
"Ñïåöôóíêöèè". Òåçèñû 5-îé ëåêöèè.

1. ζ-ôóíêöèÿ Ðèìàíà ζ(s) îïðåäåëÿåòñÿ ïðè Re s > 0 êàê ñóììà àáñîëþòíî ñõîäÿùåãîñÿ
ðÿäà

ζ(s) =
∞∑
n=1

1

ns
.

Ñëåäóþùåå çàìå÷àíèå:∫ ∞
0

e−ntts
dt

t
= n−s

∫ ∞
0

e−nt(nt)s
d(nt)

nt
= n−sΓ(s)

íåìåäëåííî ïðèâîäèò ê èíòåãðàëüíîìó ïðåäñòàâëåíèþ

Γ(s)ζ(s) =
∑
n≥1

∫ ∞
0

e−ntts−1dt =

∫ ∞
0

∑
n≥1

e−ntts−1dt =

∫ ∞
0

e−t

1− e−t
ts−1dt, Re s > 1.

Âíåñåíèå çíàêà ñóììû ïîä èíòåãðàë äîïóñòèìî, ïîñêîëüêó ïðè Re s > 1 ðÿä èç ïîäèíòå-
ãðàëüíûõ ôóíêöèé ðàâíîìåðíî íà âñåé ïîëóîñè (0,∞) ñõîäèòñÿ ê ñâîåìó ïðåäåëó. Òàêèì
îáðàçîì, ïðè Re s > 1

ζ(s) =
1

Γ(s)

∫ ∞
0

e−t

1− e−t
ts−1dt.

Ïîäèíòåãðàëüíîå âûðàæåíèå ïðåäñòàâëÿåò ñîáîé ïðåîáðàçîâàíèå Ìåëëèíà

ϕ̃(s) =

∫ ∞
0

ϕ(t)ts−1dt

ôóíêöèè ϕ(t) = e−t

1−e−t = 1
et−1

. Ýòà ôóíêöèÿ ýêñïîíåíöèàëüíî óáûâàåò ïðè t→ +∞ è âåäåò
ñåáÿ êàê t−1 â îêðåñòíîñòè íà÷àëà êîîðäèíàò, òàê ÷òî ðàçíîñòü ϕ(t) − t−1 åñòü O(1), ò.å.,
îãðàíè÷åíà â îêðåñòíîñòè (0, ε) òî÷êè 0. Áîëåå òîãî, âîñïîëüçîâàâøèñü îäíèì èç îïðåäå-
ëåíèé ÷èñåë Áåðíóëëè,

t

et − 1
=
∞∑
n=0

Bn

n!
tn, |t| < 2π,

ïîëó÷àåì ñõîäÿùååñÿ â îêðåñòíîñòè t = 0 ðàçëîæåíèå

ϕ(t)− t−1 =
∞∑
n=0

ant
n, ãäå an =

Bn+1

(n+ 1)!
. (1)

Ïðåîáðàçîâàíèå Ìåëëèíà ôóíêöèè ϕ(t), áûñòðî óáûâàþùèõ íà áåñêîíå÷íîñòè è èìåþ-
ùèõ â íóëå àñèìïòîòè÷åñêîå ðàçëîæåíèå, ìîæåò áûòü ïðîäîëæåíî àíàëèòè÷åñêè â ëåâóþ
ïîëóïëîñêîñòü ïðåîáðàçîâàíèÿìè ïîäèíòåãðàëüíîãî âûðàæåíèÿ.

