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B.A. Tlobepexubrit

1 IlpeaBapureisibHbIE CBEJIEHUS

1.1 IIpoucxoxkjeHne BapWallMOHHBIX 3a1a4

Hauném omsrTh ¢ mpocrefimux, caMbIX 3JeMEHTapHLIX 3aaad. Marepuanbnas
TOYKa MaJaeT B IoJjie TsixkecTu 3emaun F' = mg ¢ BoicoTbl h. Hac muTepecy-
eT ITI0JIHOEe BpeMsl IaJIeHWsl U CKOPOCTb TOYKM B KOHEYHBI MOMEHT. Y paBHe-
HUsi GaHAJIbHBIE, CUATAJM HeOoJHOKparHOo — Bpems T(h) = 1/2h/g, ckopocTh
V(h) = v2gh.

Teneps, mycTh TOYKa majgaer He CBOOOMHO, & COCKAJIB3bIBAET 0€3 TpeHus
o/, AefiCTBHEM TOIl Ke CHJIBI C BBICOTHI h 0 KJIMHY WMJIM HAKJIOHHOHN IIJIOCKO-
¢t 00pasyIoNieil yroa @ ¢ FOPU3OHTAJIBHON ILUIOCKOCTHIO. 3aJlada He CHIIBHO
YCJIOKHUJIACH, HAJIO0 IIPOCTO CIIPOEIUPOBATD CHJIBI, TOXKe y2Ke perraan. OTBeTb
T(h) = (\/2h/g)/sina u V(h) = \/2gh. 3amernmM, 4TO CKOPOCTb HE H3Me-
HIJTACh, 9TOI0 KOHEYHO K€ CJIe0BAJIO OXKUIATH, TAK KAK IIOJHAS JHEPIUs CO-
XPaHsIeTcsl, CUjla, JefiCTBYONAas Ha TOYKY IIOTeHIUaIbHA, pabora (U3MeHeHre
MOTEHINABHOM SHEPTUH) 3aBUCUT TOJIBKO OT PA3HOCTH BBICOT, & HE OT KOHKDET-
HOT'O IIyTH, HO TOIJ[a U KWHETHYECKAasl SHEPT U, & BMECTe C Hell U MOJIyJIb BEKTOPa
CKOPOCTH 3aBUCHAT TOJIBKO OT PA3HOCTHU BBICOT.

Cremyromuit mrar — 3amada u pesyiabrar Lamumimes. B BeprukaabHOil mioc-
KOCTHU JIEXKUT OKPYXKHOCTb pajumyca Oosibiero h. 13 uuxkueii eé Touku (Touka
C') mpoBoAMM XODPJy Takyro 4ToObl eé KoHer| (Touka A) jexan Ha BBICOTE h.
Ha Boipesannoit xopoit gyre kpyra 6epém s1odyio Toky B. Y TBep:K/ieHne: Bpe-
Msl COCKaJIb3bIBaHUsl 110 JIoMaHHONH ABC MeHbIle BPEMEHU COCKAJIb3BIBAHUSI 110
xopae AC. 3aja4a BOOJHE CIETHAST, B PAMKAX 3JIEMEHTAPHON NeOMETPUH, HO BCE-
Taku TpedyeT HEKOTOPBIX BBIKJ/IAIOK U aKKYPATHOCTH, JJIsi COEPEeKEHNs] BpEMEHHT
ocraBuM €€ B KadecTBe ymnparkuenus. Cje/cTBre — BpeMsl MaJEHUs TO JIE000H
BIIMCAHHOW JIOMaHHO! MeEHBIIle BPEMEHHU IaJieHus 1o Xopge. V1 HakoHer, OKOH-
9aTeJIbHO — COCKAJIb3bIBAHUE 110 JyTe KPyra IIPOUCXOIUT OBICTPEe YeM II0 XOPIE
uu J1i06oit BriucanHoi joMannoit. Koneunas ckopoctsb Beé Ta ke V(h) = v/2gh.
Emé onro naTepecHoe 37eMeHTapHO TPOBEPSIEMOE 3aMEUAHNE — BPEMSI COCKAJIb-
3BIBAHUS 110 JII00OI XOpEe OHO U TO Ke (BTOPOI KOHEI XOP/Ibl JIOJIXKEH JIEXKATh
He BBIIIE [[EHTPa KPyTa).

