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1.∗ Âûâåäèòå àñèìïòîòè÷åñêóþ ôîðìóëó Ñòèðëèíãà îöåíêîé êîíòóðíîãî èíòåãðàëà â ôîð-
ìóëå îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ìåëëèíà:

log Γ(z) = −γz − log z +
1

2πi

∫ a+i∞

a−i∞

−π
s sin πs

ζ(−s)zsds, | arg z| < π.

Îáîçíà÷åíèÿ
1. Ñèìâîë Ïîõãàììåðà (a)n = a(a+ 1) · · · (a+ n− 1), (a)0 = 1.

2. Ãèïåðãåîìåòðè÷åñêèé ðÿä Fp,q(a1, . . . , ap; b1, . . . , bq; z) = 1 +
∑

n≥1

(a1)n · · · (ap)n
n!(b1)n · · · (bq)n

zn

2. Äîêàæèòå, ÷òî ãèïåðãåîìåòðè÷åñêèé ðÿä Fq+1,q(a1, . . . , aq+1; b1, . . . , bq; z)
à) ïðè Re(

∑
bi−
∑
ai) > 0 àáñîëþòíî ñõîäèòñÿ ïðè âñåõ z, |z| = 1 (ò.å., íà âñåì çàìûêàíèè

êðóãà ñõîäèìîñòè)
á*) ïðè −1 < Re(

∑
bi −

∑
ai) < 0 ñõîäèòñÿ óñëîâíî ïðè âñåõ z, |z| = 1, z 6= 1

â) ïðè Re(
∑
bi −

∑
ai) < −1 ðàñõîäèòñÿ äëÿ ëþáîãî z, |z| = 1.

3. Ïîëüçóÿñü ôîðìóëîé Ãàóññà äëÿ çíà÷åíèÿ ãèïåðãåîìåòðè÷åñêîé ôóíêöèè â åäèíèöå,
F2,1(a, b; c; 1) = Γ(c)Γ(c−a−b)

Γ(c−a)Γ(c−b) ïðè Re(c− a− b) > 0, âû÷èñëèòå ñëåäóþùèå ñóììû:

a)
∑n

s=0

∏s
r=1

(a+ r)(n− r + 1)

r(d− r)

á)
∑n

k=0

(
n

k

)(
m

k

)−1

, m,n ∈ N, m > n;

â) F2,1(−n, a; c; 1) =
(c− a)n

(c)n
.

4. Äîîïðåäåëèì áèíîìèàëüíûé êîýôôèöèåíò
(
n
k

)
íà âñå êîìïëåêñíûå çíà÷åíèÿ n ïî ôîð-

ìóëå
(
n
k

)
= n(n−1)···(n−k+1)

k!
ïðè k = 1, 2, ... è

(
n
0

)
= 0. Äîêàæèòå ôîðìóëû Ëåðõà:

a)
∞∑
k=0

(
u
k

)(
v
k

) =
v + 1

v − u+ 1
, Re(u− v) > 1,

á)∗
m∑
k=0

(
u
k

)(
v
k

) =
v + 1

v − u+ 1

(
1−

(
u

m+1

)(
v+1
m+1

)) , Re(u− v) > 1.

5.∗ Ïóñòü Re c > Re d > 0, |z| < 1. Äîêàæèòå, ÷òî

F3,2(a, b, d; c, f ; z) =
Γ(c)

Γ(d)Γ(c− d)

∫ 1

0

td−1(1− t)c−d−1F2,1(a, b; f ; zt)dt,

F2,1(a, b; c; z) =
Γ(c)

Γ(d)Γ(c− d)

∫ 1

0

td−1(1− t)c−d−1F2,1(a, b; d; zt)dt

6.∗ Äîêàæèòå ñëåäóþùèå ôîðìóëû ïðåîáðàçîâàíèÿ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé (íà-
ïðèìåð, ñäåëàâ çàìåíó ïåðåìåííîé èíòåãðèðîâàíèÿ â ýéëåðîâîì èíòåãðàëå):

à) F2,1(a, b; c; z) = (1− z)−aF2,1

(
a, c− b; c; z

z − 1

)
(Ïôàôô)

á) F2,1(a, b; c; z) = (1− z)c−a−bF2,1 (c− a, c− b; c; z) (Ýéëåð)

7. Ñðàâíèâ êîýôôèöèåíòû ïðè ñòåïåíÿõ x â ôîðìóëå ïðåîáðàçîâàíèÿ Ýéëåðà, äîêàæèòå
ôîðìóëó ñóììèðîâàíèÿ Çààëüòøóòöà:

n∑
j=0

(a)j(b)j(c− a− b)n−j
j!(c)j(n− j)!

=
(c− a)n(c− b)n
(c)n(c− a− b)n

,

ýêâèâàëåíòíóþ ñîîòíîøåíèþ F3,2(−n, a, b; c, 1 + a+ b− c− n; 1) = (c−a)n(c−b)n
(c)n(c−a−b)n .