À èìåííî, ïóñòü ϕ(t), t ∈ (0,∞) - íåïðåðûâíàÿ ôóíêöèÿ, óáûâàþùàÿ ïðè t→ +∞ áûñò-
ðåå íåêîòîðîé ýêñïîíåíòû, |ϕ(t)| < e−ct äëÿ íåêîòîðîãî c > 0 ïðè âñåõ t > T . Ïóñòü ÷èñëà
ai, i = m,m+ 1, ... òàêîâû, ÷òî äëÿ ëþáîãî n ≥ m âåëè÷èíà ϕ(t)−

∑n
i=m ait

i åñòü O(tn+1),
ò.å., îòíîøåíèå (ϕ(t) −

∑n
i=m ait

i)/tn+1 îãðàíè÷åíî â íåêîòîðîé îêðåñòíîñòè (0, ε) òî÷êè
t = 0 (èíûìè ñëîâàìè, ðÿä

∑+∞
i=m ait

i ÿâëÿåòñÿ àñèìïòîòè÷åñêèì ðàçëîæåíèåì ôóíêöèè
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ϕ(t) â íóëå). Òîãäà ïðåîáðàçîâàíèå Ìåëëèíà, îïðåäåëÿåìîå êàê àíàëèòè÷åñêîå ïðîäîëæå-
íèå èíòåãðàëà

ϕ̃(s) =

∫ ∞
0

ϕ(t)ts−1dt

åñòü ìåðîìîðôíàÿ ôóíêöèÿ c ïðîñòûìè ïîëþñàìè â òî÷êàõ s = −n, ãäå n ≥ m; âû÷åò
ϕ̃(s) â ïîëþñå s = −n ðàâåí an.

Â ñàìîì äåëå, èç óñëîâèÿ |ϕ(t) − amt
m| < C|t|m+1 â îêðåñòíîñòè íóëÿ ñëåäóåò, ÷òî

èíòåãðàë
∫∞

0
ϕ(t)ts−1dt àáñîëþòíî ñõîäèòñÿ ïðè Re s > −m è, çíà÷èò, îïðåäåëÿåò â ýòîé

îáëàñòè ìåðîìîðôíóþ ôóíêöèþ ϕ̃(s). Ðàçîáúåì èíòåãðàë íà äâà:∫ ∞
0

ϕ(t)ts−1dt =

∫ 1

0

ϕ(t)ts−1dt+

∫ ∞
1

ϕ(t)ts−1dt.

Âòîðîé èíòåãðàë ñõîäèòñÿ ïðè ëþáûõ s; ïåðâûé ïðè Re s > −m ïðåîáðàçóåì êàê∫ 1

0

ϕ(t)ts−1dt =

∫ 1

0

(ϕ(t)− amtm)ts−1dt+ am

∫ 1

0

tm+s−1dt

=

∫ 1

0

(ϕ(t)− amtm)ts−1dt+ am
tm+s

m+ s

∣∣∣∣1
0

=

∫ 1

0

(ϕ(t)− amtm)ts−1dt+
am

m+ s
.

Èíòåãðàë
∫ 1

0
(ϕ(t)− amtm)ts−1dt ñõîäèòñÿ óæå â îáëàñòè Re s > −m− 1 è, çíà÷èò, ôîðìóëà

ϕ̃(s) =
am

m+ s
+

∫ 1

0

(ϕ(t)− amtm)ts−1dt+

∫ ∞
1

ϕ(t)ts−1dt

îïðåäåëÿåò àíàëèòè÷åñêîå ïðîäîëæåíèå ïðåîáðàçîâàíèÿ Ìåëëèíà ϕ̃(s) â îáëàñòü Re s >
−m− 1. Ñ÷èòàÿ òåïåðü, ÷òî Re s > −m− 1, ïðåîáðàçóåì ïåðâûé èíòåãðàë ê âèäó∫ 1

0

(ϕ(t)− amtm)ts−1dt =

∫ 1

0

(ϕ(t)− amtm − am+1t
m+1)ts−1dt+ am+1

tm+s+1

m+ s+ 1

∣∣∣∣1
0

=

∫ 1

0

(ϕ(t)− amtm − am+1t
m+1)ts−1dt+

am+1

m+ s+ 1

è ïðîäîëæèì, òàêèì îáðàçîì, ϕ̃(s) â îáëàñòü Re s > −m− 2, è ò.ä..
Âñïîìèíàÿ òåïåðü ðàçëîæåíèå (1), çàêëþ÷àåì, ÷òî àíàëèòè÷åñêîå ïðîäîëæåíèå èíòå-

ãðàëà
∫∞

0
e−t

1−e−t t
s−1dt åñòü ìåðîìîðôíàÿ ôóíêöèÿ ñ ïîëþñàìè â òî÷êàõ s = 1, 0,−1,−2, ....

