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Ïåðåéäåì, íàêîíåö, ê íàèáîëåå èçÿùíîìó è ïðîäóêòèâíîìó íà äàííûé ìîìåíò îïðåäå-
ëåíèþ êâàíòîâîé òåîðèè - â âèäå ñóììû ïî ïóòÿì èëè êîíôèãóðàöèÿì ñèñòåìû. Òàêàÿ
ñóììà ïî êîíôèãóðàöèÿì íàèáîëåå î÷åâèäíûì îáðàçîì âêëþ÷àåò â ñåáÿ ôåéíìàíîâñêèé
èíòåãðàë ïî òðàåêòîðèÿì. Íî èíîãäà, à â òåîðèè ñòðóí ïî÷òè âñåãäà, ê íåìó ïðèõîäèòñÿ
äîáàâëÿòü èíòåãðàë ïî �âíóòðåííèì ãåîìåòðèÿì� ñèñòåìû, ìû ýòî óæå âèäåëè íà ïðèìåðå
�êëàññè÷åñêîãî� âû÷èñëåíèÿ àìïëèòóäû Âåíåöèàíî.

6.1 Ôóíêöèîíàëüíûé èíòåãðàë â êâàíòîâîé ìåõàíèêå

Ðàññìîòðèì ôóíêöèîíàëüíûé èíòåãðàë â ãàìèëüòîíîâîì ôîðìàëèçìå∑
paths

exp

(
i

~
S

)
=

∫
[DpDq] exp

(
i

~
S[p, q]

)
(6.1)

ãäå

S[p, q] =

∫ T

0

dt (pq̇ −H(p, q)) (6.2)

à ~ - ïîñòîÿííàÿ Ïëàíêà. Åñëè S ≫ ~ - ñèñòåìà íàçûâàåòñÿ êëàññè÷åñêîé, à èíòåãðàë
(6.1) ìîæíî âû÷èñëÿòü ìåòîäîì ñòàöèîíàðíîé ôàçû. Ìû áóäåì ðàññìàòðèâàòü êâàíòîâûå
ñèñòåìû, êîãäà S ∼ ~, è ïîëîæèì â äàëüíåéøåì ~ = 1.

Ôóíêöèîíàëüíûé èíòåãðàë (6.1) ìîæíî âû÷èñëÿòü ñ ðàçíûìè ãðàíè÷íûìè óñëîâèÿìè,
íàïðèìåð ∫

q(0)=q0,q(T )=q1

[DpDq] exp (iS[p, q]) = ⟨q1| exp(−iĤT )|q0⟩ (6.3)
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ôèêñèðóÿ ãðàíè÷íûå çíà÷åíèÿ êîîðäèíàòû íà êîíöàõ (ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ èì-
ïóëüñîâ) ïîëó÷èì ÿäðî îïåðàòîðà ýâîëþöèè â êîîðäèíàòíîì ïðåäñòàâëåíèè. Â ñëó÷àå çà-
ìêíóòûõ òðàåêòîðèé äîïîëíèòåëüíîå èíòåãðèðîâàíèå äàñò∫

q(0)=q(T )

[DpDq] exp (iS[p, q]) =

∫
dq⟨q| exp(−iĤT )|q⟩ =

= Tr exp(−iĤT )

(6.4)

ñëåä îïåðàòîðà ýâîëþöèè.

Äëÿ êâàäðàòè÷íûõ ïî èìïóëüñó ãàìèëüòîíèàíîâ H(p, q) = p2

2m
+ U(q) èíòåãðèðîâàíèå

ïî èìïóëüñàì ôîðìàëüíî ìîæíî ïðîâåñòè ÿâíî∫
Dp exp

(
i

~

∫ T

0

dt

(
pq̇ − p2

2m

))
=

=

∫
Dp exp

(
i

~

∫ T

0

dt

(
mq̇2

2
− 1

2m
(p−mq̇)2

))
=

= exp

(
i

~

∫ T

0

dt
mq̇2

2

)
N(T,m, ~, . . .)

