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Çàäà÷è 7. Ñâîáîäíîå ïîëå è àëãåáðà Âèðàñîðî

1. Â äâóìåðíûõ òåîðèÿõ ïîëÿ óäîáíî ïîëüçîâàòüñÿ êîìïëåêñíûìè êîîðäèíàòàìè z =
x1+ix2, z̄ = x1−ix2. Ðàññìîòðèì òåîðèþ ñâîáîäíîãî ñêàëÿðíîãî ïîëÿ X â åâêëèäîâîé

ïëîñêîñòè ñ êîîðäèíàòàìè x1, x2, äåéñòâèåì

S[X] =
1

2

∫
(∂αX)2dx1dx2 (1)

è òåíçîðîì ýíåðãèè-èìïóëüñà

Tαβ = −1
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à) Âûðàçèòå åâêëèäîâó ìåòðèêó íà ïëîñêîñòè â êîìïëåêñíûõ êîîðäèíàòàõ
z, z̄ è çàïèøèòå äåéñòâèå (1) â êîìïëåêñíûõ êîîðäèíàòàõ.

á) Âûðàçèòå êîìïîíåíòû òåíçîðà ýíåðãèè-èìïóëüñà (2)

T := Tzz, T̄ := Tz̄z̄, Θ := Tzz̄ = Tz̄z

â êîîðäèíàòàõ z, z̄ ÷åðåç åãî êîìïîíåíòû T11, T22, T12 = T21 â èñõîäíûõ
êîîðäèíàòàõ.

â) Êàê âûãëÿäèò óñëîâèå ñîõðàíåíèÿ òåíçîðà ýíåðãèè-èìïóëüñà ∂νTµν = 0 â
êîìïëåêñíûõ êîîðäèíàòàõ? ×òî îíî îçíà÷àåò â ñëó÷àå, åñëè ñëåä òåíçîðà
ýíåðãèè-èìïóëüñà ðàâåí 0?

2. Ïóñòü J(z) = i∂X(z) =
∑

k∈Z z
−k−1ak � ãîëîìîðôíûé òîê â òåîðèè ñ äåéñòâèåì

(1), ãäå îïåðàòîðû ak óäîâëåòâîðÿþò àëãåáðå Ãåéçåíáåðãà [an, am] = n δn+m,0 .

à) Ïîêàæèòå, ÷òî ãîëîìîðôíàÿ êîìïîíåíòà òåíçîðà ýíåðãèè-èìïóëüñà âûðà-
æàåòñÿ â âèäå T (z) = 1

2
•
•J

2(z) •
• .

á) Ïîëó÷èòå âûðàæåíèÿ äëÿ êîìïîíåíò Ln, n ∈ Z ðàçëîæåíèÿ òåíçîðà ýíåðãèè-
èìïóëüñà T (z) =

∑
n∈Z z

−n−2Ln â òåðìèíàõ îïåðàòîðîâ ak.

â) Èñïîëüçóÿ êîììóòàöèîííûå ñîîòíîøåíèÿ àëãåáðû Ãåéçåíáåðãà, ïðÿìûì
âû÷èñëåíèåì ïðîâåðüòå, ÷òî îïåðàòîðû Ln óäîâëåòâîðÿþò êîììóòàöèîí-
íûì ñîîòíîøåíèÿì àëãåáðû Âèðàñîðî

[Lm, Ln] = (m− n)Lm+n +
c

12
(n3 − n)δn+m,0 (3)

ñ öåíòðàëüíûì çàðÿäîì c = 1.

ã) Äîêàæèòå, ÷òî [Lm, J(z)] = (m+1)zmJ(z)+zm+1∂J(z) è âûâåäèòå îòñþäà,
÷òî [Lm, Jn] = −nJn+m.

3. Íîðìàëüíî óïîðÿäî÷åííîå âûðàæåíèå •
•A

•
• , ãäå A � ëþáàÿ ïîëèíîìèàëüíàÿ ôóíê-

öèÿ îò îïåðàòîðîâ ak, îïðåäåëÿåòñÿ êàê òî æå âûðàæåíèå, â êîòîðîì îïåðàòîðû

ðîæäåíèÿ ïåðåìåùåíû íàëåâî, à îïåðàòîðû óíè÷òîæåíèÿ íàïðàâî, êàê åñëè áû îíè

êîììóòèðîâàëè.
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à) Ïîêàæèòå, ÷òî

•
•J

2(z) •
• =

1

2πi

∮
Cz

dζ

ζ − z
J(ζ)J(z)

ãäå Cz � ìàëåíüêèé êîíòóð, îõâàòûâàþùèé òî÷êó z.

á) Âûðàçèòå ïðîèçâåäåíèå ÷åòûðåõ òîêîâ J(z1)J(z2)J(z3)J(z4) ÷åðåç íîðìàëü-
íî óïîðÿäî÷åííûå âûðàæåíèÿ è âàêóóìíûå ñðåäíèå (àíàëîãè÷íî ôîðìóëå

J(z1)J(z2) = •
•J(z1)J(z2)

•
• +

⟨
0
∣∣∣ J(z1)J(z2) ∣∣∣ 0⟩).

4. Ðàññìîòðèì îïåðàòîð

W (z) =
1

3
•
•J

3(z) •
• =

∑
m∈Z

Wmz
−m−3

à) Ïîëó÷èòå ÿâíîå âûðàæåíèå äëÿ îïåðàòîðà W0 ÷åðåç ãåíåðàòîðû àëãåáðû
Ãåéçåíáåðãà ak.
(Ïðèìå÷àíèå: Îïåðàòîð W0 èãðàåò âàæíóþ ðîëü â òåîðèè ðàçâåòâëåííûõ íà-

êðûòèé ðèìàíîâîé ñôåðû, ãäå îí èçâåñòåí ïîä íàçâàíèåì îïåðàòîðà ðàçðåçà-

íèÿ è ñêëåéêè (cut and join). Â äðóãîì êîíòåêñòå ýòîò æå îïåðàòîð èçâåñòåí êàê

ãàìèëüòîíèàí ñèñòåìû Êàëîäæåðî.)

á) ∗ Íàéäèòå êîììóòàöèîííûå ñîîòíîøåíèÿ îïåðàòîðîâ Wm.
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