
1. Ïðèêëàäíûå ìåòîäû àíàëèçà (ìàãèñòåðñêèé êóðñ). Ëèñòîê 1.
Àñèìïòîòè÷åñêèå ðàçëîæåíèÿ I.

Îáÿçàòåëüíûå çàäà÷è: 1à, 2, 3à,á; 4 èëè 5a, 6,7. Ñðîê ñäà÷è - 2 îêòÿáðÿ.

1. a) Ïóñòü δ � ïîëîæèòåëüíîå ÷èñëî. Ïîêàæèòå, ÷òî ch z ∼ ez/2 ïðè z → ∞ â ñåêòîðå
| arg z| < π/2− δ, è ÷òî ýòî íå òàê â ñåêòîðå | arg z| < π/2.

á) Ïîêàæèòå, ÷òî e− sh z = o(1) ïðè z →∞ â ïîëóïîëîñå Re z ≥ 0, | Im z| ≤ π/2− δ.
2. Ïîêàæèòå, ÷òî ìíîæåñòâî ôóíêöèé {z−m, z−n log z, z−p log2 z},m,n, p = 0, 1, 2, ..., } ìîæ-
íî óïîðÿäî÷èòü â àñèìïòîòè÷åñêóþ ïîñëåäîâàòåëüíîñòü ïðè z → ∞, | arg z| < π. Ïðåäú-
ÿâèòå ñîîòâåòñòâóþùåå àñèìïòîòè÷åñêîå ðàçëîæåíèå äëÿ log2(1 + z). Ñõîäèòñÿ ëè îíî?

3. a) Ïîêàæèòå, ÷òî ôóíêöèÿ ez íå äîïóñêàåò ñòåïåííîãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ
ïðè z →∞;

á) óêàæèòå âîçìîæíî áîëüøèé ñåêòîð α < arg z < β , â êîòîðîì ôóíêöèÿ ez èìååò
íóëåâîå ñòåïåííîå àñèìïòîòè÷åñêîå ðàçëîæåíèå ïðè z →∞;

â)* ïîêàæèòå, ÷òî åñëè îäíîçíà÷íàÿ ãîëîìîðôíàÿ â ïðîêîëîòîé îêðåñòíîñòè áåñêîíå÷-
íî óäàëåííîé òî÷êè z =∞ ôóíêöèÿ äîïóñêàåò â íåé àñèìïòîòè÷åñêîå ðàçëîæåíèå,
f(z) ∼

∑+∞
k=N akz

−k, z → ∞, òî ∞ íå åñòü ñóùåñòâåííî îñîáàÿ òî÷êà ôóíêöèè è,

áîëåå òîãî, äëÿ äîñòàòî÷íî áîëüøèõ z ðÿä
∑+∞

k=N akz
−k ñõîäèòñÿ ê f(z).

4. Íàéäèòå àñèìïòîòèêó n-ãî ïîëîæèòåëüíîãî êîðíÿ óðàâíåíèÿ

a) x = ctg x á) sinx = e−x

Â êàæäîì óðàâíåíèè ïðåäëîæèòå àñèìïòîòè÷åñêóþ ïîñëåäîâàòåëüíîñòü èç ýëåìåíòàðíûõ
ôóíêöèé àðãóìåíòà n, äëÿ êîòîðîé âîçìîæíî ðåêêóðåíòíîå íàõîæäåíèå êîýôôèöèåíòîâ
àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ êîðíÿ. Íàéäèòå 3 ïåðâûõ ÷ëåíà ðàçëîæåíèÿ .

5. a) Èññëåäóéòå àñèìïòîòèêó ïðè λ→ +∞ êîðíÿ óðàâíåíèÿ x2 = λ+ log x.
á)* Íàéäèòå ïîëíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå ïî λ → +∞ ïîëîæèòåëüíîãî êîðíÿ

êóáè÷åñêîãî óðàâíåíèÿ x3 − 3x = λ3. Ñõîäèòñÿ ëè îíî?

6. Íàéäèòå àñèìïòîòèêó èíòåãðàëîâ ïðè áîëüøèõ ïîëîæèòåëüíûõ x. Ñõîäÿòñÿ ëè ñîîò-
âåòñòâóþùèå àñèìïòîòè÷åñêèå ðàçëîæåíèÿ? Ïðåäëîæèòå êàêóþ-ëèáî îöåíêó îñòàòî÷íîãî
÷ëåíà.

a)

∫ +∞

x

eint

ta
dt, a > 1, n ∈ N á)

∫ +∞

x

e−t
2

dt

7. Èíòåãðèðóÿ ïî ÷àñòÿì, íàéäèòå àñèìïòîòè÷åñêîå ðàçëîæåíèå ïðè z →∞, | arg z| < π
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8. Ïîêàæèòå, ÷òî
∞∫
0

e−z sh tdt ∼
∞∑
k=0

(−1)k ((2k − 1)!!)2

z2k+1
ïðè Re z → +∞.

9. a)* Ïîêàæèòå, ÷òî çàäà÷à Êîøè Lε(x(t, ε)) = 0, x(0, ε) = 1, ãäå Lε(x(t, ε)) = ε
dx

dt
−(t+

1)+x2 äîïóñêàåò ïðè ε→ +0 àñèìïòîòè÷åñêîå ðåøåíèå (ò.å., ïðèìåíåíèå îïåðàòîðà

L ê N -ìó ïðèáëèæåíèþ åñòü O(εN ) ) âèäà x =
√
t+ 1 +

∑∞
k=1 ε

kxk(t). Íàéäèòå
ïåðâûé íåòðèâèàëüíûé ÷ëåí x1(t) ýòîé àñèìïòîòèêè.

á)** Ïîêàæèòå, ÷òî çàäà÷à Êîøè Lε(x(t, ε)) = 0, x(0, ε) = 0 ñ òåì æå îïåðàòîðîì L òàê-
æå äîïóñêàåò àñèìïòîòè÷åñêîå ðåøåíèå, êîòîðîå ìîæåò áûòü ïðåäñòàâëåíî â âèäå
ñóììû ïðåäûäóùåãî ðåøåíèÿ x(t, ε) è àñèìïòîòè÷åñêîãî ðÿäà y(t) =

∑
k≥0 ε

kyk(τ),
ãäå t = ετ . Íàéäèòå ïåðâûé ÷ëåí y0(τ) ýòîãî ðàçëîæåíèÿ.


