
"Ñïåöôóíêöèè". Òåçèñû 6-îé ëåêöèè.
Ïîíÿòèå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ

1.Ïðåäèñëîâèå. Ðàññìîòðèì íåñîáñòâåííûé èíòåãðàë
∫∞
0
e−xt cos tdt. Îïðåäåëÿåìàÿ èì

ôóíêöèÿ F (x) =
∫∞
0
e−xt cos t dt, àíàëèòè÷íà â îáëàñòè Rex > 0 â ñèëó àáñîëþòíîé ñõîäè-

ìîñòè èíòåãðàëà. Ïðè ýòèõ óñëîâèÿõ èíòåãðàë âû÷èñëÿåòñÿ ïîâòîðíûì èíòåãðèðîâàíèåì
ïî ÷àñòÿì:

F (x) =

∫ ∞
0

e−xtd(sin t) = sin te−xt|∞t=0 + x

∫ ∞
0

sin te−xtdt = x

∫ ∞
0

sin te−xtdt =

− xe−xt cos t|∞t=0 − x2
∫ ∞
0

e−xt cos tdt = x− x2F (x),

òàê ÷òî (1 +x2)F (x) = x è F (x) =
x

1 + x2
. Ýòîãî æå ðåçóëüòàòà ìîæíî äîáèòüñÿ, ðàçëîæèâ

cos t â ðÿä Òýéëîðà:

F (x) =

∫ ∞
0

e−xt cos tdt =

∫ ∞
0

e−xt
(

1− t2

2
+
t4

4!
− ...

)
dt =

∑
n≥0

(−1)n
∫ ∞
0

e−xt
(xt)2n

(2n)!x2n
d(xt)

x
=

∑
n≥0

(−1)n

x2n+1

Γ(2n+ 1)

(2n)!
=
∑
n≥0

(−1)n

x2n+1
=

1

x

1

1 + x−2
=

x

1 + x2
,

åñëè |x| > 1.

Íåñîáñòâåííûé èíòåãðàë G(x) =
∫∞
0

e−xt

1 + t
dt òàêæå ÿâëÿåòñÿ àíàëèòè÷åñêîé (íî óæå íå

ýëåìåíòàðíîé) ôóíêöèåé â îáëàñòè Rex > 0. Çàìåíÿÿ ïîä çíàêîì èíòåãðàëà (1 + t)−1 íà
ñîîòâåòñòâóþùèé ðÿä Òýéëîðà, ïðèõîäèì ê âûðàæåíèþ

G(x) =
∑
n≥0

(−1)n
∫ ∞
0

e−xttndt =
∑
n≥0

(−1)n
∫ ∞
0

e−xt
(xt)n

xn+1
d(xt) ==

∑
n≥0

(−1)n
Γ(n+ 1)

xn+1
=

∑
n≥0

(−1)n
n!

xn+1
.

Ïîëó÷èëè ðÿä, ðàñõîäÿùèéñÿ ïðè ëþáîì x, îòëè÷íîì îò íóëÿ, ÷òî ãîâîðèò î íåïðàâîìåð-
íîñòè ïðèâåäåííûõ ðàññóæäåíèé. Ýòîãî ìîæíî áûëî îæèäàòü, ïîñêîëüêó èñïîëüçóåìîå
ðàçëîæåíèå èìååò ìåñòî íå íà âñåì ïðîìåæóòêå èíòåãðèðîâàíèÿ. Ïîâòîðèì òå æå âû÷èñ-
ëåíèÿ ñ êîíå÷íîé ÷àñòüþ ðÿäà Òýéëîðà ôóíêöèè (1 + t)−1. Ïî ôîðìóëå ñóììû ãåîìåòðè-
÷åñêîé ïðîãðåñèè

