
Êâàíòîâî-ìåõàíè÷åñêèå çàìåòêè

I. Èíòåãðàë ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå

Çàäà÷à îá ýâîëþöèè íà÷àëüíîãî ñîñòîÿíèÿ

i
d

dt
|ϕ(t)⟩ = Ĥ|ϕ(t)⟩, |ϕ(t = 0)⟩ = |ϕ0⟩.

Ôîðìàëüíîå ðåøåíèå

|ϕ(t)⟩ = e−itĤ |ϕ0⟩.

Ïåðåéäåì â êîîðäèíàòíîå ïðåäñòàâëåíèå (ϕ(Q) = ⟨Q∥ϕ⟩, q̂∥Q⟩ = Q∥Q⟩), òîãäà

ϕ(t, Qf ) =

∫
dQi ⟨Qf |e−itĤ |Qi⟩ϕ0(Qi).

Ðàçîáüåì ýâîëþöèþ íà K ðàâíûõ ϵ = t/K ïðîìåæóòêà.

e−itĤ = e−iϵĤ . . . e−iϵĤ . . . e−iϵĤ︸ ︷︷ ︸
K−ðàç

.

Îïðåäåëèì "ðàçíûå ïî ïðîèñõîæäåíèþ"åäèíè÷íûå îïåðàòîðû

ÎPk
=

∫
dPk ∥Pk⟩⟨Pk∥, ÎQk

=

∫
dQk ∥Qk⟩⟨Qk∥,

çäåñü ∥Pk⟩, ∥Qk⟩ - îáîáùåííûå ñîáñòâåííûå ñîñòîÿíèÿ îïåðàòîðîâ èìïóëüñà è êîîðäè-

íàòû ñ ñîáñòâåííûìè çíà÷åíèÿìè Pk, Qk, ñîîòâåòñòâåííî.

Âñòàâèì åäèíè÷íûå îïåðàòîðû â ïðîöåññ ýâîëþöèè êàê ïîêàçàíî íà ðèñóíêå

a a a a a a a a a
K K − 1 . . . k + 1 k k − 1 . . . 1 0

e−iϵĤ e−iϵĤ e−iϵĤ e−iϵĤ e−iϵĤ e−iϵĤ

ÎPK
ÎQK−1

ÎPK−1
ÎQk

ÎPk
ÎQk−1

ÎPk−1
ÎQ1 ÎP1

Ïåðåîïðåäåëèì Qf = QK , Qi = Q0 è òîãäà ÿäðî îïåðàòîðà ýâîëþöèè â êîîðäèíàòíîì
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ïðåäñòàâëåíèè ìîæíî çàïèñàòü â âèäå

⟨Qf |e−itĤ |Qi⟩ = ⟨QK |e−itĤ |Q0⟩ =

⟨QK |ÎPK
e−iϵĤ ÎQK−1

ÎPK−1
. . . ÎQk

ÎPk
e−iϵĤ ÎQk−1

ÎPk−1
. . . ÎQ1 ÎP1e

−iϵĤ |Q0⟩ =
K∏
k=1

∫
dPk

K−1∏
k=1

∫
dQk

⟨QK |PK⟩⟨PK |e−iϵĤ |QK−1⟩ ⟨QK−1| . . . |Qk⟩ ⟨Qk|Pk⟩⟨Pk|e−iϵĤ |Qk−1⟩

⟨Qk−1| . . . |Q1⟩ ⟨Q1|P1⟩⟨P1|e−iϵĤ |Q0⟩ =
K∏
k=1

∫
dPk

K−1∏
k=1

∫
dQk

K∏
k=1

⟨Qk|Pk⟩⟨Pk|e−iϵĤ |Qk−1⟩.

Ïîïûòàåìñÿ âû÷èñëèòü ñêàëÿðíûå ïðîèçâåäåíèÿ, âõîäÿùèå â ïîëó÷åííóþ ôîðìóëó.

×òî êàñàåòñÿ ïåðâîãî, òî íåò ñîìíåíèé, ÷òî

⟨Qk|Pk⟩ =
eiPkQk

√
2π

.

