ üÊÚÅÎÛÔÅÊÎÁ E2k(�) := 12�(2k)G2k(�), ÔÏ E2k(�) = 1 − 2kB2k ∑∞n=1 �2k−1(n)qn. îÁ�ÒÉÍÅÒ, E4 =1 + 240∑∞n=1 �3(n)qn, E6 = 1 − 504∑∞n=1 �5(n)qn, E8 = 1 + 480∑∞n=1 �7(n)qn, E10 = 1 − 264∑∞n=1 �9(n)qn,E12 = 1 + 65520691 ∑∞n=1 �11(n)qn, E14 = 1 − 24∑∞n=1 �13(n)qn. e) E24 = E8; E4E6 = E10; f) �7(n) = �3(n) +120∑n−1m=1 �3(m)�3(n−m); 11�9(n) = 21�5(n)− 10�3(n) + 5040∑n−1m=1 �3(n)�5(n−m).2. äÏËÁÖÉÔÅ, ÞÔÏ Á) ÅÓÌÉ E2k(�) = ∑∞n=0 anqn, ÔÏ ÎÁÊÄÕÔÓÑ �ÏÓÔÏÑÎÎÙÅ A;B ÔÁËÉÅ, ÞÔÏ An2k−1 ≤
|an| ≤ Bn2k−1; b) ÅÓÌÉ ÖÅ f(�) = ∑∞n=1 anqn | �ÁÒÁÂÏÌÉÞÅÓËÁÑ ÍÏÄÕÌÑÒÎÁÑ ÆÏÒÍÁ ×ÅÓÁ 2k, ÔÏ |f(�)|yk (ÇÄÅ� = x + iy) ÉÎ×ÁÒÉÁÎÔÎÁ ÏÔÎÏÓÉÔÅÌØÎÏ SL(2;Z); ) ÕÝÅÓÔ×ÕÅÔ ËÏÎÓÔÁÎÔÁ M ÔÁËÁÑ, ÞÔÏ |f(�)| ≤ My−k;d) an = ∫ 10 f(x+ iy)q−ndx ⇒ |an| ≤ My−k exp(2�ny), × ÞÁÓÔÎÏÓÔÉ, �ÒÉ y = 1=n, �ÏÌÕÞÁÅÍ |an| ≤ e2�Mnk,Ô.Å. an = O(nk). üÔÏ ÔÅÏÒÅÍÁ çÅËËÅ.3. òÁÓÓÍÏÔÒÉÍ ÒÑÄÙ (ÓÕÍÍÙ �Ï ×ÓÅÍ (m;n), ÎÅ ÏÂÎÕÌÑÀÝÉÍÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ, × ÕËÁÚÁÎÎÏÍ �ÏÒÑÄËÅ)G2(�) := ∑n∑m(m+n�)−2; G(�) := ∑m ∑n(m+n�)−2; H2(�) := ∑n∑m(m−1+n�)−1(m+n�)−1; H(�) :=∑m∑n(m − 1 + n�)−1(m + n�)−1. äÏËÁÖÉÔÅ, ÞÔÏ Á) H2(�) ≡ 0; H(�) = −2�i=� (ÉÚ ÆÏÒÍÕÌÙ (m − 1 +n�)−1(m+n�)−1 = (m−1+n�)−1−(m+n�)−1); b) ä×ÏÊÎÏÊ ÒÑÄ Ó ÏÂÝÉÍ ÞÌÅÎÏÍ (m−1+n�)−1(m+n�)−1−(m+n�)−2 = (m+n�)−2(m−1+n�)−1 ÓÈÏÄÉÔÓÑ ÁÂÓÏÌÀÔÎÏ, ÏÔËÕÄÁ G2−H2 = G−H, ÒÑÄÙ G É G2 ÓÈÏÄÑÔÓÑ,É G2(�) − G(�) = H2(�) − H(�) = 2�i=� ; ) G2(−1=�) = � 2G(−1=�), ÏÔËÕÄÁ G2(−1=�) = � 2G2(�) − 2�i� ;d) G2(�) = �23 − 8�2∑∞n=1 �1(n)qn. e) ìÏÇÁÒÉÆÍÉÞÅÓËÁÑ �ÒÏÉÚ×ÏÄÎÁÑ ÆÕÎË�ÉÉ F (�) := q∏∞n=1(1 − qn)24ÒÁ×ÎÁ dqq (1− 24∑∞n=1 �1(n)qn) = 6i�G2(�). f) ìÏÇÁÒÉÆÍÉÞÅÓËÉÅ �ÒÏÉÚ×ÏÄÎÙÅ ÆÕÎË�ÉÊ � 12F (�) É F (−1=�)ÓÏ×�ÁÄÁÀÔ. g) F (�) Ñ×ÌÑÅÔÓÑ (ÅÄÉÎÓÔ×ÅÎÎÏÊ Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑ) �ÁÒÁÂÏÌÉÞÅÓËÏÊ ÍÏÄÕÌÑÒÎÏÊÆÏÒÍÏÊ ×ÅÓÁ 12, É �(�) := (2�)122−63−3(E32 −E23) = (2�)12q∏∞n=1(1− qn)24. üÔÏ ÔÅÏÒÅÍÁ ñËÏÂÉ.
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