(6.5)

ïîýòîìó äëÿ òàêèõ ãàìèëüòîíèàíîâ ÷àñòî ïèøóò èçíà÷àëüíî∑
paths

exp

(
i

~
S

)
=

∫
Dq exp

(
i

~
S[q]

)

S[q] =

∫ T

0

dt

(
mq̇2

2
− U(q)

) (6.6)

ãäå ìåðà Dq ñâÿçàíà âîîáùå ãîâîðÿ äîâîëüíî ñëîæíûì îáðàçîì ñ ìåðîé [DpDq] â ãàìèëü-
òîíîâîé ôîðìóëèðîâêå èíòåãðàëà (6.1).

6.2 Êâàíòîâàÿ òåîðèÿ è ñòàòôèçèêà

Ðàññìîòðèì òåîðèþ ïîëÿ â D = d+ 1 ìåðíîì ïðîñòðàíñòâå âðåìåíè ñ äåéñòâèåì

S =

∫
dtddxL(ϕ, ∂ϕ) =

∫
dtddx

(
1
2
∂αϕ∂

αϕ− V (ϕ)
)

(6.7)

ãäå ñóììà áåðåòñÿ ïî α = 0, 1, . . . , d = D − 1. Óðàâíåíèÿ äâèæåíèÿ ñëåäóþò èç ïðèíöèïà
íàèìåíüøåãî äåéñòâèÿ

δS = 0 (6.8)

ðåøåíèÿ êîòîðûõ îïðåäåëÿþò êëàññè÷åñêóþ òåîðèþ.
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Â êâàíòîâîì ñëó÷àå íå òîëüêî êëàññè÷åñêèå ðåøåíèÿ äàþò âêëàä: íàáëþäàåìûå âåëè-
÷èíû âûðàæàþòñÿ, íàïðèìåð, ÷åðåç ôóíêöèè Ãðèíà

⟨ϕ(t1, x1) . . . ϕ(tn, xn)⟩ =
∫

Dϕ exp

(
i

~
S

)
(6.9)

Ïðè S ≫ ~ â ïðàâóþ ÷àñòü äàþò ñóùåñòâåííûé âêëàä òîëüêî êîíôèãóðàöèè, íà êîòîðûõ
δS = 0 - èç-çà ñèëüíî îñöèëëèðóþùåé ýêñïîíåíòû - ò.å. êëàññè÷åñêèå ðåøåíèÿ.

Ñîâåðøèì òåïåðü ïåðåõîä â äåéñòâèè (6.7) ê ìíèìîìó âðåìåíè t = x0 = −ixD, òîãäà

−iS = SE =

∫
dDx

(
1
2
∂Iϕ∂Iϕ+ V (ϕ)

)
(6.10)

(ãäå óæå ñóììà ïðîèçâîäèòñÿ ïî I = 1, . . . , D), è∫
Dϕ exp

(
i

~
S

)
=

∫
Dϕ exp

(
−1

~
SE

)
(6.11)

è ôóíêöèîíàëüíûé èíòåãðàë ñòàíîâèòñÿ î÷åíü ïîõîæ íà ñòàòñóììó ñòàöèîíàðíîé ïîëåâîé
òåîðèè â D = d + 1 ïðîñòðàíñòâåííûõ èçìåðåíèÿõ, ïðè òåìïåðàòóðå ðàâíîé ïîñòîÿííîé
Ïëàíêà. Äåéñòâèå â d + 1-ìåðíîì ïðîñòðàíñòâå âðåìåíè ïðåâðàùàåòñÿ â (ïîëîæèòåëüíî
îïðåäåëåííóþ â �õîðîøåì ïîòåíöèàëå� ýíåðãèþ), à êëàññè÷åñêèé ïðåäåë îòâå÷àåò íèçêî-
òåìïåðàòóðíîé ôàçå, êîãäà ñèñòåìà �ñâàëèâàåòñÿ� â îñíîâíîå ñîñòîÿíèå. Âåëè÷èíó (6.11)
÷àñòî íàçûâàþò ñòàòñóììîé è â êîíòåêñòå êâàíòîâîé òåîðèè. Â òåîðèè ñòðóí ìû áóäåì
èñïîëüçîâàòü ýòîò ïåðåõîä â ïðîñòåéøåì ñëó÷àÿõ D = 1 è D = 2.