Äëÿ âû÷èñëåíèÿ âòîðîãî ïðîäåëàåì ñëåäóþùóþ ïðîöåäóðó. Áóäåì ñ÷èòàòü, ÷òîK → ∞

òàê, ÷òî ïðè ôèêñèðîâàííîì t âåëè÷èíà ϵ → 0. Òîãäà ìîæíî äóìàòü, ÷òî

⟨Pk|e−iϵĤ |Qk−1⟩ = ⟨Pk|1− iϵĤ|Qk−1⟩+O(ϵ2).

Ïðåäïîëîæèì, ÷òî ãàìèëüòîíèàí Ĥ = H(p̂, q̂) ñ ïîìîùüþ êàíîíè÷åñêèõ êîììóòàöè-

îííûõ ñîîòíîøåíèé ìîæíî ïðèâåñòè ê âèäó, êîãäà îïåðàòîðû èìïóëüñà ñòîÿò ñëåâà,

à îïåðàòîðû êîîðäèíàòû ñïðàâà â âûðàæåíèÿõ, ïåðåïóòûâàþùèõ ýòè îïåðàòîðû (pq-

óïîðÿäî÷åíèå). Òîãäà

⟨Pk|Ĥ|Qk−1⟩ = ⟨Pk|H(p̂, q̂)|Qk−1⟩ = H(Pk, Qk−1)⟨Pk|Qk−1⟩

⟨Pk|e−iϵĤ |Qk−1⟩ = ⟨Pk|Qk−1⟩[1− iϵH(Pk, Qk−1)] +O(ϵ2) =
e−iPkQk−1

√
2π

e−iϵH(Pk,Qk−1) +O(ϵ2).

Òàêèì îáðàçîì ïîëó÷àåòñÿ ñëåäóþùåå âûðàæåíèå äëÿ ÿäðà îïåðàòîðà ýâîëþöèè

⟨QK |e−itĤ |Q0⟩ =
K∏
k=1

∫
dPk

2π

K−1∏
k=1

∫
dQk exp

[
i

K∑
k=1

Pk(Qk −Qk−1)−
t

K
H(Pk, Qk−1)

]
K→∞

.

Ðàçîáüåì ôàçîâîå ïðîñòðàíñòâî (Pk, Qk) íà êëåòêè è ïðîíóìåðóåì èõ èíäåêñîì αk.

Çíà÷åíèÿ èìïóëüñà è êîîðäèíàòû â êëåòêå αk îáîçíà÷èì xαk
= (Pαk

, Qαk
) è îïðåäåëèì

âåëè÷èíó

Y αk−1
αk

= exp
[
Pαk

(Qαk
−Qαk−1

)− ϵH(Pαk
, Qαk−1

)
]
.
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. . .

Òîãäà, åñëè ïðåäñòàâèòü èíòåãðàëû ïî dPk, dQk â âèäå ñóìì Ðèìàíà è ïðîâåñòè

ïåðåñóììèðîâàíèå (ñì. ðèñ), òî ìîæíî ïîëó÷èòü ñëåäóþùåå ïðåäñòàâëåíèå äëÿ ÿäðà

îïåðàòîðà ýâîëþöèè

⟨QK |e−itĤ |Q0⟩ =
∑

α0,...,αk,...,α0

∆xY
αK−1
αK

. . .∆xY
αk
αk+1

∆xY
αk−1
αk

. . .∆xY
α0
α1

=

=
∑

γ={α0,...,αK}

∆K
x exp

[
Pαk

(Qαk
−Qαk−1

)− ϵH(Pαk
, Qαk−1

)
]
,

çäåñü ∆x - áåñêîíå÷íî ìàëûé ýëåìåíòàðíûé îáúåì ôàçîâîãî ïðîñòðàíñòâà, γ - êîíêðåò-

íàÿ âûáîðêà {α0, . . . , αk, . . . , αK}, à ñóììèðîâàíèå ïî γ ïîäðàçóìåâàåò ñóììèðîâàíèå ïî

âñåì âîçìîæíûì âûáîðêàì.

