
1 Ââîäíàÿ ëåêöèÿ

1.1 Òåîðèÿ Ñòðóí

• Â øèðîêîì ñìûñëå - �îñíîâà ñîâðåìåííîé ìàòôèçèêè�: íåêîòîðûé
åäèíûé ïîäõîä ê òåîðèè ýëåìåíòàðíûõ ÷àñòèö, ãðàâèòàöèè è çàäà-
÷àì ñòàòèñòè÷åñêîé ôèçèêè.

• Â óçêîì ñìûñëå - ðåëÿòèâèñòñêèå ñòðóíû ÿâëÿþòñÿ ïðîñòåéøèì
îáîáùåíèåì ðåëÿòèâèñòñêèõ ÷àñòèö. Òåîðèè íà �ìèðîâûõ ëèñòàõ�
ðàçìåðíîñòè p = 1, 2, 3, . . . íàçûâàþòñÿ ñîîòâåòñòâåííî ÷àñòèöàìè,
ñòðóíàìè, ìåìáðàíàìè - â îáùåì ñëó÷àå (p+1)-áðàíàìè. Íåòðèâè-
àëüíî, ÷òî ñóùåñòâóþò äàæå áðàíû ñ p+ 1 = 0 - èíñòàíòîíû.

1.2 Ðåëÿòèâèñòñêàÿ ÷àñòèöà

Îáîçíà÷åíèÿ: s2 = −(x1 − x0)
µ(x1 − x0)µ, {xµ} = (ct,x), xµxµ = ηµνx

µxν ;
ηµν = diag(−1, 1, . . . , 1) (ýòîò âûáîð áóäåò ìåíÿòüñÿ!).

Äåéñòâèå ñâîáîäíîé ÷àñòèöû - ðåëÿòèâèñòñêèé èíâàðèàíò

S[X] = κ

∫
ds = κ

∫ √
−dXµdXµ = κc

∫
dt

√
1− 1

c2
Ẋ2 (1.1)

Çàáóäåì ïðî âðåìÿ - äëèíà äóãè â ïðîñòðàíñòâå: dl =
∣∣∂X
∂τ

∣∣ dτ , L =
∫
dl =∫

dτ
√(

∂X
∂τ

· ∂X
∂τ

)
. Äàëüøå - äîáàâèëè âðåìÿ è èçìåíèëè çíàê ïîä êîðíåì,

òàê êàê äëÿ âðåìåíèïîäîáíîãî èíòåðâàëà dxµdxµ < 0 (ïî ïîâòîðÿþùèìñÿ
èíäåêñàì ïîäðàçóìåâàåì ñóììèðîâàíèå!). Â íåðåëÿòèâèñòñêîì ïðåäåëå1

S[X] →
c→∞

κc

∫
dt

(
1− 1

2c2
Ẋ2 + . . .

)
?
=

?
= const +

∫
dt
m

2
Ẋ2 +O(1/c)

(1.2)

ò.å. κ = −mc. À ðåëÿòèâèñòñêîå ñâîáîäíîå äåéñòâèå - íå êâàäðàòè÷íî?

1Íàèìåíüøåå äåéñòâèå S ∼ ⟨V 2⟩ ≥ ⟨V ⟩2.
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Ââåäåì ïðîèçâîëüíûé ïàðàìåòð íà òðàåêòîðèè:

S[X] = −mc

∫ √
−dXµdXµ = −mc

∫
dτ

√
−ẊµẊµ (1.3)

ãäå òåïåðü Ẋµ ≡ dXµ

dτ
, à τ - âîâñå íå îáÿçàòåëüíî t. (Â êíèãå ËË ïîëüçó-

þòñÿ τ = s, dXµ

dτ
- 4-ñêîðîñòü). Óðàâíåíèÿ äâèæåíèÿ

δS[X] = mc

∫
dτ

ẊµδẊ
µ√

−ẊµẊµ

=

= mc
ẊµδX

µ√
−ẊµẊµ

∣∣∣∣∣∣−
∫

dτδXµ d

dτ

mcẊµ√
−ẊµẊµ

(1.4)

ò.å.
dpµ
dτ

= 0, pµ =
∂S

∂Xµ
= − mcẊµ√

−ẊµẊµ

(1.5)

Äåéñòâèå (1.3) âîîáùå îò âûáîðà τ íå çàâèñèò, ò.å. èíâàðèàíòíî îòíîñè-
òåëüíî ëþáûõ çàìåí

τ → τ ′ = f(τ), f(τ0) = τ0, f(τ1) = τ1 (1.6)

�äëèíà� íå çàâèñèò îò âûáîðà ïàðàìåòðèçàöèè êðèâîé. Êàê çàïèñàòü ýòó
ñèììåòðèþ ëîêàëüíî? Ýòîò ïðîñòîé îòâåò

δXµ = ξ̇Xµ, δe =
d

dτ
(ξe) (1.7)

ñ ëîêàëüíûì ïàðàìåòðîì ξ = ξ(τ) = τ − f(τ) òðåáóåòñÿ ïîëó÷èòü ñàìî-
ñòîÿòåëüíî.