Âû÷åò â òî÷êå s = 1 ðàâåí 1, âû÷åò â òî÷êå s = −n ðàâåí Bn+1

(n+1)!
. Ñ äðóãîé ñòîðîíû, Γ(s)

íèãäå íå îáðàùàåòñÿ â íîëü è èìååò ïðîñòûå ïîëþñû â òî÷êàõ s = −n, n = 0,−1,−2... ñ
âû÷åòàìè (−1)n

n!
, òàê ÷òî â îòíîøåíèè ζ(s) = 1

Γ(s)

∫∞
0

e−t

1−e−t t
s−1dt âñå ïîëþñà, êðîìå s = 1, â

êîòîðîì îñòàåòñÿ ïðîñòîé ïîëþñ ñ âû÷åòîì 1, ñîêðàùàþòñÿ. Ïîïóòíî ïðèâåäåííîå âû÷èñ-
ëåíèå äàåò çíà÷åíèå ζ(−n), ðàâíîå îòíîøåíèþ âû÷åòîâ èíòåãðàëà è Γ(s):

ζ(−n) =
Bn+1

(n+ 1)!
:

(−1)n

n!
=

(−1)nBn+1

n+ 1
.

Â ÷àñòíîñòè, ζ(0) = −1
2
è ζ(−2n) = 0 ïðè n = 1, ... â ñèëó ñâîéñòâ ÷èñåë Áåðíóëëè.
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2. Àíàëèòè÷åñêîå ïðîäîëæåíèå ðÿäà ζ(s) =
∑∞

n=1
1
ns

ìîæíî îñóùåñòâèòü è äðóãèìè
ñðåäñòâàìè. Íàïðèìåð, ïðè Re s > 1 ñóììó

∑∞
n=1

1
ns

ìîæíî çàïèñàòü êàê èíòåãðàë Ñòèëü-

òüåñà ζ(s) = 1 +
∫∞

1
d[t]
ts
, ãäå [t] - öåëàÿ ÷àñòü âåùåñòâåííîãî ÷èñëà t è ïðèìåíèòü ê íåìó

ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì:

ζ(s) = 1 +

∫ ∞
1

1

ts
d[t] = 1 +

[t]

ts

∣∣∣∣∞
1

+ s

∫ ∞
1

[t]

ts+1
dt = s

∫ ∞
1

[t]

ts+1
dt.

Ïîñëåäíèé èíòåãðàë ïðåäñòàâëÿåò èç ñåáÿ îáû÷íûé èíòåãðàë Ðèìàíà. Ïðèáàâèì è âû÷òåì
èç íåãî s

∫∞
1
t−sdt = s/(s− 1):

ζ(s) =
s

s− 1
+ s

∫ ∞
1

[t]− t
ts+1

dt = 1 +
1

s− 1
+ s

∫ ∞
1

[t]− t
ts+1

dt. (2)

Ïîñêîëüêó [t] − t - îãðàíè÷åííàÿ ôóíêöèÿ, ïîñëåäíèé èíòåãðàë ñõîäèòñÿ (ïðè t → ∞) â
îáëàñòè Re s > 0, òàê ÷òî ïðèâåäåííàÿ âûøå ôîðìóëà îïðåäåëÿåò àíàëèòè÷åñêîå ïðîäîë-
æåíèå ζ(s) â ýòó îáëàñòü. Ðàñêðûâàÿ ñìûñë èíòåãðàëà Ñòèëüòüåñà, ýòó âûêëàäêó ìîæíî
ïåðåïèñàòü â ýëåìåíòàðíûõ òåðìèíàõ:

