
1 Ââîäíàÿ ëåêöèÿ

2 Êâàíòîâàíèå ðåëÿòèâèñòñêîé ÷àñòèöû

3 Êîíòèíóàëüíûé èíòåãðàë

4 Ãàóññîâû èíòåãðàëû è êîððåëÿöèîííûå ôóíêöèè

5 Äâóìåðíûå òåîðèè áîçîíîâ è ôåðìèîíîâ

6 Ïåðåõîä ê îïåðàòîðíîìó ôîðìàëèçìó

7 Òåîðèÿ ñêàëÿðíîãî ïîëÿ è àëãåáðà Âèðàñîðî

8 Òåíçîð ýíåðãèè-èìïóëüñà è ïðèìàðíûå îïåðàòîðû

8.1 Òåíçîð ýíåðãèè-èìïóëüñà â òåîðèè ñêàëÿðíîãî ïîëÿ

Äëÿ äåéñòâèÿ ñâîáîäíîãî ñêàëÿðíîãî ïîëÿ ìû äàâíî óæå îïðåäåëèëè òåíçîð ýíåðãèè-
èìïóëüñà

Tαβ = − 1
√
g

δS[X, g]

δgαβ
= −1

2

(
∂αX∂βX − 1

2
gαβg

α′β′
∂α′X∂β′X

)
(8.1)

êîòîðûé ÿâëÿåòñÿ ñèììåòðè÷íûì òåíçîðîì ðàíãà 2 è ñîõðàíÿåòñÿ íà óðàâíåíèÿõ äâèæåíèÿ
ñâîáîäíîé ñêàëÿðíîé òåîðèè ∂α∂αX = 0

∇αTαβ = 0 (8.2)

Îñîáåííî ïðîñòî ýòî âûãëÿäèò â êîìïëåêñíûõ êîîðäèíàòàõ äëÿ êîíôîðìíîé ìåòðèêè

ds2 = ρdzdz̄ = eφdzdz̄ (8.3)

ãäå óñëîâèå êîâàðèàíòíîãî ñîõðàíåíèÿ (8.2) ïðèíèìàåò âèä

∂z̄Tzz + ρ∂z(ρ
−1Tzz̄) = 0 (8.4)

âìåñòå ñ êîìïëåêñíî-ñîïðÿæåííûì óðàâíåíèåì, è äëÿ êîíôîðìíîé òåîðèè (8.1) â ñèëó
tzz̄ = 0 ñâîäèòñÿ ê óðàâíåíèþ ãîëîìîðôíîñòè

∂z̄Tzz = 0, ∂zTz̄z̄ = 0 (8.5)
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íà ãîëîìîðôíûå òîêè ñïèíà 2, ýëåìåíòàðíî ñëåäóþùèå èç ∂̄∂X = 0, ò.å. ãîëîìîðôíîñòè
ïðîèçâîäíîé ∂X.

Èç ôîðìóëû (8.1) â êîìïëåêñíûõ êîîðäèíàòàõ òàêæå ñëåäóåò, ÷òî

Tzz = −1
2
(∂X)2, Tz̄z̄ = −1

2
(∂̄X)2, Tzz̄ = 0 (8.6)

è ýòî ÿâëÿåòñÿ êëàññè÷åñêèì àíàëîãîì óæå îïåðàòîðíûõ ôîðìóë

T = Tzz = −1
2
: (∂X)2 :, T̄ = Tz̄z̄ = −1

2
: (∂̄X)2 : (8.7)

ìû óæå èñïîëüçîâàëè íà ïðîøëîé ëåêöèè - îñíîâíàÿ ðàçíèöà â íîðìàëüíîì óïîðÿäî÷åíèè
ñîñòàâíûõ îïåðàòîðîâ.

Ïîñêîëüêó òåíçîð ýíåðãèè-èìïóëüñà (8.1) ÿâëÿåòñÿ îòêëèêîì äåéñòâèÿ íà ïðîèçâîëü-
íóþ âàðèàöèþ ìåòðèêè, òî íà åãî êîìïîíåíòû â êîíôîðìíîé êàëèáðîâêå ìîæíî òàêæå
ñìîòðåòü êàê íà îòêëèê äåéñòâèÿ íà åäèíñòâåííî âîçìîæíûå îñòàòî÷íûå ïðåîáðàçîâà-
íèÿ ìåòðèêè - ãîëîìîðôíûå çàìåíû êîîðäèíàò. Áóêâàëüíî ñëåäóåò ïðîâåðèòü, ÷òî äëÿ
äåéñòâèÿ

S =
1

4πα′

∫
d2z∂αX∂αX =

1

2π

∫
d2z∂X∂̄X (8.8)

ïðè ïðåîáðàçîâàíèè δϵX = ϵ(z, z̄)∂X âåðíî, ÷òî

δϵS = − 1

π

∫
d2z ∂̄ϵ T (8.9)

ãäå T = −1
2
(∂X)2 ÿâëÿåòñÿ ãîëîìîðôíûì òîêîì ñïèíà 2 1.