6.3 Ãàóññîâû èíòåãðàëû

• Íà÷íåì ñ èíòåãðàëà

I =

∫ +∞

−∞
dxe−x2

=
√
π (6.12)

Óêàçàíèå: âû÷èñëèòü êâàäðàò èíòåãðàëà I2 =
∫
R2 dxdye

−(x2+y2).

• Ñ ïîìîùüþ çàìåíû ïåðåìåííîé âû÷èñëÿåì

I(a) =

∫ +∞

−∞
dxe−

1
2
ax2

=

√
2π

a
(6.13)

• Òðèâèàëüíî ìíîãîìåðíîå îáîáùåíèå

I(a1, . . . , an) =

∫
Rn

dx1 . . . dxne
− 1

2

∑n
i=1 aix

2
i =

(2π)n/2∏n
i=1 ai

(6.14)
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ñ ïîìîùüþ êîòîðîãî ëåãêî ïîíÿòü ôîðìóëó

I(A) =

∫
Rn

dx1 . . . dxne
− 1

2

∑
i,j Aijxixj =

(2π)n/2√
detA

(6.15)

Â ïîñëåäíåì ñëó÷àå ñóùåñòâåííî, ÷òî ìàòðèöó A ìîæíî ñ÷èòàòü ñèììåòðè÷íîé Aij =
Aji, è äèàãîíàëèçîâàòü îðòîãîíàëüíûì ïðåîáðàçîâàíèåì 1.

Âû÷èñëèì òåïåðü

I(a|b) =
∫ +∞

−∞
dxe−

1
2
ax2+bx = eb

2/2a

√
2π

a
(6.16)

è åãî î÷åâèäíîå îáîáùåíèå

I(A|b) =
∫
Rn

dnx e−
1
2

∑
i,j Aijxixj+

∑
i bixi =

= e
1
2

∑
i,j biA

−1
ij bj

(2π)n/2√
detA

(6.17)

Çàìå÷àíèÿ:

1. Ïóñòü êâàäðàòè÷íîå �äåéñòâèå� S(x) = 1
2

∑
i,j Aijxixj −

∑
i bixi. Íàéäåì óñëîâèå åãî

ýêñòðåìóìà
∂S

∂xk

=
∑
j

Akjxj − bk = 0, k = 1, . . . , n (6.18)

ñ ðåøåíèåì Xi =
∑

j A
−1
ij bj. Íà ðåøåíèè S(x)|x=X = −1

2

∑
i,j biA

−1
ij bj, ò.å.

I(A|b)
I(A|0)

= exp(− S(x)|x=X) (6.19)

ãäå ïðàâàÿ ÷àñòü îïðåäåëÿåòñÿ ìèíèìàëüíûì çíà÷åíèåì äåéñòâèÿ - îñíîâíûì âêëà-
äîì â èíòåãðàë.

2. Ëåãêî îïðåäåëèòü (è âû÷èñëèòü!) �êîððåëÿòîðû�

⟨xi1 . . . xik⟩ =
∫
Rn d

nx xi1 . . . xike
− 1

2

∑
i,j Aijxixj∫

Rn dnx e−
1
2

∑
i,j Aijxixj

=

=
∂k

∂bi1 . . . ∂bik

I(A|b)
I(A|0)

∣∣∣∣
b=0

=
∂k

∂bi1 . . . ∂bik
e

1
2

∑
i,j biA

−1
ij bj
∣∣∣
b=0

(6.20)

Èç ïðàâîé ÷àñòè (6.20) âèäíî, ÷òî ëþáûå êîððåëÿòîðû â ãàóññîâîé ìîäåëè âûðàæà-
þòñÿ ÷åðåç ïàðíûå: òåîðåìà Âèêà.

