
Áåñêîíå÷íîìåðíûå àëãåáðû Ëè è âåðòåêñ-îïåðàòîðíûå

àëãåáðû

Çàäà÷è 3

1. Ðàññìîòðèì âåêòîð |0〉 è ñîîòâåòñòâóþùèé êîâåêòîð 〈0| äëÿ ÂÎÀ Ãåé-
çåíáåðãà è Âèðàñîðî. Âû÷èñëèòå 〈0|h(z)h(w)|0〉 è 〈0|T (z)T (w)|0〉.
2. Âû÷èñëèòå 〈0|h(z1) . . . h(zk)|0〉 (íà÷íèòå ñ k = 3).

3. Äîêàæèòå, ÷òî äâà ïîëÿ A(z) è B(w) ëîêàëüíû òîãäà è òîëüêî òîãäà,
êîãäà äëÿ ëþáûõ v ∈ V è ϕ ∈ V ∗ ìàòðè÷íûå ýëåìåíòû

〈ϕ,A(z)B(w)v〉 è 〈ϕ,B(w)A(z)v〉
ÿâëÿþòñÿ ðàçëîæåíèåì îäíîãî è òîãî æå ýëåìåíòà

fv,ϕ ∈ C[[z, w]][z−1, w−1, (z − w)−1]

â C((z))((w)) è C((w))((z)) ñîîòâåòñòâåííî, è ïîðÿäêè ïîëþñîâ fv,ϕ ïî
(z − w) îãðàíè÷åíû íåêîòîðûì N äëÿ âñåõ v, ϕ.

4. Äîêàæèòå, ÷òî íîðìàëüíî óïîðÿäî÷åííîå ïðîèçâåäåíèå ïîëåé âèäà
∂izh(z) êîììóòàòèâíî è àññîöèàòèâíî.

5. Ðàññìîòðèì ïîëå 1
2 : h(z)2 : +λ∂zh(z), äåéñòâóþùåå íà ìîäóëå Ôîêà

π. Äîêàæèòå, ÷òî êîìïîíåíòû ýòîãî ïîëÿ îáðàçóþò àëãåáðó Âèðàñîðî.
Âû÷èñëèòå ñîîòâåòñòâóþùèé öåíòðàëüíûé çàðÿä.
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In�nite dimensional Lie algebras and vertex operator algebras

Problems 3

1. Consider a VOA V . Let |0〉 be the vacuum vector and let 〈0| be the
corresponding covector. Compute 〈0|h(z)h(w)|0〉 and 〈0|T (z)T (w)|0〉.
2. Compute 〈0|h(z1) . . . h(zk)|0〉 (start with k = 3).

3. Prove that two �elds A(z) and B(w) are local with respect to each other
if for every v ∈ V and ϕ ∈ V ∗, the matrix elements

〈ϕ,A(z)B(w)v〉 è 〈ϕ,B(w)A(z)v〉
are expansions of one and the same element

fv,ϕ ∈ C[[z, w]][z−1, w−1, (z − w)−1]

in C((z))((w)) and C((w))((z)), respectively, and the order of pole of fv,ϕ in
(z − w) is uniformly bounded for all v, ϕ.

4. Prove that the normal ordering of the �elds ∂izh(z) is commutative and
associative.

5. Consider the �eld 1
2 : h(z)2 : +λ∂zh(z), acting on the Fock module

π. Prove that the components of this �eld form the Virasoro algebra and
compute the central charge.


