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3 Îñíîâíûå èäåè êâàíòîâîé òåîðèè ñòðóí

4 Äåéñòâèå êëàññè÷åñêîé ñòðóíû è àìïëèòóäû
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6 Êîíòèíóàëüíûé èíòåãðàë Ôåéíìàíà-Ïîëÿêîâà

7 Ìåðà â èíòåãðàëå ïî ãåîìåòðèÿì

8 Àíîìàëèÿ â êîíòèíóàëüíîì èíòåãðàëå

9 Äâóìåðíàÿ êîíôîðìíàÿ òåîðèÿ ïîëÿ

9.1 Òåíçîð ýíåðãèè-èìïóëüñà

Äëÿ äåéñòâèÿ Ïîëÿêîâà ìû äàâíî óæå îïðåäåëèëè òåíçîð ýíåðãèè-èìïóëüñà

tαβ = −1
2

(
∂αX∂βX − 1

2
gαβg

α′β′
∂α′X∂β′X

)
(9.1)

êîòîðûé ÿâëÿåòñÿ ñèììåòðè÷íûì òåíçîðîì ðàíãà 2 è ñîõðàíÿåòñÿ íà óðàâíåíèÿõ äâèæåíèÿ
ñâîáîäíîé ñêàëÿðíîé òåîðèè ∂α∂αX = 0

∇αtαβ = 0 (9.2)

Îñîáåííî ïðîñòî ýòî âûãëÿäèò â êîìïëåêñíûõ êîîðäèíàòàõ äëÿ êîíôîðìíîé ìåòðèêè

ds2 = ρdzdz̄ = eφdzdz̄ (9.3)

ãäå óñëîâèå êîâàðèàíòíîãî ñîõðàíåíèÿ (9.2) ïðèíèìàåò âèä

∂z̄tzz + ρ∂z(ρ
−1tzz̄) = 0 (9.4)
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âìåñòå ñ êîìïëåêñíî-ñîïðÿæåííûì óðàâíåíèåì, è äëÿ êîíôîðìíîé òåîðèè (9.1) â ñèëó
tzz̄ = 0 ñâîäèòñÿ ê óðàâíåíèþ ãîëîìîðôíîñòè

∂z̄tzz = 0, ∂ztz̄z̄ = 0 (9.5)

íà ãîëîìîðôíûå òîêè ñïèíà 2, ýëåìåíòàðíî ñëåäóþùèå èç ∂̄∂X = 0, ò.å. ãîëîìîðôíîñòè
ïðîèçâîäíîé ∂X.

Â ñëó÷àå êîíôîðìíîé àíîìàëèè âñå óæå íå òàê ïðîñòî, ïîñêîëüêó ñëåä gαβ⟨tαβ⟩ = aR+b.
Êîýôôèöèåíò b ìîæíî óáðàòü ñ ïîìîùüþ êîíòð÷ëåíà µ2

∫
Σ
d2σ

√
g, ïîýòîìó îáðàòèì îñíîâ-

íîå âíèìàíèå íà ïåðâîå ñëàãàåìîå, êîòîðîå â êîíôîðìíîé êàëèáðîâêå ìîæíî ïåðåïèñàòü
â âèäå

4ρ−1tzz̄ = aR = −2aρ−1∂z∂z̄ log ρ

tzz̄ = −a

2
∂z∂z̄ log ρ = −a

2
∂z∂z̄φ

(9.6)

Óðàâíåíèå (9.4) â ýòîì ñëó÷àå ïðèíèìàåò âèä (ρ = eφ)

0 = ∂z̄tzz + ρ∂z(ρ
−1tzz̄) = ∂z̄tzz +

a

2
∂zφ∂z∂z̄φ− a

2
∂2
z∂z̄φ =

= ∂z̄

(
tzz +

a

4
(∂zφ)

2 − a

2
∂2
zφ
) (9.7)

ò.å. ãîëîìîðôíîé âåëè÷èíîé ïðè íàëè÷èè àíîìàëèè ÿâëÿåòñÿ ìîäèôèöèðîâàííîå âûðàæå-
íèå

Tzz = tzz +
a

4

(
(∂zφ)

2 − 2∂2
zφ
)

(9.8)

êîòîðîå îïðåäåëÿåò êîíôîðìíûå ñâîéñòâà êâàíòîâîé òåîðèè.

