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Ïóñòü R- îáëàñòü â C, z0 ∈ R̄ - ïðåäåëüíàÿ òî÷êà R. Ïîñëåäîâàòåëüíîñòü ôóíêöèé ϕn(z),
n ≥ 1, z ∈ R íàçûâàåòñÿ àñèìïòîòè÷åñêîé ïîñëåäîâàòåëüíîñòüþ ïðè z → z0 â R, åñëè âñå
ϕn(z) îïðåäåëåíû â R è äëÿ âñÿêîãî n ≥ 1 ϕn+1(z) = o(ϕn(z)) ïðè z → z0.
Ïóñòü ϕn(z) - àñèìïòîòè÷åñêàÿ ïîñëåäîâàòåëüíîñòü. Ðÿä

∑∞
n=1 anϕn(z) íàçûâàåòñÿ àñèìï-

òîòè÷åñêèì ðàçëîæåíèåì ôóíêöèè f(z) ïðè z → z0 â R, f(z) ∼
∑

n≥1 anϕn(z), åñëè äëÿ

âñÿêîãî n ≥ 1 âûïîëíåíî ñîîòíîøåíèå f(z)−
∑n

k=1 akϕk(z) = o(ϕn(z)), z → z0, z ∈ R; åùå
ëó÷øå, åñëè f(z)−

∑n
k=1 akϕk(z) = O(ϕn+1(z)) (äðóãîé âàðèàíò îïðåäåëåíèÿ).

1. Ïóñòü ϕn(z) - àñèìïòîòè÷åñêàÿ ïîñëåäîâàòåëüíîñòü.

a)* Äîêàæèòå, ÷òî äëÿ âñÿêîãî ðÿäà
∑

n≥1 anϕn(z) íàéäåòñÿ ôóíêöèÿ f(z), èìåþùàÿ
ýòîò ðÿä ñâîè àñèìïòîòè÷åñêèì ðàçëîæåíèåì ïðè z → z0.

á)* Ïóñòü f(z) - îäíîçíà÷íàÿ ãîëîìîðôíàÿ ôóíêöèÿ â ïðîêîëîòîé îêðåñòíîñòè U áåñ-
êîíå÷íî óäàëåííîé òî÷êè è âî âñåé ýòîé îêðåñòíîñòè f(z) ∼

∑∞
n=N

an
zn
. Òîãäà ðÿä

ñõîäèòñÿ
∑∞

n=N
an
zn

ñõîäèòñÿ â U è f(z) ÿâëÿåòñÿ åãî ñóììîé.

2. a) Íàéäèòå ðåêêóðåíòíî ïåðâûå òðè ÷ëåíà àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ x(λ) êîð-
íåé óðàâíåíèÿ x3 + ax = λ3 ïðè λ→∞.

á)* Íàéäèòå ïîëíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå îäíîãî èç êîðíåé. ßâëÿåòñÿ ëè îíî
ðàçëîæåíèåì êîðíÿ â ñõîäÿùèéñÿ ñòåïåííîé ðÿä?

3. a) Îïðåäåëåíèå êîíñòàíòû Ýéëåðà γ ýêâèâàëåíòíî ñëåäóþùåé îöåíêå ÷àñòè÷íîé
ñóììû ãàðìîíè÷åñêîãî ðÿäà: 1 + 1

2
+ · · · + 1

N
= logN + γ + o(1) ïðè N → ∞.

Äîêàæèòå, ÷òî: 1 + 1
2

+ · · ·+ 1
N

= logN + γ +O(1/N) ïðè N →∞.
á)* Óëó÷øèòå ïðåäûäóùóþ îöåíêó â ñëåäóþùåì ïîðÿäêå:

1 + 1
2

+ · · ·+ 1
N

= logN + γ + 1
2N

+O(1/N2), N →∞.
â)** Âûâåäèòå àñèìïòîòè÷åñêîå ðàçëîæåíèå Ýéëåðà:

1 +
1

2
+ · · ·+ 1

N
∼ logN + γ −

∑
n≥1

B2n

2nN2n
, N →∞.

Çäåñü B2n- ÷èñëà Áåðíóëëè. Ýéëåð èñïîëüçîâàë ýòî ðàçëîæåíèå ïðè n = 10 äëÿ
âû÷èñëåíèÿ γ ñ òî÷íîñòüþ äî 15 çíàêîâ ïîñëå çàïÿòîé.

4. ∗. Ñîãëàñíî Âåéåðøòðàññó, log Γ(z) = −γz− log z+
∑

n≥1 f(z/n), ãäå f(z) = z− log(1+z).
Âûðàçèòå êàæäûé êîýôôèöèåíò â àñèìïòîòè÷åñêîì ðÿäå Ñòèðëèíãà

log Γ(z) ∼ (z − 1

2
) log z − z +

1

2
log 2π +

∑
s≥1

B2s

2s(2s− 1)z2s−1
, z →∞

÷åðåç çíà÷åíèÿ ζ è åå ïðîèçâîäíûõ è êîýôôèöèåíòû ðàçëîæåíèÿ f(z) â áåñêîíå÷íîñòè.

5. ∗ (Äâóñòîðîííèì) ïðåîáðàçîâàíèåì Ëàïëàñà êóñî÷íî-íåïðåðûâíîé ôóíêöèè f(t) íàçû-

âàåòñÿ ôóíêöèÿ êîìïëåêñíîãî àðãóìåíòà F (p) =
∫ +∞
−∞ f(t)e−ptdt. Îíî êîððåêòíî îïðåäåëå-

íî äëÿ ôóíêöèé f(t) òàêèõ, ÷òî |f(t)| < eat ïðè t → +∞ è |f(t)| < ebt ïðè t → −∞, ãäå
a < b; òîãäà F (p) àíàëèòè÷íî â ïîëîñå a < Re p < b. Â ýòîì ñëó÷àå èìååò ìåñòî ôîðìóëà
îáðàùåíèÿ

f(t) =
1

2πi

∫ c+i∞

c−i∞
F (p)eptdp, a < c < b.

Ïðåîáðàçîâàíèåì Ìåëëèíà ôóíêöèè ϕ(x) íàçûâàåòñÿ ôóíêöèÿ Φ(s) =
∫∞
0
ϕ(x)xs−1dx, s ∈

C. Îíî îïðåäåëåíî ïðè íåïóñòîé îáëàñòè àáñîëþòíîé ñõîäèìîñòè èíòåãðàëà.

a) Âûðàçèòå ïðåîáðàçîâàíèå Ìåëëèíà ôóíêöèè ϕ(x) ÷åðåç ïðåîáðàçîâàíèå Ëàïëàñà
ôóíêöèè ψ(t) = ϕ(e−t). Íàïèøèòå ôîðìóëó îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ìåëëèíà.

á) Âû÷èñëèòå ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè θ(t), ãäå θ(t) = 1, t ≥ 0, θ(t) = 0,
t < 0. Ïðîâåðüòå â ýòîì ñëó÷àå ôîðìóëó îáðàùåíèÿ.

â) Ïóñòü Φ(s) - ïðåîáðàçîâàíèå Ìåëëèíà ôóíêöèè ϕ(x). Îïèøèòå ïðåîáðàçîâàíèå
Ìåëëèíà ôóíêöèé: ϕ(λx), xαϕ(x), ϕ(xλ), ϕ(x−1), ϕ′(x). Ïåðå÷èñëèòå àíàëîãè÷íûå
ñâîéñòâà ïðåîáðàçîâàíèÿ Ëàïëàñà.