ζ(s) =1 +
1

2s
+ ... =

(
1− 1

2s

)
+ 2

(
1

2s
− 1

3s

)
+ 3

(
1

3s
− 1

4s

)
+ ... =

s

∫ 2

1

dx

xs+1
+ 2s

∫ 3

2

dx

xs+1
+ ... = s

∫ ∞
1

[t]

ts+1
dt = 1 +

1

s− 1
+ s

∫ ∞
1

[t]− t
ts+1

dt.

Óñòðåìëÿÿ â ôîðìóëå (2) s ê åäèíèöå, ìîæíî âû÷èñëèòü ñëåäóþùèé ïîðÿäîê ðàçëîæåíèé
ζ(s) â îêðåñòíîñòè åäèíèöû:

ζ(s) = 1 +
1

s− 1
+

∫ ∞
1

[t]− t
t2

dt+O(s− 1).

Èíòåãðàë â ýòîé ôîðìóëå âû÷èñëÿåòñÿ ÿâíî íà êàæäîì îòðåçêå îò n äî n+ 1, òàê ÷òî∫ ∞
1

[t]− t
t2

dt =
∞∑
n=1

(
n

∫ n+1

n

dt

t2
−
∫ n+1

n

dt

t2

)
= lim

N→∞

N∑
n=1

n

(
1

n
− 1

(n+ 1)

)
− log

n+ 1

n
=

lim
N→∞

(
1

2
+ ...+

1

n+ 1
− log(n+ 1)

)
= γ − 1,

ãäå γ -ïîñòîÿííàÿ Ýéëåðà. Òàêèì îáðàçîì,

ζ(s) =
1

s− 1
+ γ +O(s− 1).

3. Åùå îäèí ñïîñîá àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ζ(s) äîñòàâëÿåò èíòåãðàë Õàíêåëÿ.
Ïîâòîðÿÿ áóêâàëüíî àðãóìåíòû, ïðèâåäåííûå â ïðåäûäóùåé ëåêöèè, ïîëó÷àåì:

ζ(s)Γ(s) =
−1

2i sin πs

∮
C

(−t)s−1 e−t

1− e−t
dt, (3)

ãäå êîíòóð C îáõîäèò äåéñòâèòåëüíóþ ïîëóîñü [0,+∞) ïðîòèâ ÷àñîâîé ñòðåëêè:
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�
 -
�

-
q0 +∞

C

Èíòåãðàë
∮
C

(−t)s−1 e−t

1−e−tdt îïðåäåëåí (ñõîäèòñÿ íà áåñêîíå÷íîñòè) ïðè âñÿêîì s, òàê ÷òî
ôîðìóëà (3) îïðåäåëÿåò àíàëèòè÷åñêîå ïðîäîëæåíèå ζ(s) íà âñþ êîìïëåêñíóþ ïëîñêîñòü.

Ïóñòü òåïåðü Re s < 0. Äëÿ âû÷èñëåíèÿ èíòåãðàëà
∮
C

(−t)s−1 e−t

1−e−tdt çàìêíåì êîíòóð
C, äîáàâèâ ê íåìó îêðóæíîñòü D : |s| = R áîëüøîãî ðàäèóñà. Ïîäèíòåãðàëüíîå âûðà-
æåíèå ìîæíî ïðåäñòàâèòü êàê ïðîèçâåäåíèå äâóõ ôóíêöèé, f(t) = (−t)s−1 è g(t) = 1

et−1
.

Ôóíêöèÿ g(t) ÿâëÿåòñÿ êîìïîçèöèåé äâóõ ôóíêöèé. Ïåðâàÿ îñóùåñòâÿåò ýêñïîíåöèàëüíîå
îòîáðàæåíèå t→ x = et, âòîðàÿ - äðîáíî-ëèíåéíîå îòîáðàæåíèå x→ w = 1

x−1
.