Hy a caemyrtoree ecrectBeHHOE 06001IEHNE YK€ TTPUBEIET HAC K OJHOMY U3
MCTOKOB BapHUAIMOHHOIO WUCUYUCEHUS - 3HAMEHUTON 3ajiade 0 OpaxmCcTOXPOHE,
chopmysmpoBannuoit Bepuysuin Bckope nocite 3amaan Lammites. [lycts nanbr jte-
JKalllie Ha PasHoil BhICOTE B BEPTHKAJILHONM IiockocTu Touku A m B. Haiitu
KPUBYIO, II0 KOTOPOil MaTeprajbHAs TOYKA 33 MUHHUMAJLHOE BPEMS COCKOJIb3-
HET U3 OJHON TOYKHU B JIPYIYIO IOJ JEHICTBUEM CHUJIbI TSI?KECTH. 10 €CTh II0 CyTH
HaM Tpebyercss HATH TOYKY MUHUMYMa OTODparKeHUs U3 "BCeX KPUBBLIX U3 A B



B"B sieficTBUTEIGHBIE YUCIA COTIOCTABJISIIONIET0 KPUBO BPEMSI COCKATb3bIBAHNUS
o Heii. IIpocrpancTBo "Beex KpuBbIX'"yCTPOEHO CJIOKHEE YeM IIPUBBIYHOE HAM
R™, oHO, HAITpUMEP, GECKOHEYHOMEPHO, U JIJIsi pAOOTHI ¢ HUM U WHTEPECYIOIIM
HAC OTODPaXKEHUEM CJIelyeT BBECTHU ONPEIESICHHBIN (hopMaIn3M, 9eM Mbl HAM U
[IPEJICTOUT 3aHATHCS.

Boobmie 3amatn momob6HOr0 pojga Mo MOMCKY IKCTPEMYMOB OTOOparkKeHuil B
Pa3HOOOPA3HBIX HETPUBUAJBHBIX TPOCTPAHCTBAX HAZBIBAIOTCS BAPUAIIMOHHBIMEI
M YacTO BO3BHUKAIOT B CAMBIX Pa3JIMYHBIX OBJACTAX OT ajredpamdeckoil reo-
MEeTpUHU 70 TeopeTndeckoil puzuku. CaMble OYEBUIHBIE TTPUMEDPBI OTHOCATCI K
nuddepeHImaabLHON TeOMETPHH : 3a/1a4a, O NeOJe3NIECKUX — CPEJIA BCEX KPUBBIX
Ha MOBEPXHOCTH P coeuHsAONuUX Toukn A 1 B HalTH KPUBYIO MUHUMAJIBHON
JUIAHBI; H30[EPUMETPUYIECKasT 33/1a9a — CPEJIU BCeX 3aMKHYTHIX IJIOCKUX KPUBBIX
3aJAHHOM JJIMHBI | HAATH KPUBYIO OTPAHNYUBAIONLY 0 MAKCUMAJIBHYIO TLJIOMIAIb.