8.2 Ñîñòàâíûå îïåðàòîðû

Ìû óæå èñïîëüçîâàëè ñîñòàâíîé îïåðàòîðû (8.7), êîòîðûé óæå îïðåäåëåí ëèøü ñ ïîìîùüþ
íîðìàëüíîãî óïîðÿäî÷åíèÿ. Àíàëîãè÷íûå ïðîáëåìû âîçíèêàþò è ïðè îïðåäåëåíèè äðóãèõ
ñîñòàâíûõ îïåðàòîðîâ.

Â êà÷åñòâå áàçîâîãî ïðèìåðà ðàññìîòðèì ýêñïîíåíòó îò ñêàëÿðíîãî ïîëÿ

Vp(z, z̄) =: exp(ipX(z, z̄)) : (8.10)

êîòîðàÿ äîëæíà áûòü íîðìàëüíî óïîðÿäî÷åíà. Ðàçíèöà ìåæäó óïîðÿäî÷åíîé è íåóïîðÿ-
äî÷åíîé ýêñïîíåíòîé ëåãêî îïðåäåëåòü ïðè ââåäåíèè óëüòðàôèîëåòîâîãî îáðåçàíèÿ

exp(ipX(z, z̄)) = 1 + ipX(z, z̄) +
(ip)2

2
X(z, z̄)2 + . . . =

= 1+ : ipX(z, z̄) : + :
(ip)2

2
X(z, z̄)2 : +

(ip)2

2
⟨X(z, z̄)2⟩+ . . .

(8.11)

1Ìû áóäåì ïîëüçîâàòüñÿ åñòåñòâåííûìè (íîðìàëüíûìè è àíîìàëüíûìè) ðàçìåðíîñòÿìè (∆, ∆̄) îòíî-
ñèòåëüíî ãîëîìîðôíûõ è àíòèãîëîìîðôíûõ ïðåîáðàçîâàíèé ïî îòäåëüíîñòè. Ïðè ýòîì èõ ñóììà ∆ + ∆̄
ÿâëÿåòñÿ ìàñøòàáíîé ðàçìåðíîñòüþ, à ðàçíèöà ∆− ∆̄ íàçûâàåòñÿ ñïèíîì (ïî÷åìó?).
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êîððåëÿòîðà â ñîâïàäàþùèõ òî÷êàõ

⟨X(z, z̄)2⟩ =
def

− log |z − z′|2
∣∣
z−z′=ϵ

= − log ϵ2 (8.12)

Òàêèì îáðàçîì ïîëó÷àåòñÿ, ÷òî

exp(ipX(z, z̄)) =: exp(ipX(z, z̄)) :

(
1 +

p2

2
log ϵ2 + . . .

)
=

=: exp(ipX(z, z̄)) : ϵp
2

(8.13)

íîðìàëüíî óïîðÿäî÷åííàÿ ýêñïîíåíòà îòëè÷àåòñÿ îò íåóïîðÿäî÷åííîé íà ñèíãóëÿðíûé
ôàêòîð ϵp

2
. Ðîâíî òàêîé æå ôàêòîð ìû ïîëó÷àëè âû÷èñëÿÿ ôóíêöèîíàëüíûé èíòåãðàë,

ïîýòîìó òåïåðü ìîæíî óòâåðæäàòü, ÷òî êîððåëÿöèîííàÿ ôóíêöèÿ

⟨
∏
j

exp(ipjX(zj, z̄j))⟩ = ⟨0|
∏
j

: exp(ipjX(zj, z̄j)) : |0⟩ =
∏
i<j

|zi − zj|pipj (8.14)

ïîíèìàåìàÿ êàê âàêóóìíûé ìàòðè÷íûé ýëåìåíò îò óïîðÿäî÷åííûõ ýêñïîíåíò - âåðøèííûõ
îïåðàòîðîâ