1

1 + t
= 1− t+ t2 + . . .+ (−1)n−1tn−1 + (−1)n

tn

1 + t
,

ïîýòîìó

G(x) =
n−1∑
k=0

(−1)k
∫ ∞
0

e−txtkdt+ (−1)n
∫ ∞
0

tne−xt

1 + t
dt =

n−1∑
k=0

(−1)k
k!

xk+1
+ (−1)n

∫ ∞
0

tne−xt

1 + t
dt

Ïîñëåäíåå ñëàãàåìîå

Rn(x) = (−1)n
∫ ∞
0

tne−xt

1 + t
dt
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ïðåäñòàâëÿåò ñîáîé îøèáêó ïðèáëèæåíèÿ ôóíêöèè G(x) êîíå÷íûì ðÿäîì
∑n−1

k=0(−1)k k!
xk+1 .

Íåòðóäíî âèäåòü, ÷òî ïðè Rex = a > 0

|Rn(x)| <
∫ ∞
0

tne−atdt =
n!

an+1
.

Â ÷àñòíîñòè, åñëè x - äåéñòâèòåëüíîå ïîëîæèòåëüíîå ÷èñëî, ÷òî ìû è ïðåäïîëîæèì äàëåå
äëÿ ïðîñòîòû èçëîæåíèÿ, òî |Rn(x)| < n!

xn+1 è ýòîò îñòàòîê èìååò çíàê (−1)n. Èçó÷èì
ïîâåäåíèå îøèáêè â çàâèñèìîñòè îò n è x.

a) Ôèêñèðóåì n. Òîãäà ñ ðîñòîì x îñòàòîê Rn(x) ñòðåìèòñÿ ê íóëþ.

á) Ôèêñèðóåì x. Îøèáêà óìåíüøàåòñÿ ñ ðîñòîì n, ïîêà n íå ïðåâîñõîäèò öåëîé ÷àñòè [x]
÷èñëà x. Çàòåì îøèáêà Rn(x) íà÷èíàåò ðàñòè. Òàêèì îáðàçîì, èìååì íåóñòðàíèìóþ

îøèáêó âû÷èñëåíèé, ðàâíóþ ε(x) =
[x]!

x[x]
. Îíà âåñüìà ìàëà ïðè áîëüøèõ x. Íàïðèìåð,

ïðè x = 10 îøèáêà ε ∼ 10−3, à ïðè x = 100 îøèáêà ε ∼ 10−40, ÷òî ãîâîðèò î òîì, ÷òî
ïðèáëèæåíèÿ ïîëó÷àþòñÿ î÷åíü õîðîøèìè, íåñìîòðÿ íà íåóñòðàíèìûå îøèáêè.

Ïðèâåäåííûé ñïîñîá âû÷èñëåíèé áûë àêñèîìàòèçèðîâàí À.Ïóàíêàðå â 1890 ã.

2. Îïðåäåëåíèå. Ïóñòü R- îáëàñòü â C, z0 ∈ R̄ - ïðåäåëüíàÿ òî÷êà R. Ïîñëåäîâàòåëü-
íîñòü ôóíêöèé ϕn(z), n ≥ 1, z ∈ R íàçûâàåòñÿ àñèìïòîòè÷åñêîé ïîñëåäîâàòåëüíîñòüþ ïðè
z → z0 â R, åñëè âñå ϕn(z) îïðåäåëåíû â R è äëÿ âñÿêîãî n ≥ 1 ϕn+1(z) = o(ϕn(z)) ïðè
z → z0.