Ýòî äåéñòâèå ëåãêî ïåðåïèñàòü â êâàäðàòè÷íîì âèäå

S[X] → S[X, e] = 1
2

∫
dτ

ẊµẊµ

e(τ)
− 1

2
m2c2

∫
e(τ)dτ (1.8)

íå òåðÿÿ èíâàðèàíòíîñòè, åñëè e(τ)dτ = e(τ ′)dτ ′. Äåéñòâèòåëüíî

δS

δe
= −ẊµẊµ

e2
−m2c2 = 0 (1.9)
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äàåò e = 1
mc

√
−ẊµẊµ, è ïîñëå ïîäñòàíîâêè íàçàä â äåéñòâèå

S[X, e] → 1
2

∫
dτ

ẊµẊµ

e(τ)
− 1

2
m2c2

∫
e(τ)dτ =

= −mc

∫
dτ

√
−ẊµẊµ

(1.10)

ïîëó÷àåì ñòàðûé ðåçóëüòàò. Íî: äåéñòâèå (1.8) - êâàäðàòè÷íî ïî X-ì è
íå ñîäåðæèò ïðîèçâîäíûõ îò e(τ), ò.å. ó e(τ) �íåò äèíàìèêè�, è åãî ìîæíî
âûáðàòü â ëþáîì âèäå, íàïðèìåð e(τ) = const, �îäíîìåðíàÿ ãåîìåòðèÿ� -
ïî÷òè òðèâèàëüíà. Äèíàìèêà (ïî âñïîìîãàòåëüíîìó ïàðàìåòðó τ , êîòî-
ðûé âûíóæäåí èãðàòü ðîëü âðåìåíè) ïåðåìåííûõ {Xµ(τ)}

d

dτ

Ẋµ

e
= 0 (1.11)

ïðè ýòîì ëèíåéíà. Êðîìå òîãî, äëÿ S[X, e] ñóùåñòâóåò íåòðèâèàëüíûé
ïðåäåë m → 0 - áåçìàññîâàÿ ÷àñòèöà, äâèæóùàÿñÿ ñî ñêîðîñòüþ ñâåòà.

1.3 ×àñòèöà âî âíåøíèõ ïîëÿõ

Âçàèìîäåéñòâèå

S → S0 +
1

c

∫
Aµ(X)dXµ = S +

1

c

∫
Aµ(X)Ẋµdτ =

=
τ=t

S +

∫
dt

(
1

c
A(X, t)Ẋ− φ(X, t)

) (1.12)

åñòåñòâåííûé ëèíåéíûé ïî ïðîèçâîäíûì ÷ëåí. Ýëåêòðîìàãíèòíîå âçàè-
ìîäåéñòâèå ñ âåêòîðíûì è ñêàëÿðíûì ïîòåíöèàëàìè. Ñèëà âçàèìîäåé-
ñòâèÿ

δ

∫
Aµ(X)Ẋµdτ =

∫ (
∂νAµδX

νẊµ + AµδẊ
µ
)
≃

≃
∫

(∂νAµ − ∂µAν) δX
νẊµ

(1.13)
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ò.å. dpµ
dτ

= fµ = 1
c
FµνẊ

ν , ãäå pµ = δS0

δXµ , à

Fµν = ∂µAν − ∂νAµ =


0 Ex Ey Ez

−Ex 0 −Hz Hy

−Ey Hz 0 −Hx

−Ez −Hy Hx 0

 (1.14)

ïðè ñòàíäàðòíûõ âûðàæåíèÿõ H = rotA, E = −gradφ− 1
c
∂A
∂t
.

1.4 Åâêëèäîâî äåéñòâèå

Ïðîäîëæåíèå τ → −iτE, ηµν → δµν , iS → −S. Òîãäà

S[X] = 1
2

∫
dτ

ẊµẊµ

e(τ)
+ 1

2
m2

∫
e(τ)dτ (1.15)

ãäå âñå ïîëîæèòåëüíî è âåðõíèå èíäåêñû íå îòëè÷àþòñÿ îò íèæíèõ.