Vp(z, z̄) =: exp(ipX(z, z̄)) := eipX0(zz̄)pα0 ·

· exp

(
p
∑
n>0

(α−n

n
zn +

ᾱ−n

n
z̄n
))

exp

(
−p
∑
n>0

( αn

nzn
+

ᾱn

nz̄n

)) (8.15)

ãäå ìû ïîêà ìîæåì âðåìåííî çàáûòü ïðî íóëåâóþ ìîäó. Ïðîèçâåäåíèå îïåðàòîðîâ â (8.15)
óïîðÿäî÷åíî, à äåéñòâèå ýòîãî îïåðàòîðà íà âàêóóì (â òî÷êå z = 0) äàåò

lim
z→0

Vp(z, z̄)|0⟩ = |p⟩ = |p, 0, 0⟩ (8.16)

ïðèìàðíîå ñîñòîÿíèå Ln|p⟩ = L̄n|p⟩ = 0, n > 0 ñ èìïóëüñîì p è âèðàñîðîâñêèìè ðàçìåðíî-
ñòÿìè

L0|p⟩ =

(
1
2
α2
0 +

∑
n>0

α−nαn

)
|p, 0, 0⟩ = 1

2
p2|p⟩

L̄0|p⟩ =

(
1
2
α2
0 +

∑
n>0

ᾱ−nᾱn

)
|p, 0, 0⟩ = 1

2
p2|p⟩

(8.17)

÷òî öåëèêîì ñëåäóåò èç äèíàìèêè íóëåâîé ìîäû â p-ïðåäñòàâëåíèè

α0|p⟩ = p|p⟩, eikX0 |p⟩ = |k + p⟩ (8.18)

ò.ê. â ýòîì ïðåäñòàâëåíèè X0 = −i ∂
∂p
.
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Îñòàëîñü âû÷èñëèòü êîððåëÿòîð (8.14). Íàïðèìåð, äëÿ äâóõòî÷å÷íîé ôóíêöèè èìååì

⟨Vp(z, z̄)V−p(z
′, z̄′)⟩ = exp

(
p2⟨X(z, z̄)X(z′, z̄′)⟩

)
=

= exp
(
−p2 log |z − z′|2

)
=

1

(z − z′)p2(z̄ − z̄′)p2
(8.19)

èç îïåðàòîðíîãî ðàçëîæåíèÿ äëÿ ôóíäàìåíòàëüíûõ ïîëåé X - êîîðäèíàò ñòðóíû.

Âñïîìíèì òåïåðü çàìå÷àòåëüíûå ôîðìóëû (Êýìïáåëëà-Õàóñäîðôôà?) äëÿ ýêñïîíåíò
îò íåêîììóòèðóþùèõ îïåðàòîðîâ [A,B] ̸= 0

et(A+B) = etBL(t), L̇ = e−tBAetBL, L(t) = T exp

(∫ t

0

dt′e−t′BAet
′B

)
(8.20)

÷òî (òîëüêî!) ïðè [A,B] = γ1 äàåò â òîì ÷èñëå

eA+B = eBeAeγ/2, eA+B = eAeBe−γ/2

eAeB = eBeAeγ = eBeAe[A,B]
(8.21)

Ïðèìåíèì ýòó ôîðìóëó ê èíãðåäèåíòàì (8.15)

e−p αn
nzn eq

α−n
n

wn

= eq
α−n
n

wn

e−p αn
nzn exp

(
−pq

n

(w
z

)n)
(8.22)

ãäå ñïðàâà òåïåðü ñòîèò íîðìàëüíî óïîðÿäî÷åííîé ïðîèçâåäåíèå ïî ôîêîâñêîìó âàêóóìó,
ïîýòîìó äëÿ âàêóóìíîãî ìàòðè÷íîãî ýëåìåíòà ïðîèçâåäåíèÿ ïî âñåì ãàðìîíèêàì ïîëó÷èì
ïðîñòî

⟨0|
∏
n>0

e−p αn
nzn

∏
n>0

eq
α−n
n

wn |0⟩ =
∏
n>0

exp
(
−pq

n

(w
z

)n)
=
(
1− w

z

)pq
(8.23)

ãäå ïðîèçâåäåíèå èëè ëîãàðèôìè÷åñêèé ðÿä ñõîäèòñÿ îïÿòü æå ïðè |w| < |z|. Àíòèãîëî-
ìîðôíûé âêëàä ïîëó÷àåòñÿ êîìïëåêñíûì ñîïðÿæåíèåì, è ó÷èòûâàÿ íóëåâóþ ìîäó îêîí-
÷àòåëüíî ïîëó÷èì