1.2 KacaregbHble IpocTpaHCTBA U aud depeHnnaibl

Wrak, MBI XOTHM HaydIUTbCs UCKATH IKCTPEMYMBI Y OTOODAaXKEHUI U3 KaKUX-
TO MHOXKECTB B BeIIECTBEHHBbIE Ymcia. J[jiss Hadajga BCIIOMHUM, 9TO HU3BECTHO
10 9TOMY BOIpocy i o0braabix dyukimit Ha R u R™. g takux dyHKImit
HAM XOPOIIIO U3BECTHBI HEOOXOUMBbIE U JOCTATOYHBIE YCJIOBUS MUHUMYMOB U
MaKCHMYMOB B TOM CJIytdae, Koraa 3Tu dyHKinn auddepeHiupyembl. BermoManm
KaK YCTPOEHBI TU YCJIOBUsI U IOCMOTPUM dYTO Tpebyercs mjisi 060OIeHus Ha
cirydait 60siee CJI0XKHBIX 4eM R” mpPOCTPAHCTB.

Bo-mrepBhix, pa3 y»kK Mbl orpannamBaeMcsa TudHepeHnpyeMbIMA (DyHKITHISI-
MU, CTOUT BCIOMHHUTBH X ompejesenne. CTanIapTHbIil "MIKOILHBI " BapuanT —
onpeesiéHHas Ha R yuknus [ nuddepeHnupyema B TOUKe Ty €CIU CYIIECTBY-

eT mIpees
lim f(wo+h) — f(z0)
h—0 h

Ompenetenne He OU€HBb yI0OHOE HE TOJIBKO IS HAIMUX TIeJIeld, HO JaKe U JJIsd
0b606menns na ¢pyuxmun Ha R™. ITepenumiem ero B 60s1ee MOAXOAAIIEM HAM BUIE,
HO CHAYAJIA BBISICHUM B KaKUX ITPOCTPAHCTBAX YKUBYT YIACTBYIOIIHE B OIpeJie-
Jienun o0beKThl. VTak, TOYKU T + h U Ty B KOTOPBIX Mbl CMOTPHUM 3HAYEHUSI
dyukimu sro Touku adpunaoro (He BekTOopHOro!) npocrpascrsa R. To
€CTh CKJIAJIBIBATh WX BOOOINE HE/Ib3sl, & BOT UX PA3HOCTb, TO €CThb h OIpeseseHa
XOPOIIIO U $BJISETCs JIEMEHTOM BEKTOPHOTO (BEIECTBEHHOIO OJHOMEPHOIO)
upocrpancTsa Vg, . IIpocrpancrso V,, 310 KacaTejibHOe mnpocTpaHcTBo K R B
TOYKE I(.

Teneps MBI TOTOBBI HalKCaThb OOJiee IPABUIBLHOE olpeeieHue auddepen-
nupyemoctu: 3ajannas Ha R byskmus f auddepeHimpyema B TOUKE Xy €CIU
CyIecTByeT Taxoit mueitnblit onepatop Ay, @ Vi, — Vi(g,) 9TO

f(@o+h) = f(x0) + As, () + o(|])

Kak ycTpoens! Bce Ha cBeTe JIMHEHHbIE 0TOOPaXKEHUs I3 OJITHOMEPHOI'O BEKTOPHO-
I'0 IIPOCTPAHCTBA B 0JHOMepHOe? [IpocTpaHcTBa BEKTOPHbBIE, 3HAYUT JOCTATOYHO
3aJ1aTh JeficTBre Ha H6a3uce, MPOCTPAHCTBA OJHOMEDPHO, 3HAUNUT JielicTBre Ha Oa-
3uce 33MaéTCA OJHUM 9YHCJIOM, U OTODpaKeHWe 9TO YMHOXKEHUE Ha KOHCTAHTY.
DTa KOHCTAHTa €CTh HE 9TO MHOE KaK 3HAYeHHe TPOU3BOIHON B ToUKe Xg.To ecTh

Auy() = f'(a0) - h.



B uém BeIMrphim oT Hameil nepedopMyaupoBKu? B ToMm UTO HOBOE Olpee-
JIEHWE 3JIEMEHTapHO 0000IaeTcs He TOIbKO Ha dyHkinn Ha R™, Ho n Ha PYyHK-
MY HA MHOr00Opa3usix, Ha OECKOHEYHOMEPHBIX BEKTOPHBIX IPOCTPAHCTBAX U HE
TOJIBKO Ha (DYHKIMK, HO U HA OTODPaYKeHUs MEXKJYy ITUMHU OObEKTAMH.