Ïðåäåë òàêîé ñóììû (K → ∞,∆x → 0, åñëè îí ñóùåñòâóåò) îïðåäåëÿåò èíòåãðàë

ïî òðàåêòîðèÿì â ðàñøèðåííîì ôàçîâîì ïðîñòðàíñòâå (P,Q, t). Ïðè÷åì, êàê âèäíî èç

ïîñòðîåíèÿ, äîëæíû ðàññìàòðèâàòüñÿ òðàåêòîðèè, íà÷èíàþùèåñÿ íà ïîäïðîñòðàíñòâå

Q = Qi, t = 0 è çàêàí÷èâàþùèåñÿ íà ïîäïðîñòðàíñòâå Q = Qf , t = t. Òàêèì îáðàçîì

⟨Qf |e−itĤ |Qi⟩ =
∫
Q(t)=Qf ,Q(0)=Qi

DP (τ)DQ(τ) exp
[
i

∫ t

0

dτ [P (τ)Q̇(τ)−H(P (τ), Q(τ))]
]
.

Âûðàæåíèå, ñòîÿùåå â ïîêàçàòåëå ýêñïîíåíòû, - äåéñòâèå, çàäàííîå íà òðàåêòîðèÿõ, ïî

êîòîðûì èäåò èíòåãðèðîâàíèå.



4

II. Èíòåãðàë ïî òðàåêòîðèÿì â íåðåëÿòèâèñòñêîé êâàíòîâîé ìåõàíèêå

Ãàìèëüòîíèàí

Ĥ =
p̂2

2m
+ U(q̂).

ßäðî îïåðàòîðà ýâîëþöèè

⟨QK |e−itĤ |Q0⟩ =
K−1∏
k=1

∫
dQk

K∏
k=1

∫
dPk

2π
exp

[
i[Pk(Qk −Qk−1)− ϵ

P 2
k

2m
− ϵU(Qk−1)]

]
Èíòåãðàë ïî dPk êâàäðàòè÷íûé è ïîýòîìó áåðåòñÿ

⟨QK |e−itĤ |Q0⟩ =
[
e−iπ/4

√
m

2πϵ

]K K−1∏
k=1

∫
dQk exp

[
i

K∑
k=1

ϵ
[m
2

(Qk −Qk−1

ϵ

)2

− U(Qk−1)
]]
.

Êîíòèíóàëüíûé ïðåäåë

⟨Qf |e−itĤ |Qi⟩ =
∫
Q(t)=Qf ,Q(0)=Qi

DQ(τ) exp
[
i

∫ t

0

dτ
[m
2
Q̇2(τ)− U(Q(τ))

]]
.

Ð.Ôàéíìàí "Ñòàòèñòè÷åñêàÿ ìåõàíèêà"

ßäðî îïåðàòîðà ýâîëþöèè â ìíèìîì âðåìåíè (K = ϵβ)

⟨QK |e−βĤ |Q0⟩ = ⟨QK |e−ϵĤ . . . e−ϵĤ |Q0⟩ =

⟨QK |e−ϵĤ ÎQK−1
. . . ÎQk

e−ϵĤ ÎQk−1
. . . ÎQ1e

−ϵĤ |Q0⟩ =
K−1∏
k=1

∫
dQk

K∏
k=1

⟨Qk|e−ϵĤ |Qk−1⟩

Âû÷èñëèì ñêàëÿðíîå ïðîèçâåäåíèå äëÿ ñâîáîäíîé ÷àñòèöû Ĥ = p̂2/2m:

⟨Qk|e−ϵĤ |Qk−1⟩ =
∫

dP ⟨Qk|P ⟩⟨P |e−ϵp̂2/2m|Qk−1⟩ =∫
dP ⟨Qk|P ⟩⟨P |Qk−1⟩e−ϵP 2/2m =

∫
dP

2π
e−ϵP 2/2m+iP (Qk−Qk−1) =√

m

2πϵ
exp

[
−m

(Qk −Qk−1)
2

2ϵ

]
.