9.2 Ïñåâäîòåíçîð è öåíòðàëüíûé çàðÿä

Âûðàæåíèå (9.8) óæå íå ÿâëÿåòñÿ òåíçîðîì 2 ðàíãà èëè 2-äèôôåðåíöèàëîì îòíîñèòåëüíî
ãîëîìîðôíûõ çàìåí êîîðäèíàò z → w(z). Äåéñòâèòåëüíî,

eφ(z,z̄)dzdz̄ = eφ(w,w̄)dwdw̄, φ(z, z̄) = φ(w, w̄) + log |w′(z)|2

∂zφ(z) = w′(z)∂wφ(w) +
w′′(z)

w′(z)

∂2
zφ(z) = w′(z)2∂2

wφ(w) + w′′(z)∂wφ(w) +
w′′′(z)

w′(z)
−
(
w′′(z)

w′(z)

)2

(9.9)

òî åñòü äîáàâêà

∂zφ(z)
2 − 2∂2

zφ(z) = w′(z)2
(
∂wφ(w)

2 − 2∂2
wφ(w)

)
− 2{w, z} (9.10)
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ãäå ìû ââåëè øâàðöèàí

{w, z} =
w′′′(z)

w′(z)
− 3

2

(
w′′(z)

w′(z)

)2

(9.11)

Îòñþäà ñëåäóåò, ÷òî âåëè÷èíà (9.8) òàêæå ïðåîáðàçóåòñÿ íåîäíîðîäíî, ò.å.

Tzz(z) = Tww(w)w
′(z)2 − a

2
{w, z} (9.12)

è ÿâëÿåòñÿ ïñåâäîòåíçîðîì (èëè ïðîåêòèâíîé ñâÿçíîñòüþ), ïðåâðàùàÿñü â íàñòîÿùèé òåí-
çîð ëèøü ïðè a = 0. Â èíôèíèòåçèìàëüíîé ôîðìå, ò.å. ïðè w(z) = z − ϵ(z) ñ ìàëûìè
îòêëîíåíèÿìè ïîëó÷èì

δϵT (z) = 2ϵ′(z)T (z) + ϵ(z)∂T (z) +
c

12
ϵ′′′(z) (9.13)

ãäå ìû èçìåíèëè íîðìèðîâêó êîýôôèöèåíòà a = c
6
. Â òàêîé íîðìèðîâêå îí íàçûâàåòñÿ

öåíòðàëüíûì çàðÿäîì.

9.3 Êîíôîðìíàÿ ñèììåòðèÿ è îïåðàòîðíîå ðàçëîæåíèå

Â äâóìåðíîé êîíôîðìíîé êâàíòîâîé òåîðèè ïîëÿ ãîëîìîðôíûå ïðåîáðàçîâàíèÿ ïîëåé ñ
ôèêñèðîâàííîé êîíôîðìíîé ðàçìåðíîñòüþ ∆

δϵΦ(z) = ∆ϵ′(z)Φ(z) + ϵ(z)∂Φ(z) (9.14)

ãåíåðèðóþòñÿ òåíçîðîì ýíåðãèè-èìïóëüñà. Ïîñìîòðèì, ÷òî ýòî îçíà÷àåò â òåîðèè ñêàëÿð-
íîãî ïîëÿ.

