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1. Ôîðìóëà Ðîäðèãà

a) Ïîêàæèòå, ÷òî ïðîèçâîäíàÿ ãèïåðãåîìåòðè÷åñêîé ôóíêöèè ïðîïîðöèîíàëüíà ãè-
ïåðãåîìåòðè÷åñêîé ôóíêöèè ñî ñäâèíóòûìè íà åäèíèöó ïàðàìåòðàìè

á) ïîêàæèòå, ÷òî âñÿêîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ
àíàëèòè÷åñêèìè êîýôôèöèåíòàìè ìîæåò áûòü ïðèâåäåíî ê âèäó

(1)
d

dz

(
ϕ(z)

d

dz
y

)
+ ψ(z)y = 0;

â) äëÿ ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ ñîîòâåòñòâóþùèå ôóíêöèè èìåþò âèä ϕ(z) =
zc(1 − z)a+b−c+1, ψ(z) = abzc−1(1 − z)a+b−c, à èòåðàöèÿ ñîîòíîøåíèÿ (1) ïðèâîäèò
ê ñëåäóþùåìó ñîîòíîøåíèþ ìåæäó ãèïåðãåîìåòðè÷åñêîé ôóíêöèåé y è åå k-îé
ïðîèçâîäíîé y(k):
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c−1(1− z)a+b−cy;

ã) ïðèìåíåíèå ýòîãî ñîîòíîøåíèÿ ê ãèïåðãåîìåòðè÷åñêîìó ïîëèíîìó y = F (a,−n; c; z)
äàåò ôîðìóëó Ðîäðèãà:

F (a,−n; c; z) =
z1−c(1− z)c+n−a
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2. Ïóñòü y1(z), y2(z) - ðåøåíèÿ ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ ñ ïàðàìåòðàìè a, b, c è
àñèìïòîòèêàìè y1(z) ∼ 1, y2 ∼ z1−c ïðè z → 0; y3(z) è y4(z) ðåøåíèÿ òîãî æå ãèïåðãåî-
ìåòðè÷åñêîãî óðàâíåíèÿ ñ àñèìïòîòèêàìè y3 ∼ (−z)−a, y4 ∼ (−z)−b ïðè z → ∞. Íàéäèòå
ìàòðèöó ïåðåõîäà îò y1, y2 ê y3 è y4.

3. Îáîáùèòå èíòåãðàëüíîå ïðåäñòàâëåíèå Áàðíñà
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íà ãèïåðãåîìåòðè÷åñêèé ðÿä Fp,q(a1, . . . , ap; c1, . . . , cq; z) ïðè p ≤ q + 1.

4. Íàéäèòå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà. êîòîðîìó óäîâëåòâîðÿåò ïî-
ëèíîì ×åáûøåâà Tn(x) = cosn arccosx. Íàéäèòå îñîáûå òî÷êè ýòîãî óðàâíåíèÿ. Âûðàçèòå
ïîëèíîì ×åáûøåâà ÷åðåç ãèïåðãåîìåòðè÷åñêèå ïîëèíîìû.

5. Ïîëèíîìû Ëåæàíäðà Pn(x) ìîãóò áûòü îïðåäåëåíû êàê ñèñòåìà îðòîãîíàëüíûõ ïîëè-
íîìîâ íà îòðåçêå [−1, 1] c ðàâíîìåðíîé ìåðîé:∫ 1
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Pn(x)Pm(x)dx = δm,n
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.

Âûâåäèòå, èñõîäÿ èç ýòîãî îïðåäåëåíèÿ, äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà íà
Pn(x), óáåäèòåñü, ÷òî îíî èìååò òîëüêî ðåãóëÿðíûå îñîáûå òî÷êè; âûðàçèòå Pn(x) ÷åðåç
ãèïåðãåîìåòðè÷åñêèå ïîëèíîìû è âûïèøèòå äëÿ íèõ ôîðìóëó Ðîäðèãà.

6. Äîêàæèòå, ÷òî ãèïåðãåîìåòðè÷åñêèå ìíîãî÷ëåíû F (−n, n + b; c; z) îáðàçóþò îðòîãî-
íàëüíóþ ñèñòåìó íà èíòåðâàëå (0, 1) îòíîñèòåëüíî ìåðû w(x)dx = xc−1(1− x)b−cdx. Îäèí
èç ñïîñîáîâ - âûðàçèòü ñêàëÿðíîå ïðîèçâåäåíèå äâóõ òàêèõ ìíîãî÷ëåíîâ ÷åðåç ñêàëÿðíîå
ïðîèçâåäåíèå èõ ïðîèçâîäíûõ, âîñïîëüçîâàâøèñü ôîðìóëàìè ïóíêòîâ á) è â) çàäà÷è 1.

7. Ïóñòü c - öåëîå ÷èñëî. Íàéäèòå äâà íåçàâèñèìûõ ðåøåíèÿ ãèïåðãåîìåòðè÷åñêîãî óðàâ-
íåíèÿ ñ ïàðàìåòðàìè a, b, c, îïðåäåëåííûõ â îêðåñòíîñòè íà÷àëà êîîðäèíàò.