Ïóñòü {ϕn(z)} - àñèìïòîòè÷åñêàÿ ïîñëåäîâàòåëüíîñòü. Ðÿä
∑∞

n=1 anϕn(z) íàçûâàåòñÿ
àñèìïòîòè÷åñêèì ðàçëîæåíèåì ôóíêöèè f(z) ïðè z → z0 â R, f(z) ∼

∑
n≥1 anϕn(z), åñëè

äëÿ âñÿêîãî n ≥ 1 âûïîëíåíî ñîîòíîøåíèå f(z)−
∑n

k=1 akϕk(z) = o(ϕn(z)), z → z0, z ∈ R.
Íàèáîëåå ÷àñòî èñïîëüçóþòñÿ ñòåïåííûå àñèìïòîòè÷åñêèå ïîñëåäîâàòåëüíîñòè, íàïðè-

ìåð, ϕn(z) = zn ïðè z0 = 0 èëè ϕn(z) = z−n ïðè z0 = ∞. Åñëè ôóíêöèÿ f(z) èìååò
àñèìïòîòè÷åñêîå ðàçëîæåíèå ïî çàäàííîé ñèñòåìå ôóíêöèé, òî åãî êîýôôèöèåíòû åäèí-
ñòâåííû. Â ñàìîì äåëå, èç îïðåäåëåíèÿ èìååì ïðè z → z0, z ∈ R

f(z)− a1ϕ1(z) = o(ϕ1(z)), îòêóäà a1 = lim
z→z0, z∈R

f(z)

ϕ1(z)
,

f(z)−
n∑
k=1

akϕk(z) = o(ϕn(z)), îòêóäà an = lim
z→z0, z∈R

f(z)−
∑n−1

k=1 akϕk(z)

ϕn(z)

Ìîæíî òàêæå çàìåòèòü, ÷òî ïðè íàëè÷èè àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ âûïîëíåíà áîëåå
òî÷íàÿ îöåíêà îøèáêè: f(z)−

∑n
k=1 akϕk(z) = O(ϕn+1(z)) ïðè z → z0 è z ∈ R, ÷òî ìîæíî

èñïîëüçîâàòü êàê äðóãîé âàðèàíò îïðåäåëåíèÿ.
Ñ äðóãîé ñòîðîíû, ôóíêöèÿ íå îïðåäåëÿåòñÿ ñâîèì àñèìïòîòè÷åñêèì ðàçëîæåíèåì;

ðàçëè÷íûå ôóíêöèè ìîãóò èìåòü îäíî è òîæå àñèìïòîòè÷åñêîå ðàçëîæåíèå. Íàïðèìåð,

ôóíêöèÿ f(z) = e−
1
z2 èìååò íóëåâîå àñèìïòîòè÷åñêîå ðàçëîæåíèå â íóëå ïî ñòåïåíÿì z,

e−
1
z2 ∼ 0 + 0 · z + ...+ 0 cot zn + ... z → 0

ïîñêîëüêó óáûâàåò ïðè z → 0 áûñòðåå ëþáîé ñòåïåíè z.
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Ôîðìóëà Òýéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ïåàíî,

f(z) =
n∑
k=0

f (k)(0)

k!
zk + o(zn+1)

ãîâîðèò, ÷òî âñÿêàÿ ôóíêöèÿ, áåñêîíå÷íî äèôôåðåíöèèðóåìàÿ â íóëå, èìååò ñâîé ðÿä
Òýéëîðà â êà÷åñòâå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ (âíå çàâèñèìîñòè îò åãî ñõîäèìîñòè).
Îäíàêî, ïîíÿòèå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ øèðå ôîðìóëû Òýéëîðà: âî-ïåðâûõ, ìîæ-
íî áðàòü èíûå àñèìïòîòè÷åñêèå ïîñëåäîâàòåëüíîñòè, íàïðèìåð,

ϕ1(z) = z−2, ϕ2(z) = z−1, . . . , ϕn(z) = zn−3, ..., z0 = 0.

Òîãäà ôóíöèè, äîïóñêàþùèå àñèìïòîòè÷åñêîå ðàçëîæåíèå ïî ýòîé ñèñòåìå, ìîãóò ñòðå-
ìèòüñÿ ê ∞ ïðè z → 0 è òåì ñàìûì íå èìåòü íèêàêèõ ïðîèçâîäíûõ â íóëå. Âî-âòîðûõ,
êàê ïðàâèëî, àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ðàññìàòðèâàþòñÿ â ñåêòîðàõ èëè ïîëóïëîñêî-
ñòÿõ òèïà Re z > 0 è íå êîíòðîëèðóþò ïîâåäåíèå ôóíêöèè âíå ýòèõ ñåêòîðîâ.

