
1. Ïðèêëàäíûå ìåòîäû àíàëèçà. Ìàãèñòåðñêèé êóðñ. Ëèñòîê 2.

Àñèìïòîòè÷åñêèå ìåòîäû II

Îáÿçàòåëüíûå çàäà÷è: 2, 4,5;6 èëè 7;8 èëè 9. Ñðîê ñäà÷è - 22 îêòÿáðÿ.

1. a) Ïîêàæèòå, ÷òî íà èíòåðâàëå (0,1) ÷åòíûé ïîëèíîì Áåðíóëëè B2n(x) èìååò ëèøü
îäíó êðèòè÷åñêóþ òî÷êó (ìèíèìóì) x = 1/2 è ðàâíûå çíà÷åíèÿ íà åãî êîíöàõ;

á) Ïîêàæèòå, ÷òî Bn
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)
=
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1
2n−1 − 1

)
Bn.

2. Âûâåäèòå àñèìïòîòè÷åñêîå ðàçëîæåíèå Ýéëåðà:
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Çäåñü Bn � ÷èñëà Áåðíóëëè, γ = limn→∞
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)
� ïîñòîÿííàÿ Ýéëåðà.

3. Ïîêàæèòå, ÷òî
∑n
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√
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24n1/2
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)
, ãäå C - íåêîòîðàÿ

ïîñòîÿííàÿ. Äàéòå îïðåäåëåíèå ýòîé ïîñòîÿííîé è åå ïðèáëèçèòåëüíóþ îöåíêó.

4. a) Ïîêàæèòå, ÷òî
∫ π/2
0

sinn tdt =
( π
2n

)1/2
(1 +O (n−1)) ïðè n→∞.

á) Âûâåäèòå îòñþäà ôîðìóëó Âàëëèñà π = lim
n→∞

1

n

(
(2n)!!
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.

5. Íàéäèòå (ãëàâíóþ) àñìïòîòèêó èíòåãðàëîâ ïðè λ→ +∞:

a)

1∫
−1

(1+x2)eλ(2x
3−3x2)dx, á)

1∫
−1

(1+x2)eiλ(2x
3−3x2)dx, â)

∫∫
|x|≤1,|y|≤1

(1+2x)eiλ(x
2−8xy+y2+1)dxdy.

Êàêîé âèä èìååò îñòàòî÷íûé ÷ëåí?

6. Íàéäèòå (ãëàâíóþ) àñèìïòîòèêó

a) ôóíêöèè Ìàêäîíàëüäà Kν(z) =
1
2

+∞∫
−∞

exp(νt− z ch t)dt, ν ∈ R ïðè Re z →∞.

á) ôóíêöèè Áåññåëÿ Jn(x) =
1
π

∫ π
0
cos(x sinϕ− nϕ)dϕ ïðè áîëüøèõ ïîëîæèòåëüíûõ x.

7. Íàéäèòå àñèìïòîòèêó ïðè λ → ±∞ ñõîäÿùåãîñÿ èíòåãðàëà
∫ +∞
−∞ g(x)eiλf(x)dx, åñëè

g(0) 6= 0, f ′(x) 6= 0 ïðè x 6= 0 è f ′(0) = ... = f (2n)(0) = 0, f (2n+1) 6= 0,

8. a) Íàéäèòå ãëàâíûé ÷ëåí àñèìïòîòèêè ôóíêöèè Ýéðè Ai(x) = 1
2π

+∞∫
−∞

exp [i (t3/3 + xt)} dt
ïðè x→ −∞.

á) Íàéäèòå àñèìïòîòèêó èíòåãðàëà
+∞∫
−∞

exp [i (t3/3 + xt)} t2dt

1 + t2
. ïðè x→ +∞.

9. Ôóíêöèÿ Õàíêåëÿ H
(1)
ν (x), ν ∈ C ìîæåò áûòü ïðåäñòàâëåíà èíòåãðàëîì

H(1)
ν (x) =

1

π

∫
C

eix sinw−iνwdw,

ãäå êîíòóð C ïðîõîäèò â ïîëîñå 0 < Rew < π, àñèìïòîòè÷åñêè ïðèáëèæàÿñü â íà÷àëüíîé
ñâîåé ÷àñòè ê ëó÷ó Rew = 0, Imw → +∞ è â êîíå÷íîé ñâîåé ÷àñòè ê ëó÷ó Rew = π,
Imw → −∞. Ïîêàæèòå, ÷òî

a) H
(1)
ν (x) =
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4
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)
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(
1
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, x→ +∞

á) Îïèøèòå ïåðåâàëüíûé êîíòóð. Ïîä êàêèì óãëîì îí ïåðåñåêàåò îñü àáñöèññ?

â) Â êàêîì ñåêòîðå êîìïëåêñíîãî z âåðíà ýòà àñèìïòîòèêà äëÿ ôóíêöèè H
(1)
ν (z)?