Ïîñëåäíåå äðîáíî-ëèíåéíîå îòîáðàæåíèå îòîáðàæàåò âíåøíîñòü ìàëîé îêðåñòíîñòè
1 |x − 1| > ε â îãðàíè÷åííóþ îáëàñòü ðàçìåðà ïîðÿäêà ε. C äðóãîé ñòîðîíû, ïðîîáðàç
âíóòðåííîñòè îêðåñòíîñòè |x − 1| < ε ïðè ýêñïîíåíöèàëüíîì îòîáðàæåíèè t → x = et

ñîñòîèò èç ñ÷åòíîãî îáúåäèíåíèÿ îêðåñòíîñòåé òî÷åê t = 2πin, n ∈ Z, êàæäàÿ èç êîòîðûõ
èìååò ðàçìåð ïîðÿäêà ε.

Òàêèì îáðàçîì, åñëè îêðóæíîñòü D íàõîäèòñÿ îò âñåõ òî÷åê t = 2πin íà ðàññòîÿíèè,
áîëüøåãî çàäàííîãî ïîëîæèòåëüíîãî ÷èñëà, òî çíà÷åíèå ôóíêöèè g(t) = 1

et−1
íà íåé îãðà-

íè÷åíî ôèêñèðîâàííûì ÷èñëîì K. Òîãäà èíòåãðàë
∮
D

(−t)s−1 1
et−1

dt ìîæíî îöåíèòü êàê∣∣∣∣∮
D

(−t)s−1 1

et − 1
dt

∣∣∣∣ < K

∣∣∣∣∮
D

|ts−1|dt
∣∣∣∣ = 2πKRRe s,

÷òî ñòðåìèòñÿ ê íóëþ ïðè R→∞, ïîñêîëüêó Re s < 0. Òàêèì îáðàçîì, èíòåãðàë∮
C

(−t)s−1 e−t

1−e−tdt ìîæíî âû÷èñëèòü ñóììèðîâàíèåì âû÷åòîâ.
Îñîáûìè òî÷êàìè ïîäèíòåãðàëüíîãî âûðàæåíèÿ ÿâëÿþòñÿ òî÷êè t = 2πin, n ∈ Z.

Òî÷êà 0 ëåæèò âíå êîíòóðà. Â îêðåñòíîñòè òî÷êè t = 2πin çíàìåíàòåëü et − 1 âåäåò ñåáÿ
êàê (t− 2πin) òàê ÷òî

Rest=2πin(−t)s−1 1

et − 1
dt = (−2πin)s−1.

Ïîñêîëüêó çàìêíóòûé êîíòóð îáõîäèò îáëàñòü ïî íàïðàâëåíèþ ÷àñîâîé ñòðåëêè, èíòåãðàë
ðàâåí ñóììå âû÷åòîâ ñ êîýôôèöèåíòîì −2πi, òàê ÷òî

ζ(s)Γ(s) =
−2πi

−2i sin πs

∑
n6=0

(−2πin)s−1 =
2s−1πs

sinπs

∑
n≥0

1

n1−s

(
is−1 + (−i)s−1

)
=

2s−1πs

sinπs
ζ(1− s)

(
e

(s−1)πi
2 + e

−(s−1)πi
2

)
=

2sπs

sinπs
ζ(1− s) cos

π(s− 1)

2
=

2s−1πs

cos π s
2

ζ(1− s).

Ýòî è åñòü ôóíêöèîíàëüíîå ñîîòíîøåíèå Ðèìàíà, äîêàçàííîå ïðè óñëîâèè Re s < 0 è
âåðíîå âñþäó â ñèëó àíàëèòè÷íîñòè îáåèõ ÷àñòåé ñîîòíîøåíèÿ.

4