3. Ïðèìåð. Òðàíñöåíäåíòíîå óðàâíåíèå x = ctg x èìååò áåñêîíå÷íî ìíîãî êîðíåé. Ïðè
áîëüøèõ x n-íûé êîðåíü âåäåò ñåáÿ êàê x = πn + ... . Óòî÷íèì åãî ïîâåäåíèå. Óðàâíåíèå
äëÿ n-ãî êîðíÿ ýêâèâàëåíòíî ñîîòíîøåíèþ

x = πn+ arcctg x ⇐⇒ x = πn+ arctg
1

x
. (1)

Âîñïîëüçóåìñÿ ðàçëîæåíèåì arctg x â ðÿä: arctg x = x − x3/3 + x5/5 − ..., |x| < 1, òàê
÷òî

arctg
1

x
=

1

x
− 1

3x3
+

1

5x5
+ · · · , |x| > 1.

Â ÷àñòíîñòè, arctg 1
x

= o(1) ïðè x → ∞. Ïîäñòàâëÿÿ ýòî ðàâåíñòâî â ñîîòíîøåíèå (1),
ïîëó÷àåì:

x = πn+ o(1) (2)

Ñëåäóþùàÿ èòåðàöèÿ ôîðìóëû Òýéëîðà äëÿ àðêòàíãåíñà ãîâîðèò, ÷òî arctg 1
x

= 1
x

+ o( 1
x2

).
Ïîäñòàâëÿåì ýòî ðàçëîæåíèå â ñîîòíîøåíèå (1), âîñïîëüçîâàâøèñü óæå ïîëó÷åííîé îöåí-
êîé (2):

x = πn+
1

πn+ o(1)/(πn)
+ o(x−2) = πn+

1

πn

(
1− o(1)

πn

)
+ o

(
1

n

)
= πn+

1

πn
+ o

(
1

n2

)
.

Çäåñü ìû âîñïîëüçîâàëèñü ñëåäñòâèåì îöåíêè (2): áåñêîíå÷íî áîëüøèå âåëè÷èíû x è n
ýêâèâàëåíòíû ïðè x → ∞ (ïðåäåë îòíîøåíèÿ ðàâåí 1) è ïîòîìó o

(
1
x

)
åñòü è o

(
1
n

)
. Ïðî-

äîëæåíèå ïðîöåäóðû äàåò ñëåäóþùèé ÷ëåí àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ êîðíÿ òðàíñ-
öåíäåíòíîãî óðàâíåíèÿ

x = πn+
1

πn
− 4

3π3n3
+ o

(
1

n4

)
.

4. Àñèìïòîòèêà èíòåãðàëà Ëàïëàñà. Ïóñòü f(t) - ôóíêöèÿ äåéñòâèòåëüíîãî àðãóìåíòà
t > 0 òàêàÿ, ÷òî èíòåãðàë

F (x) =

∫ ∞
0

f(t)e−xtdt (3)
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(ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè f(t)) àáñîëþòíî ñõîäèòñÿ ïðè áîëüøèõ äåéñòâèòåëüíûõ
x > 0. Äëÿ ýòîãî äîñòàòî÷íî ïîòðåáîâàòü, íàïðèìåð, ñóùåñòâîâàíèÿ êîíå÷íîãî èíòåãðàëà∫∞
0
|f(t)|e−x0tdt = M äëÿ íåêîòîðîãî x0 > 0.
Âñå àñèìïòîòè÷åñêèå ñâîéñòâà èíòåãðàëà Ëàïëàñà (3) îñíîâàíû íà ñëåäóþùåé îöåíêå:
Ëåììà. Ïóñòü ôóíêöèÿ f(t) òàêîâà, ÷òî

à) èíòåãðàë
∫∞
0
|f(t)|e−x0tdt = M êîíå÷åí äëÿ íåêîòîðîãî x0 > 0;

á) f(t) = O(ta) ïðè t→ 0.