Hampuwmep, mma R™ nonyuaercs: dyaknusa f : R™ — R auddepenmupyema
B TOYKE Xq €C/IH CyIecTByer Jmneiinoe orobpaxkenne Ay, : Vit — Vi(x,) Taxoe
91O

f(x0+h) = f(x0) + Ax, (h) + o(|[h]])

Kaxk Tyt ycrpoeno orobpazkenne Ay, ? Do sinHeiiHOe 0TOOpaKEHNE U3 N-MEPHOTO
BEKTOPHOT'O IIPOCTPAHCTBA B OHOMEpHOEe. Bee JimHeitHble 0TOOpaYKeHnsT MEXK Ty
KOHEIYHOMEPHBIMU BEKTOPHBIMU IIPOCTPAaHCTBAMU OIIPEIEIAIOTCA ,HEfICTBHeM Ha
Oa3uce W 3HAYUT 3a/1aI0TCA ITOCTOAHHBIMU MaTPHUIlaMU, B 9TOM HalleM CJIiy4dae
MaTpuIa O6yJaeT MPOCTO CTPOYKON, & €€ 3JIeMEHThI CYTh YAaCTHBIE ITPOU3BOJIHDLIE
f O COOTBETCTBYIONUM KOOP/IMHATAM:

Aol = (5 x0) - 7 x0))

s Bcex cydaeB ydacTBYIOIIEe B ONPEJIEIeHUN JInHeHoe orobpazkenue A Ha-
3piBaeTca AudpdepeHImaiom orobpaxkenus [ B TOUKe Xy, HHOTIA TaKKe 000-
3Hadaercsa depe3 dfy,. I[lo cyTu, Hame onpenesenne TOBOPHUT, ITO OTOOPAKEHHIE
siBJisieTcsi TubdepeHIInPYEMBIM €CJIU Y HETO CYIIECTBYeT M (MEpPEHITUalI.

A kak Terepb ycTpOeHBI ycjioBus dKcrpemyma?! OQdUeHb POCTO, B 3TUX TEP-
MWHAX HeOOXOIMMOE YCJIOBHE — €CJI OTOOPaKeHNe NMEET SKCTPEMYM B TOYKE X,
1O ero auddepeHnuan B 9TOI TOUYKe paBeH Hys0. locTaTodHoe ycioBue TOXKe
UMeeT MPOCTOoit BuA, HO muddepeHimana yxKe HeJIOCTATOTHO, OHO (DOPMYIHPY-
eTcsl B TEPMUHAX KBAJPATHIHOTO OTOOPArKEHUSI KACATEJIbHOIO MPOCTPAHCTBA,
TO eCThb BTOPOI'O YjieHa B pasjioxkenun dynkimu f B ps Teitopa. Ocrapisem
KaK yIpaykKHEHUe JJisi IATATEJIs.

