
"Ñïåöôóíêöèè". Òåçèñû 4-åé ëåêöèè.

1. Äîêàæåì ôîðìóëó äîïîëíåíèÿ Γ(x)Γ(1− x) =
π

sin πx
íåïîñðåäñòâåííûì èíòåãðèðî-

âàíèåì. Ïîñêîëüêó

Γ(x)Γ(1− x) = Γ(1) B(x, 1− x) =

∫ 1

0

tx−1(1− t)xdt, 0 < Rex < 1,

ðå÷ü èäåò î âû÷èñëåíèè èíòåãðàëà ∫ 1

0

tx−1(1− t)xdt.

Åñòåñòâåííà çàìåíà ïåðåìåííûõ y = t/(1− t), t = y/(y + 1), dt = dy/(y + 1)2, òàê ÷òî∫ 1

0

tx−1(1− t)xdt =

∫ +∞

0

yx−1

y + 1
dy.

Äëÿ âû÷èñëåíèÿ ýòîãî èíòåãðàëà ìåòîäàìè ÒÔÊÏ çàìåíèì ëó÷ (0,+∞) êîíòóðîì C,
îáõîäÿùèì ýòîò ëó÷ ïî ÷àñîâîé ñòðåëêå:

�
 -
�

-
q0 +∞

C

Êîíòóð C ìîæíî ðàçáèòü íà òðè ó÷àñòêà C1, C2 è C3, ïåðâûé èç êîòîðûõ äåôîðìèðó-
åòñÿ â ÷àñòü äåéñòâèòåëüíîé îñè (+∞, r) c ëþáûì, ñêîëü óãîäíî ìàëûì r, ïðîõîäèìîé â
íàïðàâëåíèè îò +∞ ê íóëþ, âòîðîé - â îêðóæíîñòü |y| = r, ïðîõîäèìóþ ïðîòèâ ÷àñîâîé
ñòðåëêè, è òðåòèé - â ëó÷ (r,+∞), ïðîõîäèìûé â íàïðàâëåíèè âîçðàñòàíèÿ âåëè÷èíû y.

����? �-qC2 +∞
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C3
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C4

C4

Òåõíè÷åñêè íåìíîãî óäîáíåå (áóäåò äàëåå âèäíî, ïî÷åìó) ðàññìîòðåòü âìåñòî èñõîäíîãî
èíòåãðàë ∮

C

(−y)x−1

y + 1
dy =

∮
C

e(x−1)(log |y|+i(arg y−π))

y + 1
dy.

Íà êîíòóðå C1 àðãóìåíò y ðàâåí 0, ïîýòîìó â ïðåäåëå r → 0∮
C1

e(x−1)(log |y|+i(arg y−π))

y + 1
dy = e−πi(x−1)

∫ 0

+∞

yx−1

y + 1
dy = e−πix

∫ +∞

0

yx−1

y + 1
dy.

Íà êîíòóðå C3 àðãóìåíò y óâåëè÷èâàåòñÿ íà 2π, ïîýòîìó â ïðåäåëå r → 0∮
C3

e(x−1)(log |y|+i(arg y−π))

y + 1
dy = e+πi(x−1)

∫ +∞

0

yx−1

y + 1
dy = −eπix

∫ +∞

0

yx−1

y + 1
dy.
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Â èíòåãðàëå ïî êîíòóðó C2 ñäåëàåì çàìåíó ïåðåìåííûõ y = rei(φ+π):∮
C2

e(x−1)(log |y|+i(arg y−π))

y + 1
dy =

∫ π

−π
r(x−1)ei(x−1)φireiφ

dφ

1− reiφ
.

Ïðè ìàëûõ r âòîðûì ÷ëåíîì â çíàìåíàòåëå ìîæíî ïðåíåáðå÷ü, òàê ÷òî ðàññìàòðèâàåìûé
èíòåãðàë ñòðåìèòñÿ ê

i

∫ π

−π
rxeixφdφ = rx

eπix − e−πix

x
,

÷òî ñòðåìèòñÿ ê íóëþ ïðè r → 0, åñëè òîëüêî Rex > 0. Òàêèì îáðàçîì, ïðè Rex > 0∮
C

(−y)x−1

y + 1
dy = (e−πix − eπix)

∫ +∞

0

yx−1

y + 1
dy.

Äîñòðîèì êîíòóð C äî çàìêíóòîãî, äîáàâèâ ê íåìó äóãó áîëüøîé îêðóæíîñòè C4: |y| = R,
ïðîõîäèìóþ ïî ÷àñîâîé ñòðåëêå. Èíòåãðàë ïî ýòîé äóãå âû÷èñëÿåòñÿ òàê æå, êàê è ïî
ìàëîé, ïåðåõîäîì ê óãëîâîé êîîðäèíàòå y = Rei(φ+π):∮

C4

(−y)x−1

y + 1
dy = i

∫ −π
π

Rx

1−Reiφ
eixφdφ.

