
Ëèñòîê 6

Çàäà÷è, îòìå÷åííûå çâåçäî÷êîé, íóæíî ñäàòü ïèñüìåííî. Êðàéíèé ñðîê ñäà÷è
âñåõ çàäà÷ (ïèñüìåííûõ è óñòíûõ) � 21.11.
Ïóñòü f è g � ãëàäêèå ôóíêöèè íà ñèìïëåêòè÷åñêîì ìíîãîîáðàçèè M . Îïðå-

äåëèì èõ ñêîáêó Ïóàññîíà ïî ôîðìóëå

{f, g} = Xf (g).

Çàäà÷à 1. * Ïðîâåðüòå, ÷òî â êîîðäèíàòíîì ïðîñòðàíñòâå R2n ñî ñòàíäàðòíîé
ñèìïëåêòè÷åñêîé ñòðóêòóðîé,
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Çàäà÷à 2. Ôóíêöèÿ F íàçûâàåòñÿ ïåðâûì èíòåãðàëîì âåêòîðíîãî ïîëÿ X, åñëè
F ïîñòîÿííà âäîëü ëþáîé òðàåêòîðèè ýòîãî âåêòîðíîãî ïîëÿ. Ïðîâåðüòå, ÷òî F
ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì ãàìèëüòîíîâà âåêòîðíîãî ïîëÿ XH òîãäà è òîëüêî
òîãäà, êîãäà F,H = 0.

Çàäà÷à 3. * Ïóñòü ãàìèëüòîíèàí ìåõàíè÷åñêîé ñèñòåìû èìååò âèä

H(p1, p2, q1, q2) =
p21 + p22

2
+ ϕ(q21 + q22),

ãäå ϕ � ãëàäêàÿ ôóíêöèÿ îäíîé ïåðåìåííîé. Ïðîâåðüòå, ÷òî ôóíêöèÿ
F (q1, q2, p1, p2) = p1q2 − p2q1 ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì ñèñòåìû.

Çàäà÷à 4. * Äîêàæèòå ñëåäóþùèå ñâîéñòâà ñêîáêè Ïóàññîíà:

(a) {f, g} = ω(Xg, Xf )
(b) {f, g} = −{g, f}
(c) {f, gh} = {f, g}h+ g{f, h}
(d) {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0.

Çàäà÷à 5. Ïóñòü ãðóïïàG (êîíå÷íàÿ èëè áåñêîíå÷íàÿ) äåéñòâóåò ñèìïëåêòîìîð-
ôèçìàìè íà ñèìïëåêòè÷åñêîì ìíîãîîáðàçèè (M,ω), ò.å. g∗ω = ω äëÿ âñÿêîãî
g ∈ G. Äîêàæèòå, ÷òî ïðîñòðàíñòâî C∞(M)G âñåõ ãëàäêèõ G-èíâàðèàíòíûõ
ôóíêöèé íà M (ò.å. òàêèõ ãëàäêèõ ôóíêöèé f : M → R, ÷òî f(g · x) = f(x) äëÿ
âñåõ x ∈ M , g ∈ G) èíâàðèàíòíî îòíîñèòåëüíî âçÿòèÿ ñêîáêè Ïóàññîíà, ò.å.

∀F,H ∈ C∞(M)G {F,H} ∈ C∞(M)G.

Çàäà÷à 6. Ïðîâåðüòå, ÷òî ïðè çàìåíå êîîðäèíàò èç SL2(R) ñèìâîëè÷åñêèé âåê-
òîð ( ∂

∂y
,− ∂

∂x
) ïðåîáðàçóåòñÿ òàê æå, êàê âåêòîð (x, y). Âûâåäèòå îòñþäà, ÷òî

âûðàæåíèå I(f) = f( ∂
∂y
,− ∂

∂x
)f(x, y), ò.å. ðåçóëüòàò ïðèìåíåíèÿ äèôôåðåíöè-

àëüíîãî îïåðàòîðà f( ∂
∂y
,− ∂

∂x
) ê îäíîðîäíîìó ìíîãî÷ëåíó f îò ïåðåìåííûõ x è

y ÿâëÿåòñÿ èíâàðèàíòîì. Âû÷èñëèòå ýòîò èíâàðèàíò äëÿ ìíîãî÷ëåíîâ ñòåïåíè
2, 3 è 4.
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