
Ñåìèíàð ïî ñïåöôóíêöèÿì. Ëèñòîê 5

1. a) Ïóñòü ϕ(t), t ∈ (0,∞) - íåïðåðûâíàÿ ôóíêöèÿ, óáûâàþùàÿ ïðè t → +∞ áûñòðåå
íåêîòîðîé ýêñïîíåíòû, |ϕ(t)| < e−ct äëÿ íåêîòîðîãî c > 0 ïðè âñåõ t > T . Ïóñòü ÷èñëà ai,
i = m,m+ 1, ... òàêîâû, ÷òî äëÿ ëþáîãî n ≥ m âåëè÷èíà ϕ(t)−

∑n
i=m ait

i åñòü O(tn+1), ò.å.,
îòíîøåíèå (ϕ(t) −

∑n
i=m ait

i)/tn+1 îãðàíè÷åíî â íåêîòîðîé îêðåñòíîñòè (0, ε) òî÷êè t = 0

(èíûìè ñëîâàìè, ðÿä
∑+∞

i=m ait
i ÿâëÿåòñÿ àñèìïòîòè÷åñêèì ðàçëîæåíèåì ôóíêöèè ϕ(t)

â íóëå). Òîãäà ïðåîáðàçîâàíèå Ìåëëèíà, îïðåäåëÿåìîå êàê àíàëèòè÷åñêîå ïðîäîëæåíèå
èíòåãðàëà

ϕ̃(s) =

∫ ∞
0

ϕ(t)ts−1dt

åñòü ìåðîìîðôíàÿ ôóíêöèÿ c ïðîñòûìè ïîëþñàìè â òî÷êàõ s = −n, ãäå n ≥ m; âû÷åò
ϕ̃(s) â ïîëþñå s = −n ðàâåí an.
á)* Ïóñòü òåïåðü ϕ(t), t ∈ (0,∞), òàêæå óáûâàþùàÿ ïðè t → +∞ áûñòðåå íåêîòîðîé

ýêñïîíåíòû, èìååò â íóëå àñèìïòîòè÷åñêîå ðàçëîæåíèå ϕ(t) ∼
∑+∞

i=m(ait
i + bit

i log t). Òîãäà
ïðåîáðàçîâàíèå Ìåëëèíà ϕ̃(s) åñòü ìåðîìîðôíàÿ ôóíêöèÿ c ïîëþñàìè âòîðîãî ïîðÿäêà
â òî÷êàõ s = −n, ãäå n ≥ m; âû÷åò ϕ̃(s) â ïîëþñå s = −n ðàâåí an, à êîýôôèöèåíò ïðè
ãëàâíîé ÷àñòè ðàâåí −bn.

2. a) Âûðàçèòå ÷åðåç çíà÷åíèÿ Γ-ôóíêöèè èíòåãðàë
∫∞
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2xx
s
2
−1dx, èíûìè ñëîâàìè,

íàéäèòå ïðåîáðàçîâàíèå Ìåëëèíà ϕ̃( s
2
) ôóíêöèè ϕ(t) = e−πn

2t.

á)* Äîêàæèòå, ÷òî ïðè Re s > 2 ôóíêöèÿ ζ(s)Γ( s
2
)π−

s
2 , ãäå ζ(s) =

∑
n≥1 n

−s, äîïóñêàåò
ñëåäóþùåå èíòåãðàëüíîå ïðåäñòàâëåíèå:
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s
2
−1dx, ãäå ω(x) =

∑
n≥1

e−πn
2x.

â)* Äîêàæèòå, ÷òî èíòåãðàë â ïðåäûäóùåé ôîðìóëå ñõîäèòñÿ è ïðè Re s > 1.

3. a) Ðàçëîæèòå â ðÿä Ôóðüå ôóíêöèþ ñ ïåðèîäîì 1, ðàâíóþ e2πixy äëÿ âñÿêîãî y,
0 < y < 1. Çäåñü x - ïðîèçâîëüíîå êîìïëåêñíîå ÷èñëî, îòëè÷íîå îò öåëîãî.

á)* Ïîëó÷èòå òàêèì ñïîñîáîì ðàçëîæåíèå â ðÿä Ýéçåíøòåéíà ôóíêöèé π ctg πx è
π/ sin πx.

4.∗ Ïîêàæèòå, ÷òî ζ(s) =
1

s− 1
+ γ +O(s− 1). Çäåñü γ -ïîñòîÿííàÿ Ýéëåðà.

5. Ïîëüçóÿñü ñîîòíîøåíèåì Ðèìàíà 21−sΓ(s)ζ(s) cos(1
2
πs) = πsζ(1−s) , ïîêàæèòå, ÷òî íóëè

s = −2n, n ≥ 1 ôóíêöèè Ðèìàíà - ïðîñòûå.

6. a) Ïîêàæèòå, ÷òî ñîîòíîøåíèå Ðèìàíà ìîæíî ïåðåôîðìóëèðîâàòü êàê èíâàðèàíòíîñòü
îòíîñèòåëüíî çàìåíû s↔ 1− s ôóíêöèè ζ̄(s) = ζ(s)Γ

(
s
2

)
π−

s
2 .

á)** Ðèìàí ïðåäúÿâèë äâà äîêàçàòåëüñòâà ôóíêöèîíàëüíîãî óðàâíåíèÿ íà ζ(s): â ïåð-
âîì èíòåãðàë Õàíêåëÿ ñóììèðóåòñÿ ïî âû÷åòàì; âî âòîðîì óòâåðæäåíèå çàäà÷è 6à äîêà-
çûâàåòñÿ íåïîñðåäñòâåííî ñ èñïîëüçîâàíèåì çàäà÷è 2á è ñëåäóåò èç ôóíêöèîíàëüíîãî ñî-
îòíîøåíèÿ θ(t) = 1√

t
θ(1

t
), ãäå θ(t) =

∑
n∈Z e

−πn2t. Ïîñëåäíåå æå åñòü ðåçóëüòàò ïðèìåíåíèÿ

ôîðìóëû ñóììèðîâàíèÿ Ïóàññîíà (
∑

n∈Z f(n) =
∑

m∈Z f̂(m), ãäå f̂(λ) =
∫∞
−∞ f(x)e2πiλxdx)

ê áûñòðîóáûâàþùåé ôóíêöèè f(y) = e−πty
2
. Âîññòàíîâèòå ýòî äîêàçàòåëüñòâî.

7.∗∗ Äîêàæèòå, ÷òî ζ ′(0)/ζ(0) = log 2π.

8. Ïîëüçóÿñü ôîðìóëîé Ýéëåðà ζ(s) =
∏

p(1− p−s)−1, ãäå p ïðîáåãàåò âñå ïðîñòûå ÷èñëà,
Re s > 1, è àíàëèòè÷åñêèìè ñâîéñòâàìè ζ(s), ïîêàæèòå, ÷òî

a) ïðîñòûõ ÷èñåë áåñêîíå÷íî ìíîãî
á)* ðÿä

∑
p p
−1, ãäå p - ïðîñòûå ÷èñëà, ðàñõîäèòñÿ.

9. Ïîêàæèòå, ÷òî ζ(s) íå îáðàùàåòñÿ â íîëü â îáëàñòÿõ Re s > 1 è Re s < 0, s 6= −2,−4, ...