1À ÷òî äåëàòü åñëè aj < 0 èëè aj = 0?
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6.4 Èíòåãðàë ïî ïóòÿì äëÿ ðåëÿòèâèñòñêîé ÷àñòèöû

Èíòåãðàë ïî ïóòÿì â ðåëÿòèâèñòñêîé åâêëèäîâîé êâàíòîâîé ìåõàíèêå åñòåñòâåííî ôîð-
ìàëüíî çàïèñàòü êàê∫

DeDX e
−

∫ 1
0 dt

(
Ẋ2

2e
+ 1

2
em2

)
=

∫
De e−

m2

2

∫ 1
0 dte

∫
DXe−

∫ 1
0 dt Ẋ

2

2e (6.21)

ãäå ìû âûäåëèëè ãàóññîâ èíòåãðàë âî âíåøíåé îäíîìåðíîé ìåòðèêå e(t). Çàìåòèì ñðàçó,
÷òî â ñèëó ðåïàðàìåòðèçàöèîííîé èíâàðèàíòíîñòè ìîæíî íàäåÿòüñÿ, ÷òî èíòåãðàë ïî îä-
íîìåðíûì ìåòðèêàì òàê èëè èíà÷å ñâåäåòñÿ ê èíòåãðàëó ïî äëèíàì òðàåêòîðèé T =

∫ 1

0
dte.

Îá ýòîì äàëüøå, à ñíà÷àëà ðàññìîòðèì ãàóññîâ èíòåãðàë ïî êîîðäèíàòàì, â êîòîðîì
ñðàçó âûáåðåì e(t) = T

I(T ) =

∫
DXe−

∫ 1
0 dt Ẋ

2

2T (6.22)

Ïóñòü äëÿ îïðåäåëåííîñòè X(t) îïðåäåëåíà íà îòðåçêå t ∈ [0, 1] ñ íóëåâûìè ãðàíè÷íû-
ìè óñëîâèÿìè X(0) = 0 è X(1) = 0 2. Â ïðîñòðàíñòâå òàêèõ ôóíêöèé ìîæíî âûáðàòü
åñòåñòâåííûé áàçèñ, è ëþáóþ ôóíêöèþ ïðåäñòàâèòü êàê

X(t) =
∞∑
k=1

xk sin(πkt), Ẋ(t) = π

∞∑
k=1

kxk cos(πkt) (6.23)

Òîãäà

S[X] =

∫ 1

0

dt
Ẋ2

2T
=

π2

2T

∞∑
k,l=1

kxklxl

∫ 1

0

dt cos(πkt) cos(πlt) =
π2

4T

∞∑
k=1

k2x2
k (6.24)

à ìåðó èíòåãðèðîâàíèÿ áûëî áû åñòåñòâåííî îïðåäåëèòü êàê DX = N
∏∞

k=1 dxk, ãäå N
- íåêîòîðàÿ �íîðìèðîâî÷íàÿ� ïîñòîÿííàÿ. Ñòðîãî ãîâîðÿ, òàê ïîñòóïàòü íåëüçÿ - â òîì
ñìûñëå, ÷òî ïîñòîÿííàÿ N îêàæåòñÿ �îñîáîé�, òàê êàê èíòåãðèðîâàíèå â ôóíêöèîíàëüíîì
èíòåãðàëå ïðîâîäèòñÿ âîâñå íå ïî ãëàäêèì òðàåêòîðèÿì (âîïðîñ èç �òåîðèè ìåðû�).

2Äîêàçàòü, ÷òî äëÿ ïðîèçâîëüíûõ X(0) = X0 è X(1) = X1 ñäâèíóâ ïåðåìåííóþ èíòåãðèðîâàíèÿ

X(t) = Y (t) +X0 +
X1 −X0

T
t

è ñ÷èòàÿ, ÷òî ïðè ëèíåéíîì ñäâèãå DX = DY , ìû ïîëó÷èì, ÷òî∫
X(0)=X0,X(1) =X1

DXe−
∫ 1
0
dt Ẋ2

2T = e−
(X1−X0)2

2T I(T )
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Ðåçóëüòàò èíòåãðèðîâàíèÿ â (6.22) òåïåðü ëåãêî ôîðìàëüíî çàïèñàòü â âèäå

I(T ) = N
∫ ∞∏

k=1

dxk exp

(
− π2

4T

∞∑
k=1

k2x2
k

)
=

= N
∞∏
k=1

√
2π

ak

∣∣∣∣
ak=

π2k2

2T

= N
∞∏
k=1

√
4T

πk2

(6.25)

è äëÿ èíòåðïðåòàöèè ýòîãî îòâåòà íåîáõîäèìî ñíà÷àëà îïðåäåëèòü íîðìèðîâî÷íóþ êîí-
ñòàíòó N .