1.5 Ôåðìèîíû è ãðàññìàíîâû ïåðåìåííûå

Àíòèêîììóòèðóþùèå �÷èñëà� (ýëåìåíòû Z2-ãðàäóèðîâàííîé àëãåáðû Ãðàñ-
ñìàíà)

ΨµΨν +ΨνΨµ = 0 (1.16)

÷òî áû ýòî íè çíà÷èëî. Åñëè µ, ν = 1, . . . , D, òî ðàçìåðíîñòü ãðàññìàíîâîé
àëãåáðû êàê ëèíåéíîãî ïðîñòðàíñòâà 2D.

Â ÷àñòíîñòè äëÿ åäèíñòâåííîé ïåðåìåííîé Ψ2 = 0, è ëþáàÿ ôóíêöèÿ
ÿâëÿåòñÿ ëèíåéíîé

f(Ψ) = ϕ+ χΨ = ϕ−Ψχ (1.17)

ãäå, åñëè ýòî îòîáðàæåíèå â ÷èñëà (òî÷íåå â ÷åòíûå ýëåìåíòû àëãåáðû
Ãðàññìàíà), òî ϕ - êîýôôèöèåíò ÷åòíûé, à χ - íå÷åòíûé, ò.å. àíòèêîììó-
òèðóþùèé ñ Ψ.

Ìîæíî îïðåäåëèòü è ôóíêöèè ñî çíà÷åíèÿìè â àëãåáðå Ãðàññìàíà,
íàïðèìåð íà îòðåçêå t 7→ Ψ(t). Ïðè ýòîì áóäåì ñ÷èòàòü èõ çíà÷åíèÿ â

4



ðàçíûå ìîìåíòû âðåìåíè âîîáùå ãîâîðÿ ðàçíûìè ýëåìåíòàìè àëãåáðû,
ò.å.

Ψ(t)Ψ(t′) + Ψ(t′)Ψ(t) = 0 (1.18)

Òî÷íî òàêæå ìîæíî îïðåäåëèòü ôîðìàëüíóþ ïðîèçâîäíóþ ïî ïàðàìåòðó
Ψ̇ = d

dt
Ψ. Òîãäà

˙Ψ(t)Ψ(t) + Ψ(t)Ψ̇(t) = 0 (1.19)

è çàáàâíî ïðîâåðèòü íåïðîòèâîðå÷èâîñòü ïðàâèëà Ëåéáíèöà ïðè äèôôå-
ðåíöèðîâàíèè Ψ(t)2 = 0.

1.6 Ñóïåðñèììåòðèÿ è ôåðìèîíû

Ñîîòâòåòñòâóþùåå äåéñòâèå íà ìèðîâîé ëèíèè ìîæíî îïðåäåëèòü, ïî-
òðåáîâàâ èíâàðèàíòíîñòè îòíîñèòåëüíî ïðåîáðàçîâàíèé ñóïåðñèììåòðèè
(îäíîìåðíîé ñóïåðãðàâèòàöèè!) - â åâêëèäîâîé ôîðìóëèðîâêå

δXµ = ϵΨµ

δΨµ = −ϵ
(
Ẋµ + 1

2
χΨµ

)
e−1

δχ = −2ϵ̇

δe = −ϵχ

(1.20)

Îòêóäà ýòî âñå áåðåòñÿ? Íà÷íåì ñ óïðîùåííîãî âàðèàíòà, êîãäà e(t) =
const(= T ), ò.å. ïðåîáðàçîâàíèÿ

δXµ = ϵΨµ

δΨµ = −e−1ϵẊµ
(1.21)

à äåéñòâèå ... êâàäðàòè÷íî

S[X,Ψ] = 1
2

∫
dτ

(
ẊµẊµ

e
+ΨµΨ̇µ

)
(1.22)

òîãäà, î÷åâèäíî

δS[X,Ψ] =

∫
dτ

(
ẊµδẊµ

e
+ 1

2
ΨµδΨ̇µ +

1
2
δΨµΨ̇µ

)
(1.23)
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ãäå ïîñòîÿííóþ ìåòðèêó e ïîêà íå âàðüèðóåì. Ñóùåñòâåííî, ÷òî ïîñëå
èíòåãðèðîâàíèÿ ïî ÷àñòÿì âòîðîé ÷ëåí óäâàèâàåò êîýôôèöèåíò ó òðå-
òüåãî (à íå ñîêðàùàåò åãî), è òàêèì îáðàçîì

δS[X,Ψ] =

∫
dτ

(
ẊµδẊµ

e
+ δΨµΨ̇

µ

)
=

=

∫
dτ

(
Ẋµ

e
(ϵΨ̇µ + ϵ̇Ψµ) + δΨµΨ̇

µ

) (1.24)

êóäà ìû ïîäñòàâèëè óæå ôîðìóëó ñóïåðñèììåòðè÷íîãî ïðåîáðàçîâàíèÿ
êîîðäèíàòû èç (1.21) è ïðîäèôôåðåíöèðîâàëè åå.