⟨0| : exp(ipX(z, z̄)) :: exp(−ipX(z′, z̄′)) : |0⟩ =
(
1− w

z

)−p2 (
1− w̄

z̄

)−p2

·

·⟨0|eipX0(zz̄)pα0e−ipX0(z′z̄′)−pα0 |0⟩ =
(
1− w

z

)−p2 (
1− w̄

z̄

)−p2

(zz̄)−p2 =

=
1

(z − z′)p2(z̄ − z̄′)p2

(8.24)

èñêîìûé ðåçóëüòàò. Òî÷íî òàêæå ìîæíî èç ôîðìóë ÊÕ âûâåñòè è áîëåå îáùåå ñîîòíîøåíèå
äëÿ îïåðàòîðíîãî ïðîèçâåäåíèÿ

Vp(z, z̄) · Vq(z
′, z̄′) = (z − z′)pq(z̄ − z̄′)pq : exp (ipX(z, z̄) + iqX(z′, z̄′)) :=

= (z − z′)pq(z̄ − z̄′)pq (Vp+q(z
′, z̄′) + ip(z − z′) : ∂X Vp+q(z

′, z̄′) : +c.c+ . . .)
(8.25)

ÿâëÿþùååñÿ î÷åíü ÷àñòíûì ñëó÷àåì îïåðàòîðíîãî ðàçëîæåíèÿ ïðèìàðíûõ ïîëåé â äâó-
ìåðíîé êîíôîðìíîé òåîðèè ïîëÿ.
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8.3 Êîíôîðìíàÿ ñèììåòðèÿ

Îïåðàòîðíîå ðàçëîæåíèå ãåíåðèðóåò çàêîí ïðåîáðàçîâàíèÿ ïîëåé ïðè áåñêîíå÷íî-ìàëîì
êîîðäèíàòíîì ïðåîáðàçîâàíèè z → z − ϵ(z). Íàïðèìåð äëÿ ôóíäàìåíòàëüíîãî ïîëÿ - ãî-
ëîìîðôíîãî òîêà J = i∂X åäèíè÷íîé ðàçìåðíîñòè è ñïèíà (∆, ∆̄) = (1, 0)

δϵJ(z) =

∮
zxw

dw

2πi
ϵ(w)T (w)J(z) = ϵ′(z)J(z) + ϵ(z)J ′(z) (8.26)

ò.å. òîê ïðåîáðàçóåòñÿ ïðè ãîëîìîðôíûõ çàìåíàõ êîîðäèíàò êàê ïîëå åäèíè÷íîé ðàçìåðíî-
ñòè, ò.å. èíâàðèàíòîì ÿâëÿåòñÿ J(z)dz, à ãåíåðàòîðîì ïðåîáðàçîâàíèÿ - ðîâíî â óêàçàííîì
âûøå ñìûñëå - òåíçîð ýíåðãèè-èìïóëüñà. Äëÿ (ïðèìàðíîãî) ïîëÿ ñ ïðîèçâîëüíûìè ðàçìåð-
íîñòÿìè (∆, ∆̄) àíàëîãè÷íûé çàêîí ïðåîáðàçîâàíèÿ ñëåäóåò èç îïåðàòîðíûõ ðàçëîæåíèé

T (z)Φ(z′, z̄′) =
∆

(z − z′)2
Φ(z′, z̄′) +

1

z − z′
∂Φ(z′, z̄′) + . . .

T̄ (z̄)Φ(z′, z̄′) =
∆̄

(z̄ − z̄′)2
Φ(z′, z̄′) +

1

z̄ − z̄′
∂̄Φ(z′, z̄′) + . . .