Â ñâîáîäíîé ñêàëÿðíîé áåçìàññîâîé òåîðèè åñòü ãîëîìîðôíûé òîê ðàçìåðíîñòè (1, 0)

J(z) = i∂X, ∂̄J = 0 (9.15)

÷òî âåðíî è â êëàññè÷åñêîì è â êâàíòîâîì ñëó÷àå. Êîððåëÿòîð òàêèõ äâóõ òîêîâ 1

⟨J(z)J(z′)⟩ = −∂z∂z′⟨X(z, z̄)X(z′, z̄′)⟩ = ∂z∂z′ log |z − z′|2 = 1

(z − z′)2
(9.16)

Ïîñìîòðèì òåïåðü íà ïðîèçâåäåíèå îïåðàòîðîâ J(z) â êâàíòîâîé òåîðèè:

J(z)J(z′) = ⟨J(z)J(z′)⟩+ : J(z)J(z′) : (9.17)

ãäå íîðìàëüíîå ïðîèçâåäåíèå ïîêà äîñòàòî÷íî ïîíèìàòü â òîì ñìûñëå, ÷òî ⟨: (. . .) :⟩ = 0.
Ðàçëîæèâ (9.17) â ðÿä Ëîðàíà ïðè z → z′, åñòåñòâåííûì îáðàçîì ïîëó÷èì

J(z)J(z′) =
z→z′

1

(z − z′)2
+ : J(z′)2 : +(z − z′) : ∂J(z′)J(z′) : + . . . (9.18)

1Ìû âûáðàëè íîðìèðîâêó, â êîòîðîé ⟨X(z, z̄)X(z′, z̄′)⟩ = −α′ log |z − z′| = − log |z − z′|2.
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Ïåðâûé ÷ëåí ýòîãî ðàçëîæåíèÿ ñèíãóëÿðåí, âòîðîé - ôóíêöèÿ îò z′, îñòàëüíûå èñ÷åçàþò
ïðè ñîâïàäåíèè òî÷åê. Ýòî - ïðèìåð îïåðàòîðíîãî ðàçëîæåíèÿ â òåîðèè ïîëÿ.

Ñèíãóëÿðíîñòü â îïåðàòîðíîì ðàçëîæåíèè ñâÿçàíà ñ íåêîììóòàòèâíîñòüþ îïåðàòîðîâ.
Äåéñòâèòåëüíî, ïîñìîòðèì íà ðàçëîæåíèå

J(z) =
∑
k∈Z

αk

zk+1 (9.19)

íà ïëîñêîñòè ñ îòìå÷åííîé òî÷êîé z = 0, êóäà âñòàâëåí êàêîé-ëèáî îïåðàòîð Φ(0). Äåé-
ñòâèå íà íåãî êîìïîíåíò òîêà ìîæíî îïðåäåëèòü ôîðìóëîé Êîøè

αnΦ(0) =
1

2πi

∮
C0

dzznJ(z)Φ(0) (9.20)

ýêâèâàëåíòíîé îïåðàòîðíîìó ðàçëîæåíèþ

J(z)Φ(0) =
∑
k∈Z

1

zk+1
αkΦ(0) (9.21)

èìåþùåìó ñìûñë ëèøü ïðè óñëîâèè αkΦ(0) = 0 äëÿ âñåõ k < k0. Îïðåäåëèì òåïåðü
äåéñòâèå äâóõ îïåðàòîðîâ ïîñëåäîâàòåëüíûì ñïîñîáîì

αnαmΦ(0) =
1

2πi

∮
C0

dzznJ(z)
1

2πi

∮
C′

0

dz′z′mJ(z′)Φ(0) (9.22)

ãäå êîíòóð C0 îáõîäèò òî÷êó z = 0 âíå êîíòóðà C ′
0, ò.å. îïåðàòîð αn äåéñòâóåò ïîñëå αm.

Íàîáîðîò, äëÿ äåéñòâèÿ â îáðàòíîì ïîðÿäêå

αmαnΦ(0) =
1

2πi

∮
C′

0

dz′z′mJ(z′)
1

2πi

∮
C0

dzznJ(z)Φ(0) (9.23)

êîíòóð C0 ñëåäóåò ïðîâåñòè âíóòðè êîíòóðà C ′
0. Ðàññìîòðèì òåïåðü êîììóòàòîð

[αn, αm]Φ(0) = − 1

4π2

(∮
C0

∮
C′

0

−
∮
C′

0

∮
C0

)
dzdz′znJ(z)z′mJ(z′)Φ(0) =

=
1

2πi

∮
C′

0

dz′z′m
1

2πi

∮
Cz′

dzznJ(z)J(z′)Φ(0)