Òîãäà
∫∞
0
f(t)e−xtdt = O

(
1

xa+1

)
ïðè x → ∞, Rex > 0 (áîëåå òî÷íî: åñëè x ñòðåìèòñÿ ê

áåñêîíå÷íîñòè, îñòàâàÿñü âíóòðè íåêîòîðîãî ñåêòîðà −π
2

+ δ < arg x < π
2
− δ, δ > 0).

Äîêàçàòåëüñòâî. Ðàçîáüåì èíòåãðàë íà äâå ÷àñòè:∫ ∞
0

f(t)e−xtdt =

∫ ε

0

f(t)e−xtdt+

∫ ∞
ε

f(t)e−xtdt,

ãäå ε - ïðîèçâîëüíîå ìàëîå ïîëîæèòåëüíîå ÷èñëî. Îöåíèì âíà÷àëå âòîðîé èíòåãðàë ïðè
Rex > x0:∣∣∣∣∫ ∞

ε

f(t)e−xtdt

∣∣∣∣ =

∣∣∣∣∫ ∞
ε

f(t)e−x0te−(x−x0)tdt

∣∣∣∣ < M |e−(x−x0)ε| = Me−Re(x−x0)ε = M̃e−εRex,

ãäå M̃ = Me−Rex0 . Åñëè x ñòðåìèòñÿ ê áåñêîíå÷íîñòè âíóòðè óêàçàííîãî ñåêòîðà, òî
ïðè ôèêñèðîâàííîì ε èíòåãðàë e−εRex ñòðåìèòñÿ ê íóëþ áûñòðåå ëþáîé ñòåïåíè x, ò.å.,∫∞
ε
f(t)e−xtdt = o(x−n) äëÿ âñåõ n.
Â ïåðâîì èíòåãðàëå äëÿ äîñòàòî÷íî ìàëîãî ε ìû ìîæåì âîñïîëüçîâàòüñÿ îöåíêîé

|f(t)| < Cta äëÿ íåêîòîðîãî C > 0, òàê ÷òî∣∣∣∣∫ ε

0

f(t)e−xtdt

∣∣∣∣ < C

∫ ε

0

tae−σtdt,

ãäå σ = Rex. Óâåëè÷èì â ïîñëåäíåì èíòåãðàëå èíòåðâàë èíòåãðèðîâàíèÿ äî áåñêîíå÷íîãî∣∣∣∣∫ ε

0

f(t)e−xtdt

∣∣∣∣ < C

∫ ∞
0

tae−σtdt =
C

σa+1

∫ ∞
0

(σt)ae−σtdσt = C
Γ(a+ 1)

σa+1

= O

(
1

σa+1

)
= O

(
1

xa+1

)
,

åñëè x→∞, îñòàâàÿñü â ñåêòîðå −π
2

+ δ < arg x < π
2
− δ.

Èç ëåììû ñëåäóåò, ÷òî åñëè ôóíêöèÿ f(t) òàêîâà, ÷òî |f(t)| < ex0t ïðè áîëüøèõ t è
f(t) = a1t

α1 +· · · antαn +O(tαn+1) ïðè t→ 0 è íåêîòîðûõ a1, ..., an è âåùåñòâåííûõ α1, ...αn+1,
òàêèõ, ÷òî −1 < α1 < α2 < ... < αn+1, òî∫ ∞

0

f(t)e−xtdt = a1
Γ(α1 + 1)

xα1+1
+ · · ·+ an

Γ(αn + 1)

xαn+1
+O

(
1

xαn+1+1

)
.