Wrak, BO3BpaIiasach K M3HAYAILHO HAC MHTEPECOBABIIEMY BOIIPOCY, €CJIH Y
HAC UMeeTcsl 0ToOparkeHne 3 HeKOTOPOro MpOCTpaHcTBa B Hampumep B Belre-
CTBEHHBIE YUCJIA, ITO HAJIO0 TOTPEOOBATH OT yCTPOiicTBa B ITOOBI CMOYb aIalITH-
pOBaTh K IOUCKY IKCTPEMYMOB HA HEM METOJbl KOHEYHOMEDPHOI'O SBKJIAIOBOIO
npoctpancrBa? Jlapaiite jijist KpaTKOCTH, YTOOBI HE YIIOMUHATD JIUIITHUN Pa3 Ka-
caTeJIbHBIE TPOCTPAHCTBA CPA3y MOJIOXKUM 9TO B 9TO BEKTOPHOE ITPOCTPAHCTBO,
OYEBUIHO ITO HE OrPAHUYUBAET OOIHOCTH M JIEMEHTAPHO MOIUMUIIPYETC K
ob1eMy ciydaio. XOopoIro, Tenepb Xg, h 1 Xg + h MoKHO cauTaTh /1eMeHTaMu
OJIHOT'O M TOT'O K€ IpOoCTpaHcTBa. Jasee, st mpssMoro obobIeHnsi HeoOX0IUMO
omnpenesnTh Ha B nuddepennupyembie OYHKIMN, BeIb YCJIOBUS IKCTPEMYMa,
MBI 3HAEM UMEHHO JjIs HUX. 10 €CTh, HaM HaJ0 OIPEeIeInTh 9To Takoe audde-
penrman orobpazkerus win dyskiun Ha B. B ompenenenne muddepenuata
BXOJIUT O MaJIEHbKOE OT HOPMBI, 3HAYNAT, KAK MUHUMYM HaM HYKHa KaKas-TO
nopma Ha upoctpaHcTtBe B. To ecth mpocTpancTtBo B J10/:KHO OBITH HOPMHUPO-
BaHHbIM. Hy ¥ IOCKOJIbKY B OIpejiejieHuu (DUIypUPYET He TOJBKO HOpPMa, HO
U TIpeJIe/IbHBIN Iepexoj], CTOUT TaKKe IMOIPOCUTh YTOOBl B OTHOCHTEIHHO 3TOi
HOPMBI OBLIO TOJHO. JTOT0 OKA3BIBAETCSI BIIOJIHE JOCTATOYHO JJIsi TOCTPOEHUS
maddepeHnnaaTbHOr0 NCIUCAeHusT Ha B.



1.3 BanaxoBbI IpOCTpPaHCTBAa

Onpenenenue 1 BexmopHoe npocmpancmeo, AGAMOULEECH HOPMUPOSAHHDIM
U OMHOCUMENDLHO IMOT HOPMDL MOAHBIM, Ha3veaemca Banarosvim npocmpar-
CMBOM.

OueBnHbIN TpUMEP OaHAXOBA MPOCTPAHCTBA 3TO 0ObIYHOE R™ ¢ 9IBKJIMIOBOM
HOpMoOii. Takzke GaHAXOBBIMU SIBJISIIOTCsI TpocTpancTsa [P u LP[a, b]. s Hammux
3a/1a9 Hanboslee BaykHBIME GytyT npoctpancta C*la, b].

Omnpenenenne 2 C*la,b] smo npocmparcmeo gynryuti () nenpepuieHvls Ha
ompesxke [a,b] smecme ¢ npoussodnvmy 00 k-0l 6KANOUUMEALHO, € HOPMOT

el = max [p(z)] + max [/ (z)] + - max o) (z)]
z€la,b] z€la,b] z€la,b]

Ipensioxenue 1 Ilpocmparcmeo COa,b] 6anazoso.

ITpocTpaHCTBO BEKTOPHOE, HOPMa IPEIbsBJIEHA, HAJIO TOJbLKO IPOBEPUTDH
nonmoty. IIposepsiem: myctsb o, € CYa, b] - bynaamenTanbHas MoCTeI0BATEH-
mocth: Ve > 0, 3N, Ttakoe 4To