Ïðè ïîñòîÿííîì ϵ̇ = 0 î÷åâèäíî, ÷òî ôîðìóëà ïðåîáðàçîâàíèÿ Ψ èç
(1.21) ïðèâîäèò ê òîìó, ÷òî äåéñòâèå îñòàåòñÿ èíâàðèàíòíûì. Íî ïðè çà-
âèñÿùåì îò ïàðàìåòðà íà òðàåêòîðèè ϵ (ëîêàëüíûå ïðåîáðàçîâàíèÿ) êó-

ñîê ẊµΨµ

e
ϵ̇ îñòàåòñÿ. ×ëåí, ïðîïîðöèîíàëüíûé ïðîèçâîäíîé îò ïàðàìåòðà

ïðåîáðàçîâàíèÿ ñîäåðæèò �ñóïåðòîê�, êîòîðûé ñîõðàíÿåòñÿ íà óðàâíåíè-
ÿõ äâèæåíèÿ

Q =
ẊµΨ

µ

e
, Q̇ = 0 (1.25)

×òîáû ñîêðàòèòü ýòîò âêëàä ê äåéñòâèþ äîáàâëÿåòñÿ ÷ëåí χ
e
ΨẊ ñ íî-

âûì ãðàññìàíîâûì ïîëåì χ, è çàêîíîì ïðåîáðàçîâàíèÿ δχ = −2ϵ̇. Òàêèì
îáðàçîì, ïîëíîå ñóïåðñèììåòðè÷íîå äåéñòâèå èìååò âèä

S =
1

2

∫
dτ

(
Ẋ2

e
+ΨΨ̇ +

χ

e
ΨẊ

)
(1.26)

Íàêîíåö, ðàññìîòðèì ÷ëåí âçàèìîäåéñòâèÿ ôåðìèîííîé ÷àñòèöû ñ ýëåê-
òðîìàãíèòíûì ïîëåì, êîòîðûé èìååò âèä

SA =

∫
dτ
(
ẊµAµ(X) +

e

2
Fµν(X)ΨµΨν

)
(1.27)

îïÿòü æå ïîëíîñòüþ ôèêñèðóåìûé ïðåîáðàçîâàíèÿìè ñóïåðñèììåòðèè.
Äåéñòâèòåëüíî, âàðèàöèþ

δ

∫
dτẊµAµ(X) =

∫
dτϵFνµ(X)ẊµδXν =

∫
dτϵFνµ(X)ẊµΨν (1.28)
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êàê ðàç ìîæíî ñîêðàòèòü âàðüèðîâàíèåì âòîðîãî ÷ëåíà â (1.27)

δ

∫
dτ

e

2
Fµν(X)ΨµΨν =

=

∫
dτ

(
e

2
∂λFµνΨ

µΨνδXλ +
δe

2
FµνΨ

µΨν + eFµνΨ
µδΨν

) (1.29)

â êîòîðîì:

• ïåðâîå ñëàãàåìîå âîîáùå íå äàåò âêëàäà òàê êàê

∂λFµν(X)ΨµΨνδXλ = ϵ∂λFµν(X)ΨµΨνΨλ = 0 (1.30)

â ñèëó òîæäåñòâ Áèàíêè;

• ïîñëåäííèé ÷ëåí

eFµνΨ
µδΨν = −FµνΨ

µϵẊν − 1

2
FµνΨ

µϵχΨν (1.31)

äàåò äâà êóñêà, èç êîòîðûõ ïåðâûé ñîêðàùàåòñÿ ñ (1.28), à âòîðîé
îáåñïå÷èâàåò ñîêðàùåíèå ñðåäíåãî ÷ëåíà êàê ðàç ïðè δe = ϵχ.

Ïî÷åìó ôåðìèîíû? Íà ýòîò âîïðîñ ìîæåò îòâåòèòü òîëüêî êâàíòîâàÿ
òåîðèÿ.
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