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1. Íåîïðåäåëåííûå èíòåãðàëû îò ðàöèîíàëüíûõ ôóíêöèé
∫ P (x)

Q(x)
dx áåðóòñÿ ïðè ïîìîùè

ðàçëîæåíèÿ ðàöèîíàëüíîé ôóíêöèè â ïðîñòåéøèå äðîáè. Ïîêàæèòå, ÷òî âñÿêîå ðàçëîæå-
íèå ïðàâèëüíîé äðîáè ìîæåò áûòü ïîëó÷åíî ïîñëåäîâàòåëüíûì ïðèìåíåíèåì òîæäåñòâà

1

(x− a)(x− b)
=

1

a− b

(
1

x− b
− 1

x− a

)
.

Âû÷èñëèòå èíòåãðàë
∫

dx
x(x−1)···(x−n) .

2. Èíòåãðàëû îò ðàöèîíàëüíûõ òðèãîíîìåòðè÷åñêèõ âûðàæåíèé
∫ sin(x−a1)··· sin(x−an)

sin(x−b1)··· sin(x−bm)
dx áå-

ðóòñÿ ñ èñïîëüçîâàíèåì ðàçëîæåíèÿ ðàöèîíàëüíîãî òðèãîíîìåòðè÷åñêîãî âûðàæåíèÿ â
ñóììó ñòåïåíåé ôóíêöèé

s(x− a) =
1

sin(x− a)
è c(x− a) = ctg(x− a),

ïðîèçâîäèìîãî ïîñëåäîâàòåëüíûì ïðèìåíåíèåì òðåõ òîæäåñòâ, îäíî èç êîòîðûõ èìååò âèä

1

sin(x− a) sin(x− b)
=

1

sin(a− b)
(ctg(x− b) − ctg(x− a)) .

Âûïèøèòå îñòàâøèåñÿ äâà òîæäåñòâà è äîêàæèòå ïðèâåäåííîå óòâåðæäåíèå. Âû÷èñëèòå
èíòåãðàë

∫
dx

sin(x−a) sin(x−2a)··· sin(x−na) .

3. (çàäà÷à èç êóðñà äèôôåðåíöèàëüíûõ óðàâíåíèé, ÂØÝ 2010)
Îïðåäåëèì sin t è cos t êàê ðåøåíèÿ x1(t) è x2(t) äèôôåðåíöèàëüíîãî óðàâíåíèÿ ẍ+x = 0,
ñ íà÷àëüíûìè óñëîâèÿìè x1(0) = 0, ẋ1(0) = 1, x2(0) = 1, ẋ2(0) = 0. Âûâåäèòå, èñõîäÿ
èç ýòîãî îïðåäåëåíèÿ, òðèãîíîìåòðè÷åñêèå òîæäåñòâà (sin t)′ = cos t, sin2 t + cos2 t = 1, è
ôîðìóëó ñëîæåíèÿ sin(t+ s) = sin t cos s+ cos t sin s .

4. Ñîãëàñíî Ýéçåíøòåéíó, ctg x îïðåäåëÿåòñÿ ðÿäîì

π ctgEi πz =
+∞∑

n=−∞

1

z + n
:= lim

N→∞

N∑
n=−N

1

z + n
.

Äîêàæèòå, ÷òî ôóíêöèÿ ctgEi πz ïåðèîäè÷íà ñ ïåðèîäîì 1 è äèôôåðåíöèèðóåìà.

5. a) Íàéäèòå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, ðåøåíèåì êîòîðîãî ÿâ-
ëÿåòñÿ ôóíêöèÿ π ctg πt

á)* Ïðîâåðüòå, ÷òî ðÿä Ýéçåíøòåéíà èç çàäà÷è 4 ÿâëÿåòñÿ ðåøåíèåì ýòîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ.

â)* Äîêàæèòå ôîðìóëó äîïîëíåíèÿ Ýéëåðà:

Γ(z)Γ(1 − z) =
π

sinπz

6. ∗∗ Èçâåñòíî äîêàçàòåëüñòâî ýéëåðîâñêîé ôîðìóëû äîïîëíåíèÿ Γ(z)Γ(1 − z) = π/ sin πz
ìåòîäàìè ÒÔÊÏ. Äëÿ ýòîãî ëåâàÿ ÷àñòü ôîðìóëû äîïîëíåíèÿ ïåðåïèñûâàåòñÿ ÷åðåç β-
èíòåãðàë

B(z, 1 − z) =

∫ 1

0

(t/1 − t)z−1dt =

∫ ∞
0

sz−1

1 + s
ds,

êîòîðûé âû÷èñëÿåòñÿ äåôîðìàöèåé êîíòóðà èíòåãðèðîâàíèÿ. Ïîïðîáóéòå âîññòàíîâèòü
òàêîå äîêàçàòåëüñòâî.