Òàê êàê ϵ → 0, òî îñíîâíîé âêëàä âíîñÿò Qk î÷åíü áëèçêèå ê Qk−1, ñì. ðèñ.1.

Ïîñëåäíåå îáñòîÿòåëüñòâî äàåò âîçìîæíîñòü äóìàòü, ÷òî ïðè âû÷èñëåíèè ýòîãî

æå ñêàëÿðíîãî ïðîèçâåäåíèÿ äëÿ ÷àñòèöû âî âíåøíåì ïîëå (Ĥ = p̂2/2m + U(q̂))

çíà÷åíèå ïîòåíöèàëüíîé ýíåðãèè ìîæíî ñ÷èòàòü ïîñòîÿííûì è ðàâíûì, íàïðèìåð,

U(Qk−1). Òàêèì îáðàçîì ïîëó÷àåòñÿ, ÷òî

⟨QK |e−βĤ |Q0⟩ =
[√ m

2πϵ

]K K−1∏
k=1

∫
dQk exp

[
−

K∑
k=1

[
m
(Qk −Qk−1)

2

2ϵ
+ ϵU(Qk−1)

]]
.
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Ðèñ. 1: Ôóíêöèÿ exp(−x2/2ϵ). Ñòðåìëåíèå ϵ ê íóëþ îçíà÷àåò ïåðåõîä îò ñèíåãî ãðàôèêà ê

ñåðîìó è êðàñíîìó.

III. Èíòåãðàë ïî òðàåêòîðèÿì â íåðåëÿòèâèñòñêîé êâàíòîâîé ìåõàíèêå.

Ïðåîáðàçîâàíèå Ôóðüå.

Ðàññìîòðèì èíòåãðàë ïî òðàåêòîðèÿì ñ Qf = Qi = 0∫
Q(t)=Q(0)=0

DQ(t) exp
[
i

∫ t

0

dτ
[m
2
Q̇2(τ)− U(Q(τ))

]]
=

[
e−iπ/4

√
m

2πϵ

]K K−1∏
k=1

∫
dQk exp

[
i

K∑
k=1

[
m
(Qk −Qk−1)

2

2ϵ
− ϵU(Qk−1)

]]
QK=Q0=0

Âûïîëíèì çàìåíó ïåðåìåííûõ, îòâå÷àþùóþ â êîíòèíóàëüíîì ïðåäåëå ïðåîáðàçîâàíèþ

Ôóðüå

Qk =
K−1∑
n=1

Ukncn =
K−1∑
n=1

sin
πnk

K
cn, k = 1, . . . , K − 1.

Îáðàòíîå ïðåîáðàçîâàíèå îïðåäåëÿåòñÿ ìàòðèöåé (U−1)nk = 2/K Unk.

Ïåðåïèøåì âûðàæåíèå, îïðåäåëÿþùåå êèíåòè÷åñêóþ ýíåðãèþ â âèäå

K∑
k=1

(Qk −Qk−1)
2 = −

K−1∑
k=1

Qk(Qk+1 − 2Qk +Qk−1).
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Äàëåå

Qk+1 − 2Qk +Qk−1 =
K−1∑
n=1

cn

[
sin

πn(k + 1)

K
− 2 sin

πnk

K
+ sin

πn(k − 1)

K

]
=

−2
K−1∑
n=1

cn sin
πnk

K

[
1− cos

πn

K

]
= −4

K−1∑
n=1

cn sin
2 πn

2K
Unk,

è êèíåòè÷åñêàÿ ýíåðãèÿ (ïðîèíòåãðèðîâàííàÿ ïî âðåìåíè) çàïèñûâàåòñÿ â âèäå

m

2ϵ
4

K−1∑
n,m=1

cncm sin2 πn

2K

K−1∑
k=1

UnkUkm =
mK

ϵ

K−1∑
n=1

c2n sin
2 πn

2K
.

Çàìåíà ïåðåìåííûõ èíòåãðèðîâàíèÿ

K−1∏
k=1

dQk = detU
K−1∏
n=1

dcn =
[√K

2

]K−1
K−1∏
n=1

dcn.