max |pn(z) —om ()| <, n,m > N

z€(a,b]
Badukcupyem TOUKy o € [a,b]. Torma mocsien0BaTeIbHOCTD ances ©p,(zg) Jie-
xamas B R dyngamenranasua. [Ipocrpancreo R 6aHaxoBo, cjaemoBaTebHO Cy-
niecTByer npeedt lim, o ¢, (20). O6osnauum ero ¢(zg). Ocraéres nmokasars,
4TO IPH M3MEHeHWH To Bequmdnna ¢(ro) Memsercs nemnpepbisHo. Hy ouesmi-
HO 9TO JIEJaTh CJIEJyeT — BBIOMPAEM Tz TaK YTOOBI P 7. > N BBIIOJHSIOCH
lon(z) — p(x)] < e/3, dukcupyem Kakoe-HUOYIL ng > N U BHIOUPAaEM § TAKOE
ITO0BI P, (T) — @ne (0)| < €/3 tpn |z — 29| < J. Homyuaem:

lp(z) = p(x0)| = [(P(T) = Pnp () + (e (T) = o (20)) + (Pnge(T0) — @(0))] <
< @(@) = @ng ()] + [0n0 () = @no (x0)| 4 |@no (x0) — ©(x0)] <
<e/3+¢e/3+¢/3=¢

Ipensioxkenue 2 IIpocmparcmeo Cta,b] 6anazoso.

To ecTb Teneps OT mpeaeabHON QYHKIINE TpeOyeTcss He TOMbKO HEMPEPhIBHOCTD,
HO eIlé 1 HenpepbiBHas AuddepeHnnpyeMocTh Ha OTPE3Ke.
Ham morpebyercst 3/1eMEHTapHBINH BCIOMOTATE/IBHBIN PE3YJIbTAT - €CJIU 110~
CIIeJIOBATEILHOCTD ¢y (7) cxomures B COa, b], To mocyienoBaTebHOCTL YmCeT
b b
[, ¢n(x)dz cxomures B R u upegen pasen [ o(x)dz.
Terepn, MycTh TIOCTEIOBATEIBHOCTD 0, (1) dbynmamentamsna B Ca, b]. To-
rjia B CUJIY
llen — @mllo < llen — @mlla
len = @mllo < llon = omlh
0CIIeI0BATENBHOCTH 0, (7) 1 ), (z) bynnamentamsast 8 CO[a, b]. Buaunt, cyme-
CTBYIOT TIpejiesbable GyHKINN ¢(z) = limy, 00 @n(z) 1 ¥(z) = lim, o0 ¢}, ().
Ocraérest mokazarh, uro () nuddepeHnupyema, u e€ IPOU3BOJHAsI PABHA
¥(x). CMmorpuM, ¢ OHOH CTOPOHBI (BCIOMOTATEIbHOE YTBEPXKICHHE )

xo xo
lim o (z)de = / ¥(z)dz,
a a

n—oo



a ¢ JIpyroii, (110 Olpe/IeIeHUIO HHTErPajla U IPOU3BOIHOIN )

o
lim on(z)de = lim (¢n(20) — n(a)) = p(zo) — ¢(a)
n—o0 a n— 00
Nraxk,

o) — (o) = [ " (tyde

U 3HAYUT, U3 HenpepbiBHOCTH () ciemyer

Ja) =2 [t = ()

Beé. JokazarenberBo obimero ciydas (uHmykimeil mo k) ocraérest B KadecTBe
yIPaKHEeHNs.

Teopema 1 IIpu ecex k € N npocmparncmeo C*[a, b] 6anazoso.

2  IuddepennmajibHOE UCUUCTIeHE B 6aHAXOBOM
MMPOCTPAHCTBE

IIpomomkuM oCTpoeHNEe TEXHUKH PAbOTHI C IKCTPEMAaJbHBIMU 3aadaMu B Oa-
HaxoBOM IpocTpaHcTBe. HaMm mpecTonT ompeaennTs Ay HuX monaTue audde-
PEHIIUPYEMOCTH OTODParKeHHsI U COOTBETCTBEHHO Jud dpepeHIiuaia.