Íàïðèìåð, äëÿ ôóíêöèè f(t), ðàñòóùåé íà áåñêîíå÷íîñòè íå áûñòðåå íåêîòîðîé ýêñïîíåí-
òû è èìåþùåé â íóëå àñèìïòîòè÷åñêîå ðàçëîæåíèå

f(t) ∼
∞∑
k=0

akt
k, t→ 0,
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åå ïðåîáðàçîâàíèå Ëàïëàñà F (x) =
∫∞
0
f(t)e−xtdt èìååò àñèìïòîòè÷åñêîå ðàçëîæåíèå â

îïèñàííîì âûøå ñåêòîðå

F (x) ∼
∞∑
k=0

ak
k!xk+1

, x→∞.

Çàìåòèì, ÷òî âñå ðàññóæäåíèÿ è ðåçóëüòàòû îñòàþòñÿ âåðíûìè è äëÿ âñÿêîãî êîíå÷-
íîãî èíòåãðàëà

∫ b
0
f(t)e−xtdt � áåñêîíå÷íûé îòðåçîê èíòåãðèðîâàíèÿ, îòäåëåííûé îò íóëÿ,

êàæäûé ðàç äàåò ýêñïîíåíöèàëüíî ìàëûé âêëàä.

5. Ïîäîáíûì æå îáðàçîì îöåíèâàþòñÿ èíòåãðàëû âèäà

I(x) =

∫ ∞
0

g(t)exϕ(t)dt,

ãäå ϕ(t) - ìîíîòîííî óáûâàþùàÿ îò 0 ê −∞ âåùåñòâåííîçíà÷íàÿ ôóíêöèÿ. À èìåííî,
ñäåëàåì â èíòåãðàëå çàìåíó ïåðåìåííûõ t = −ψ(τ), ãäå t = ψ(τ) � ôóíêöèÿ, îáðàòíàÿ ê
τ = ϕ(t):

I(x) =

∫ ∞
0

g(ψ(τ))e−xτd(−ψ(τ)) = −
∫ ∞
0

g(ψ(τ))ψ′(τ)e−xτdτ.

Òàêèì îáðàçîì, çàäà÷à ñâîäèòñÿ ê îöåíêå èíòåãðàëà Ëàïëàñà I(x) = −
∫∞
0
f(τ)e−xτdτ , ãäå

f(τ) = g(ψ(τ))dψ(τ))
dτ

. Åñëè îáå ôóíêöèè g(t) è ϕ(t) èìåþò àñèìïòîòè÷åñêèå ðàçëîæåíèÿ â
íóëå,

ϕ(t) ∼
∞∑
k=1

akt
k, g(t) =∼

∞∑
k=0

bkt
k, t→ 0,

òî è ôóíêöèÿ f(τ) èìååò àñèìïòîòè÷åñêîå ðàçëîæåíèå â íóëå f(τ) ∼
∑∞

k=0 ckτ
k, êîýô-

ôèöèåíòû êîòîðîãî íàõîäÿòñÿ ðåêêóðåíòíî (äëÿ ýòîãî ôàêòè÷åñêè òðåáóåòñÿ îáðàùåíèå
ïåðâîãî ðÿäà):

c0 = b0a
−1
1 , c1 = b1a

−2
1 − 2a2b0a

−4
1 , . . .

è îïðåäåëÿþò êîýôôèöèåíòû àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ èíòåãðàëà I(x). Êàê è ðàíü-
øå, òå æå îöåíêè âåðíû è äëÿ èíòåãðàëà ñ êîíå÷íûì âåðõíèì ïðåäåëîì.