(9.24)

Ñòÿíåì òåïåðü êîíòóð èíòåãðèðîâàíèÿ Cz′ ê òî÷êå z = z′ è âîñïîëüçóåìñÿ îïåðàòîðíûì
ïðîèçâåäåíèåì òîêîâ (9.18), òîãäà

[αn, αm] =
1

2πi

∮
C′

0

dz′z′m
1

2πi

∮
Cz′

dzznJ(z)J(z′) =

=
1

2πi

∮
C′

0

dz′z′m
1

2πi

∮
Cz′

dzzn
(

1

(z − z′)2
+ . . .

) (9.25)
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ãäå âñå íåñèíãóëÿðíûå ÷ëåíû ìîæíî âûêèíóòü, òàê êàê îíè íå äàþò âêëàäà â èíòåãðàë.
Âû÷èñëÿÿ êîíòóðíûå èíòåãðàëû, îêîí÷àòåëüíî ïîëó÷èì

[αn, αm] =
1

2πi

∮
C′

0

dz′z′m
1

2πi

∮
Cz′

dz
zn

(z − z′)2
=

1

2πi

∮
C′

0

dz′z′m nz′n−1 = nδn+m,0 (9.26)

ò.å. êàíîíè÷åñêèå êîììóòàöèîííûå ñîîòíîøåíèÿ îñöèëëÿòîðîâ ðàçëîæåíèÿ ñêàëÿðíîãî ïî-
ëÿ.

Îáðàòèì âíèìàíèå òåïåðü íà îïåðàòîð

1
2
: J(z)2 := −1

2
: ∂X(z)2 := T (z) (9.27)

êîòîðûé åñòåñòâåííî áûëî áû ñ÷èòàòü àíàëîãîì êëàññè÷åñêîé ãîëîìîðôíîé êîìïîíåíòû
òåíçîðà ýíåðãèè-èìïóëüñà. Ðàññìîòðèì îïåðàòîðíîå ðàçëîæåíèå òåíçîðà ýíåðãèè-èìïóëüñà
ñ òîêîì J(z):

T (z)J(z′) = 1
2
: J(z)2 : J(z′) =

J(z)

(z − z′)2
+ : J(z)J(z′)2 : + . . . =

=
J(z′)

(z − z′)2
+

∂J(z′)

z − z′
+ . . .

(9.28)

ãäå ìû îïóñòèëè âñå íåñèíãóëÿðíûå ïðè z → z′ âêëàäû. Îòñþäà ñëåäóåò, ÷òî ïðè áåñêîíå÷íî-
ìàëîì êîîðäèíàòíîì ïðåîáðàçîâàíèè z → z + ϵ(z)

δϵJ(z) =

∮
wyz

dw

2πi
ϵ(w)T (w)J(z) = ϵ′(z)J(z) + ϵ(z)J ′(z) (9.29)

ò.å. òîê ïðåîáðàçóåòñÿ ïðè ãîëîìîðôíûõ çàìåíàõ êîîðäèíàò êàê ïîëå åäèíè÷íîé ðàçìåðíî-
ñòè, ò.å. èíâàðèàíòîì ÿâëÿåòñÿ J(z)dz, à ãåíåðàòîðîì ïðåîáðàçîâàíèÿ - ðîâíî â óêàçàííîì
âûøå ñìûñëå - òåíçîð ýíåðãèè-èìïóëüñà. Äëÿ (ïðèìàðíîãî) ïîëÿ ñ ïðîèçâîëüíîé ðàçìåð-
íîñòüþ ∆ ïðåîáðàçîâàíèÿ (9.14) ñëåäóþò èç îïåðàòîðíîãî ðàçëîæåíèÿ

T (z)Φ(z′, z̄′) =
∆

(z − z′)2
Φ(z′, z̄′) +

1

z − z′
∂Φ(z′, z̄′) + . . . (9.30)

÷òî ëåãêî ïðîâåðèòü ïðÿìîé ïîäñòàíîâêîé.
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