(8.27)

ñ ãåíåðàòîðàìè ãîëîìîðôíîé è àíòèãîëîìîðôíîé êîíôîðìíîé ñèììåòðèé. Îòñþäà ïðÿìîé
ïîäñòàíîâêîé ïîëó÷àåì, íàïðèìåð, äëÿ ãîëîìîðôíîãî ñåêòîðà

δϵΦ(z, z̄) =

∮
zxw

dw

2πi
ϵ(w)T (w)Φ(z, z̄) = ∆ϵ′(z)Φ(z, z̄) + ϵ(z)∂Φ(z, z̄) (8.28)

÷òî åñòåñòâåííûì îáðàçîì îòâå÷àåò èíâàðèàíòíîñòè ïðè ãîëîìîðôíûõ çàìåíàõ êîîðäèíàò
âåëè÷èí Φ(z, z̄)dz∆dz̄∆̄. Â êâàíòîâîé òåîðèè (àíîìàëüíûå!) ðàçìåðíîñòè (∆, ∆̄) íå îáÿçàíû
áûòü öåëûìè, è çàäà÷à äâóìåðíîé êîíôîðìíîé òåîðèè - âû÷èñëèòü ýòè ðàçìåðíîñòè èç
ñâîéñòâ ïðåäñòàâëåíèé àëãåáðû Âèðàñîðî.

Â òåîðèè ñâîáîäíîãî ñêàëÿðíîãî ïîëÿ ïðèìàðíûìè ïîëÿìè ÿâëÿþòñÿ

Vα(z, z̄) =: exp(iαX(z, z̄)) : (8.29)

êîíôîðìíûå ðàçìåðíîñòè ∆α = ∆̄α = 1
2
α2 = ∆−α = ∆̄−α êîòîðûõ ìû óæå îïðåäåëèëè èç

äâóõòî÷å÷íîé êîððåëÿöèîííîé ôóíêöèè

⟨Vα(z, z̄)V−α(z
′, z̄′)⟩ = exp

(
α2⟨X(z, z̄)X(z′, z̄′)⟩

)
=

= exp
(
−α2 log |z − z′|2

)
=

1

(z − z′)α2(z̄ − z̄′)α2

(8.30)

íî, åñòåñòâåííî, ìîæåì âû÷èñëèòü è èç îïåðàòîðíîãî ðàçëîæåíèÿ ñ ïîìîùüþ òåîðåìû
Âèêà. Ôîðìóëû (8.27) åñòåñòâåííûì îáðàçîì ñîãëàñîâàíû è ñ íàøèìè ðàññóæäåíèÿìè ïðî
ñîîòâåòñòâèÿ ìåæäó âåðøèííûìè îïåðàòîðàìè è ñîñòîÿíèÿìè

Vp(0, 0)|0⟩ = |p⟩, Ln|p⟩ = 0, n > 0

L0|p⟩ = 1
2
p2|p⟩ = ∆p|p⟩

(8.31)
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ò.å.

lim
z→0

T (z)|p⟩ = lim
z→0

∑
n∈Z

Ln

zn+2
|p⟩ = lim

z→0

(
∆

z2
+

L−1

z
+ reg

)
|p⟩ (8.32)

èëè

lim
z→0

T (z)Vp(0) = lim
z→0

(
∆pVp(0)

z2
+

∂Vp(0)

z
+ reg

)
(8.33)

îòêóäà ñðàçó ñëåäóåò, ÷òî L−1 äåéñòâóåò êàê ïðîèçâîäíàÿ ïî z.

Íàêîíåö, ïðåîáðàçîâàíèå ïðè ãîëîìîðôíûõ çàìåíàõ êîîðäèíàò

δϵT (z) = 2ϵ′(z)T (z) + ϵ(z)∂T (z) +
c

12
ϵ′′′(z) (8.34)

ñàìîãî òåíçîðà ýíåðãèè-èìïóëüñà T (z) ñëåäîâàëî áû èç îïåðàòîðíîãî ðàçëîæåíèÿ

T (z)T (z′) =
c

2(z − z′)4
+

2T (z′)

(z − z′)2
+

∂T (z′)

z − z′
+ . . . (8.35)

Äåéñòâèòåëüíî

δϵT (z) =

∮
zxw

dw

2πi
ϵ(w)T (w)T (z) =

=

∮
zxw

dw

2πi
ϵ(w)

(
c

2(w − z)4
+

2T (z)

(w − z)2
+

∂T (z)

w − z
+ . . .

)
=

=
c

2
· 1
6
ϵ′′′(z) + 2ϵ′(z)T (z) + ϵ(z)∂T (z)

(8.36)

ò.å. - ïî ñðàâíåíèþ ñ ïðèìàðíûì ïîëåì - ëèøíèé ïîëþñ 4-ãî ïîðÿäêà äàåò àíîìàëüíûé
âêëàä â çàêîí ïðåîáðàçîâàíèÿ òåíçîðà - êîíôîðìíóþ àíîìàëèþ.
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