5. Èíòåãðàëû ãàóññîâà òèïà. Ïóñòü f(t) - ôóíêöèÿ òàêàÿ, ÷òî èíòåãðàë
∫ +∞
−∞ f(t)e−xt

2
dt

àáñîëþòíî ñõîäèòñÿ ïðè áîëüøèõ x. Ïðåîáðàçîâàíèå∫ +∞

−∞
f(t)e−xt

2

dt =

∫ +∞

0

(f(t) + f(−t))e−xt2dt

è ïîñëåäóþùàÿ çàìåíà ïåðåìåííûõ t =
√
τ òàêæå ñâîäÿò ýòîò èíòåãðàë ê èíòåãðàëó Ëà-

ïëàñà ∫ +∞

0

(f(
√
τ) + f(−

√
τ))e−xτ

dτ

2
√
τ

Òàêèì îáðàçîì, åñëè ôóíêöèÿ f(t) èìååò â íóëå àñèìïòîòè÷åñêóþ îöåíêó

f(t) =
2n∑
k=0

akt
k +O(t2n+1),
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òî ïîäèíòåãðàëüíàÿ ôóíêöèÿ â ïîñëåäíåì èíòåãðàëå îöåíèâàåòñÿ êàê

τ
1
2

2
(f(τ

1
2 ) + f(−τ

1
2 )) =

n∑
k=0

a2kτ
k− 1

2 +O
(
τn+

1
2

)
,

òàê ÷òî ∫ +∞

−∞
f(t)e−xt

2

dt =
n∑
k=0

a2k
Γ(k + 1

2
)

xk+
1
2

+O

(
1

xk+
3
2

)
.

Êàê è ðàíüøå, ýòà æå îöåíêà âåðíà äëÿ èíòåãðàëà ïî ëþáîìó èíòåðâàëó, ñîäåðæàùåìó 0.

6. Ìåòîä ïåðåâàëà. Ìåòîä ïåðåâàëà â ïðîñòåéøåé âåðñèè îïèñûâàåò àñèìïòîòè÷åñêîå

âû÷èñëåíèå èíòåãðàëà I(x) =
∫ b
a
g(t)exϕ(t)dt, ãäå ϕ(t) èìååò åäèíñòâåííûé ìàêñèìóì âî

âíóòðåííåé òî÷êå t0 ∈ (a, b). Èìååì∫ b

a

g(t)exϕ(t)dt =

∫ b

a

g(t)exϕ(t0)+x(ϕ(t)−ϕ(t0))dt = exϕ(t0)
∫ b

a

g(t)ex(ϕ(t)−ϕ(t0))dt.

Ñäåëàåì çàìåíó ïåðåìåííûõ t = ψ(τ , îáðàùàþùóþ ñîîòíîøåíèå ϕ(t)− ϕ(t0) = −τ 2:∫ b

a

g(t)exϕ(t)dt =

∫ ψ(τ)=b

ψ(τ)=a

f(τ)e−xτ
2

dτ,

ãäå f(τ) = g(ψ(τ))ψ′(τ). Ñëåäîâàòåëüíî, ÷àñòíîå I(x)/exϕ(t0) èìååò àñèìïòîòè÷åñêîå ðàç-
ëîæåíèå ïðè x→ +∞:∫ b

a

g(t)exϕ(t)dt ∼ exϕ(t0)

(
n∑
k≥0

c2k
Γ(n+ 1

2

xn+
1
2

+O

(
1

xn+
3
2

))
,

ãäå cn - êîýôôèöèåíòû àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ f(τ) â íóëå, âû÷èñëÿåìûå ðåêêó-
ðåíòíî ïî êîýôôèöèåíòàì àñèìïîòè÷åñêèõ ðàçëîæåíèé g(t) è ϕ(t) â îêðåñòíîñòè òî÷êè
t = t0.

Ìîæíî òàêæå çàìåòèòü, ÷òî âñå àðãóìåíòû ðàáîòàþò è äëÿ êîìïëåêñíîçíà÷íîé ôóíê-
öèè ϕ(t) ñ åäèíñòâåííîé êðèòè÷åñêîé òî÷êîé t = t0 âíóòðè èíòåðâàëà, â êîòîðîé ϕ

′(t0) = 0
è äåéñòâèòåëüíàÿ ÷àñòü ϕ(t0) èìååò ëîêàëüíûé ìàêñèìóì. Â ýòîì ñëó÷àå àñèìïòîòè÷åñêîå
ðàçëîæåíèå èìååò ìåñòî ïðè x→∞ è −π

2
+ δ < arg x < π

2
− δ.