2.1 JIuneiinble oTOoOpa>keHUA

Baxno oTmMeruTh, 4TO OT/IMUME OT KOHEYHOMEDPHOIO Ciiyvas Jjis OaHAXOBBIX
npocrpancTs By u By u3 yimHeitnoctu orobpaykenuss A : By — Bo Mex 1y HUMEI
ele He CJIeJIyeT ero HeNpPePbIBHOCT.

OrnpeeiuM HOPMY JIMHEHOIO OTOOparkeHuss A CJIeyIOIuM 00pa3oM:

Ah
41 = sup L2 = sup Janl
nzo I[Pl njn=1

Teopema 2 Jlunetinoe omobpasicenue A : By — By nenpepuieno ecau u mosvko
ecau ||A]| < oo

B ommy cropowny. Ilycts || Ah|2 < || A|[||k]l1- Torna npu § = ¢/||A|| nomyuaem
| ARll2 < & mpu [[B] < 6.

B obparnyto. Ilycre A HenpepsieHo. Torma cyimecrsyer Takoe § > 0 4To mnpu
[I7]l1 < ¢ BeImONHEsIETCst ||AR|l2 < 1. Ho Torma

h
A
0

< 0

Sl

|All = sup [[Ah]2 = sup
Blh<1 Inlli=s

1
= 5 swp [|4h; <
2 [[hlli=5

Caencreue 1 FEcau aunetinoe omobpasicenue A nenpepvieno 6 mouke xo ba-
HATOBA NPOCMPAHCNE Bl MO 0HO HeNpepuieHo U 60 8CEX NPOYUL €20 MOYKAL

IToromy uro Hopma A cumraercs B HyJie U BOOOINE HU TIPO KAKHE TOYKH HUIETO
He 3HaeT



2.2 JIuddepeHiinaj, Bapuaiumn
Bcé roroBo s onpenesienus puddepeniuaia u audOepeHImpyeMOCTH.

Onpenenenue 3 Qynxyuu onpedeséruovie Ha OaHATO80M npocmparcmee B 6y-
dem Ha3vB8aMb PYHKUUOHAAGMUY (4MOObL OMAUNAMY 0N PYHKUUT KOMOPLLMU
3aMACMYIO ABAIOMCIA CAMU INEMENBL BAHATOBA NPOCTPAHCMEA,)

Onpenenenue 4 Pyuxyuonan « : B — R nasweaemes beckoHewHomasvim 6
mouke hg € B ecau limp_,p, a(h) = 0.

Onpenenenue 5 Henpepuisroe auretinoe omobpasicerue 6aHaAT08a NPOCMPAH-
cmea B 6 sewecmeentvle ucAq HA3BBAEMCA NMUHETHbIM PYHKUUOHAAOM HG B.

Onpenenenue 6 DPyuxyuonan f : B — R nasvisaemcs dugdepernyupyemvim
6 mouke hg € B ecau cyuecmsyem aunelinoit gynkyuonas Ap, maxot wmo

f(ho + 1) = f(ho) + Any (h) + [h]|e(h)

Onpenenenune 7 Jlunelnol pyrkyuonas Ap, unaue 0603HaUaAEMDITL MO AGHA-
A02UY ¢ 96KAUD0BbIM Cayaem O [, Hazveaemcsa JuPPepenyuanom uat eapua-
yueti omobpasicenus f 6 mouxe xq.

Kak u B 9BKINI0BOM KOHEYHOMEPHOM ciyuae mudepeHInan onpeaeicH
KOPPEKTHO ¥ OJHO3HAYHO. VHade u3

Ao (h) + |[lla(h) = f(ho + ) = f(ho) = Any(h) + [|h]l@(h)

noJIyd9aeM

Apg(h) = Any (h) = || (@(h) = a(h))

~(h h
(@)= ()0
n n
pu BceX h TOXKIECTBEHHO.