Ïðè áîëüøèõ R ìîäóëü äðîáè â ïîäèíòåãðàëüíîì âûðàæåíèå íå ïðåâûøàåò RRex−1, à
îñòàâøèéñÿ èíòåãðàë êîíå÷åí,

i

∫ −π
π

eixφdφ =
e−πix − eπix

x
,

òàê ÷òî èíòåãðàë ïî äóãå C4 ñòðåìèòñÿ ê íóëþ ïðè Rex < 1. Âíóòðè çàìêíóòîãî êîíòóðà
C + C4 ó ïîäèíòåãðàëüíîé ôóíêöèè èìååòñÿ ëèøü îäèí ïîëþñ â òî÷êå y = −1, òàê ÷òî
èíòåãðàë ïî çàìêíóòîìó êîíòóðó ðàâåí âû÷åòó ïîäèíòåãðàëüíîé ôóíêöèè â ýòîé òî÷êå,
óìíîæåííîìó íà −2πi (ïîñêîëüêó ýòà òî÷êà îáõîäèòñÿ êîíòóðîì ïî ÷àñîâîé ñòðåëêå).
Âû÷åò ðàâåí limy→−1(y + 1)(−y)x−1/(y + 1) = 1. Òàêèì îáðàçîì, ïðè 0 < Rex < 1

(e−πix − eπix)
∫ +∞

0

yx−1

y + 1
dy = −2πi, òàê ÷òî

∫ +∞

0

yx−1

y + 1
dy =

π

sin πx
,

÷òî è äîêàçûâàåò ôîðìóëó äîïîëíåíèÿ íà âñåé êîìïëåêñíîé ïëîñêîñòè â ñèëó àíàëèòè÷-
íîñòè îáåèõ ÷àñòåé ðàâåíñòâà.

2. Ýòî æå âû÷èñëåíèå ìîæíî ïðîäåëàòü è ñ ýéëåðîâñêèì èíòåãðàëîì
∫ 1

0
tx−1(1−t)xdt, íå

ïðîèçâîäÿ çàìåíû ïåðåìåííûõ. Äëÿ ýòîãî èíòåãðàë ïî îòðåçêó íàäî çàìåíèòü íà èíòåãðàë
ïî êîíòóðó D, îêðóæàþùåìó îòðåçîê [0, 1]:

�
 �	�
-

q q0 1
D q ∞

Èíòåãðàë ïî áîëüøîìó êðóãó ïåðåéäåò â èíòåãðàë ïî äóãå âîêðóã òî÷êè 1, êîòîðûé
áóäåò ìàë ïðè Rex < 1, â òî âðåìÿ êàê èíòåãðàë ïî äóãå âîêðóã 0 óñòðåìèòñÿ ê íóëþ ïðè
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Rex > 0, òàê ÷òî èíòåãðàë ïî êîíòóðó áóäåò ðàâåí èñõîäíîìó, ïîìíîæåííîìó íà ðàçíîñòü
ìíèìûõ ýêñïîíåíò. Âíå êîíòóðà ïîäèíòåãðàëüíîå âûðàæåíèå èìååò ïîëþñ â áåñêîíå÷íîñòè
ñ âû÷åòîì, ðàâíûì 1, åñëè ìîäèôèöèðîâàòü èíòåãðàë íà

∫ 1

0
(−t)x−1(1− t)xdt è ðàâíûì eπix,

åñëè ýòîãî íå äåëàòü.

3. Òàêèì æå ñïîñîáîì ìîæíî ðåãóëÿðèçîâàòü ýéëåðîâñêèé èíòåãðàë
∫ +∞
0

tx−1e−tdt, ïå-
ðåéäÿ ê èíòåãðàëó ∮

C

(−t)x−1e−tdt =

∮
C

e(x−1)(log |t|+i arg t−iπ)−tdt

ïî ðàññìîòðåííîìó óæå êîíòóðó C, íà÷èíàþùåìóñÿ è çàêàí÷èâàþùåìóñÿ â +∞ è îõâà-
òûâàþùåì íà÷àëî êîîðäèíàò ïðîòèâ ÷àñîâîé ñòðåëêè. Êàê è âûøå, ðàçîáúåì êîíòóð C íà
ó÷àñòêè C1, C2 è C3. Íà ó÷àñòêå C1 è C3 èìååì, êàê è ðàíüøå,∮

C1

(−t)x−1e−tdt = e−πi
∫ +∞

0

tx−1e−tdt,

∮
C3

(−t)x−1e−tdt = −eπi
∫ +∞

0

tx−1e−tdt

Îöåíêà èíòåãðàëà ïî äóãå C2 íåìíîãî îòëè÷àåòñÿ:∮
C2

e(x−1)(log |t|+i arg t−iπ)−tdt = irx
∫ π

−π
eixφ+r(cosφ+i sinφ)dφ.

Ïðè ñòðåìëåíèè r ê íóëþ ïîäûíòåãðàëüíàÿ ôóíêöèÿ â ïîñëåäíåì èíòåãðàëå ñòðåìèòñÿ ê
eixφ, à èíòåãðàë ê êîíå÷íîìó âûðàæåíèþ eπix−e−πix

x
, òàê ÷òî ïðè Rex > 0 âñå âûðàæåíèå

ñòðåìèòñÿ ê íóëþ. Èòàê, ïðè Rex > 0 ïîëó÷àåì (e−πix − eπix)Γ(x) =
∮
C

(−t)x−1e−tdt è

Γ(x) =
−1

2i sinπx

∮
C

(−t)x−1e−tdt.

Ïîñëåäíÿÿ ôîðìóëà íîñèò èìÿ èíòåãðàëà Õàíêåëÿ. Â ñèëó àíàëèòè÷íîñòè îáåèõ ÷àñòåé
ðàâåíñòâà îíà âåðíà äëÿ âñåõ x, îòëè÷íûõ îò öåëîãî ÷èñëà, è ïðåäñòàâëÿåò òåì ñàìûì åùå
îäèí ñïîñîá ÿâíîãî àíàëèòè÷åñêîãî ïðîäîëæåíèÿ Γ - ôóíêöèè.
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