7. Ôîðìóëà Ñòèðëèíãà. Äëÿ èññëåäîâàíèÿ àñèìïòîòèêè Γ(x) ïðè áîëüøèõ ïîëîæèòåëü-
íûõ x ÷óòü áîëåå óäîáíî ïðåäñòàâèòü Γ(x) â âèäå

Γ(x) =
Γ(x+ 1)

x
=

1

x

∫ ∞
0

e−ττxdτ =
1

x

∫ ∞
0

e−τ+x log τdτ.

Ïîäèíòåãðàëüíàÿ ôóíêöèÿ îáðàùàåòñÿ â íîëü íà êîíöàõ èíòåðâàëà èíòåãðèðîâàíèÿ è
èìååò ìàêñèìóì â òî÷êå τ = x, ãäå (−τ+x log τ)′ = −1+x/τ = 0. Ñäâèíåì òî÷êó ìàêèìóìà
â 0 çàìåíîé ïåðåìåííûõ τ = x(t+ 1). Ïîëó÷èì

Γ(x) =
1

x

∫ ∞
0

e−x−tx+x log x(t+1)xdt = xxe−x
∫ ∞
−1

ex(−t+log(t+1))dt,
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òàê ÷òî
Γ(x)

xxe−x
=

∫ ∞
−1

exp(t)dt, p(t) = −t+ log(t+ 1)

ãäå ôóíêöèÿ p(t) èìååò åäèíñòâåííûé ýêñòðåìóì ñ ìàêñèìóìîì äåéñòâèòåëüíîé ÷àñòè â
òî÷êå 0. Ê ýòîìó èíòåãðàëó ïðèìåíèì ìåòîä ïåðåâàëà:

Γ(x)

xxe−x
=

∫ ∞
−∞

e−xτ
2

ψ′(τ)dτ,

ãäå t = ψ(τ) åñòü ðåøåíèå óðàâíåíèÿ t− log(t+ 1) = τ 2. Äëÿ íàõîæäåíèÿ àñèìòîòè÷åñêîãî
ðàçëîæåíèÿ ýòîãî èíòåãðàëà íåîáõîäèìî íàéòè àñèìïòîòè÷åñêîå ðàçëîæåíèå ôóíêöèè t =
ψ(τ) â íóëå. Ïóñòü t = ψ(τ) = a1τ + a2τ

2 + ... + anτ
n + O(τn+1). Íàéäåì ïåðâûå ÷ëåíû

ðàçëîæåíèÿ:

t− log(1 + t) = t− t+
t2

2
− t3

3
+O(t4) =

1

2
(a1τ + a2τ

2 +O(τ 3))2 − 1

3
(a1τ +O(τ 2))3 = τ,

îòêóäà a1 =
√

2, a2 = 2
3
. Àíàëîãè÷íî a3 =

√
2

18
. Îòñþäà ψ′(τ) =

√
2 + 4

3
τ +
√

26τ 2 + O(τ 3).
Èòàê, ïðè x→∞ è −π

2
+ δ < arg x < π

2
− δ

Γ(x)

xxe−x
=

n∑
k=0

c2k
Γ(k + 1

2

xk+
1
2

+O

(
1

xn+1+ 1
2

)
,

ãäå c0 =
√

2, c2 =
√
2
6
, ò.å.,

Γ(x) = xxe−x
√

2π

x

(
1 +

1

12x
+O

(
1

x2

))
.

Îáùàÿ ôîðìóëà êîýôôèöèåíòîâ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ Γ(x) íåèçâåñòíà.
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