IIpuseném seMeHTapHBIE IpUMEpHI Bapuaimii. Kak u B 9BKJIUJI0BOM IIPO-
crpaHcTBe ecau byuknnonana f suHeeH, TO 0fp, = f maa Bcex hg. Ecin xe
f(h) = Ao st BCcex h TOXKIECTBEHHO, TO § fr,, = 0

u

h

n

~ A (BY— A, (2
A (W) =K () = tim 20l — A

n—o00 1/n n—o00

2.3 DKCcTpeMyMbI

Onpenenenue 8 Touka hg € B asasemca moukotl A0KAADHO20 MAKCUMYMGE
Pynxyuonana f ecau cywecmseyem maxoe 6 > 0 wmo f(h) < f(hg) dan ecex h
makuz wmo ||h — he| < 4.

Teopema 3 Ecau scrody duddepernyupyemoitli pyruryuornan f : B — R docmu-
20em €60€20 MAKCUMYMA UAU MUHUMYMG 8 mouke hg € B mo moezda 6p,f =0

JlokazaTeabCTBO TPUBHAJIBHO CJIEAYeT W3 IBKIMAOBOrO ciaydas. llycts hg
Touka MakcuMmyMa st f. IIpeamonoxkum, cymectByer h takas 9o d fp, (h) # 0.
Torma BerecTBeHHast DYHKITAS

o(t) = f(ho + ht) — f(ho)

Gyaer muddepenrupyemoii npu [t| < 1 u Oyzer umers makcumyM tpu ¢ = 0.
3HaYuUT, €€ MPOM3BOIHAA B TOI TOUKe 00s13aHa ObITh paBHO Hys0. Ho

¢'(0) = 8 fy () # 0



2.4 BaxkHbIil IpuMep

[ycte B = C'a,b], a F(z,y,2) rmaaxas GyHKIMs 1

b
f(o) = / (e, o(x), ¢ (2))da

TTokazxkem uro f nuddepermupyema u Haiaém auddepennuai. Nmeem

b
Fo1) =560 = [ (Flaplo) 4 o). () + (@) = F (o). /()
W3 pazmoxkenus B psf

oF oF
F(zo,yo+Ay, z0+Az) = F(x0, yo, Zo)Jr(rTy(Imyo, Zo)Aera(meyo, 20) Azt

TTonyaaem

Floth)—f(g) = /

a

b
<g?}: (x, 410(33)7 @’(x))h(ﬂf)“!‘% (3;‘7 90(.23), @l(m))h/($)> dot -
1 spaunt

b (OF OF
3fo(h) =/a <8y(x7<p(33),a0'(x))h(w) + (%(x,w(m),so’(w))h’(x)> dx
3 3amaum, KOTOpbIe HAJ0 yMETh PeNiaTh IMOCJe
9TOI JIeKIINN:

Baga4a: [loxaszams wmo 6 3adavue larures epems nadenus no xopde He 3a-
sucum om 6wbopa Topdv. U Mo 0HO boavwe 8pemeny naderus no J6y3eennot
AOMAHHOU.

Bagauga: Bunucamv aeuoill 6ud (Popmyay) GYHKUUORAAG CONOCTMABAAIOULEL20
HenpepouisHo Juddeperuupyemoti naockol Kpueot ¢ Konuamu 6 moukaxr A u B
BPEMA COCKANDIVIGAHUA MAMEPUAALHOT MOUKY 10 IMOT Kpueol nod deticmeuem
cuavt mascecmu. MorcHo noav306aMbCA COTPAHEHUEM FHEPLUL.

Bagaua: [loxasamv, wmo ecau dynxyuu a(z),b(z), c(x) aescam 6 Clla,b] mo

® PYHKUUOHAA \
£ = [ (ala)h(o) + bl (@) do
nenpepvicen na Clla, b

e onpedeaénnvidi na Clla,b] dynxyuonan

b
/ (a(z)h?(z) + b(z)h(z)h' (z) + c(z)h*(z)) dz

glh) = Tl

beckoHewHo Man 8 HYy e