Çàìåòèì, íàïðèìåð, ÷òî ïðè ïåðåîïðåäåëåíèè t = τ/T äåéñòâèå (6.24) ìîæíî ïåðåïè-
ñàòü êàê

S[X] =

∫ 1

0

dt
Ẋ2

2T
= 1

2

∫ T

0

dτ

(
dX

dτ

)2

(6.26)

Ïðè ýòîì êîíñòàíòó N ìîæíî çàôèêñèðîâàòü, íàïðèìåð, ïîòðåáîâàâ∫
DXe−

1
2
∥X∥2 =

∫
DXe−

1
2

∫ T
0 dτX2

= N
∫ ∞∏

k=1

dxk exp

(
−T

4

∞∑
k=1

x2
k

)
= 1 (6.27)

÷òî ñ î÷åâèäíîñòüþ äà¼ò N =
∏∞

k=1

√
T
4π
. Çàìåòèì, ÷òî âåëè÷èíó T =

∫ 1

0
dte(t) ìîæíî

ñ÷èòàòü åñòåñòâåííîé �äëèíîé òðàåêòîðèè�, à

∥X∥2 =
∫ T

0

dτX(τ)2 =

∫ T

0

dt TX(t)2 =

∫ T

0

dte(t)X(t)2 (6.28)

ïðåäñòàâëÿåò ñîáîé íè÷òî èíîå êàê ðåïàðàìåòðèçàöèîííî-èíâàðèàíòíóþ íîðìó. Òîãäà

I(T ) = N
∞∏
k=1

√
4T

πk2
=

∞∏
k=1

T

πk
(6.29)

×åìó ðàâíî áåñêîíå÷íîå ïðîèçâåäåíèå â ïðàâîé ÷àñòè? Ïî óæå îïðîáîâàííîìó ðåöåïòó
ïîñëå ëîãàðèôìèðîâàíèÿ

log I(T ) =
∞∑
k=1

log T −
∞∑
k=1

log(πk) (6.30)

áåñêîíå÷íóþ êîíñòàíòó ìîæíî �çàáûòü�, à êîýôôèöèåíò ïåðåä log T

∞∑
k=1

1 =
∞∑
k=1

1

ks

∣∣∣∣∣
s=0

= ζ(0) = −1
2 (6.31)
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âû÷èñëèòü, íàïðèìåð, ñ ïîìîùüþ àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ζ-ôóíêöèè. Òàêèì îáðà-
çîì, ïîëó÷àåì

I(T ) =

∫ X(1)=0

X(0)=0

DXe−
∫ 1
0 dt Ẋ

2

2T =
const√

T
(6.32)

à êîíå÷íîé ïåðåíîðìèðîâêîé êîíñòàíòó ìîæíî ñ÷èòàòü ðàâíîé åäèíèöå.

Î÷åâòäíûå îáîáùåíèÿ:

• Â ñëó÷àå ìíîãèõ ïåðåìåííûõ Xµ = Xµ(t), µ = 1, . . . , d - äëÿ d-ìåðíîé ðåëÿòèâèñòñêîé
ìåõàíèêè

I(T ) =

∫ Xµ(1)=0

Xµ(0)=0

DXe−
∫ 1
0 dt

Ẋ2
µ

2T =
1

T d/2
(6.33)

• à äëÿ íåíóëåâûõ ãðàíè÷íûõ óñëîâèé

I(T |Xµ
1 , X

µ
0 ) =

∫ Xµ(1)=Xµ
1

Xµ(0)=Xµ
0

DXe−
∫ 1
0 dt

Ẋ2
µ

2T =
e

(X
µ
1 −X

µ
0 )2

2T

T d/2
(6.34)
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