Ñäåëàåì åùå îäíó çàìåíó ïåðåìåííûõ

Cn = cn
2K

πn
sin

πn

2K
.

Êèíåòè÷åñêàÿ ýíåðãèÿ â íîâûõ ïåðåìåííûõ

m

2

t

2

∑
n=1

ω2
nC

2
n, ωn =

πn

t
.

Èíòåãðèðîâàíèå âåäåòñÿ ïî ïåðåìåííûì Cn

K−1∏
k=1

dQk =
[ π√

2K

]K−1[K−1∏
k=1

2 sin
πn

2K
]−1

K−1∏
n=1

dCnn.

Ìîæíî ïîêàçàòü (ñì. Ãðàäøòåéí, Ðûæèê, ñòð.47 (1.392)), ÷òî

K−1∏
k=1

2 sin
πn

2K
=

√
K,

ïîýòîìó ïîëó÷àåì∫
Q(t)=Q(0)=0

DQ(τ) exp
[
i

∫ t

0

dτ
[m
2
Q̇2(τ)− U(Q(τ))

]]
=

e−iπ/4

√
m

2πt

∏
n=1

dCn ωne
−iπ/4

√
tm

4π
exp

[
i
m

2

t

2

∑
n=1

ω2
nC

2
n − iW (C1, . . . , Cn, . . . )

]
.

Îïðåäåëèì W (C1, . . . , Cn, . . . ). Â äèñêðåòíîì âàðèàíòå

W (C1, . . . , Cn, . . . , CN) =
K∑
k=1

ϵU(Qk−1), Qk =
K−1∑
n=1

Cn sin
πnk

K

πn/2K

sin(πn/2K)
.
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Íåïðåðûâíûé ïðåäåë (ïðè íåêîòîðûõ ïðåäïîëîæåíèÿõ)

W (C1, . . . , Cn, . . . ) =

∫ t

0

dτU(Q(τ)), Q(τ) =
∑
n=1

Cn sin
πnτ

t
.

Ïîëó÷åííûå ñîîòíîøåíèÿ ìîæíî ïåðåïèñàòü â èíîì âèäå, åñëè çàìåòèòü, ÷òî

∏
n=1

dCn ωne
−iπ/4

√
tm

4π
exp

[
i
m

2

t

2

∑
n=1

ω2
nC

2
n)
]
= 1,

e−iπ/4

√
m

2πt
= ⟨Qf = 0|e−itĤ0 |Qi = 0⟩,

ãäå Ĥ0 = p̂2/2m - ãàìèëüòîíèàí ñâîáîäíîé ÷àñòèöû.

Òåïåðü àìïëèòóäó ïåðåõîäà (ïî îòíîøåíèþ ê ýòîé æå âåëè÷èíå äëÿ ñâîáîäíîé ÷àñòèöû)

ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì

⟨Qf = 0|e−itĤ |Qi = 0⟩
⟨Qf = 0|e−itĤ0 |Qi = 0⟩

=

∫
Q(t)=Q(0)=0

DQ(τ) exp
[
i
∫ t

0
dτ

[
m
2
Q̇2(τ)− U(Q(τ))

]
FT

]
∫
Q(t)=Q(0)=0

DQ(τ) exp
[
i
∫ t

0
dτ

[
m
2
Q̇2(τ)

]
FT

] ,

ãäå èíäåêñ FT â ëàãðàíæèàíå îçíà÷àåò âçÿòèå ôóðüå-îáðàçà îò òðàåêòîðèè, à èíòåãðè-

ðîâàíèå ïî òðàåêòîðèÿì DQ(τ) - èíòåãðèðîâàíèå ïî ñ÷åòíîìó íàáîðó êîýôôèöèåíòîâ

Ôóðüå Cn òðàåêòîðèè

DQ(τ) =
∏
n=1

dCn.

Åñëè áû ðÿä ∑
n=1

cnn sin
πnτ

t
= Q̇(τ)

ñõîäèëñÿ, òî

K−1∏
k=1

2 sin
πn

2K
⇒

K−1∏
k=1

πn

K
= πK−1 K!

KK

K→∞−−−−→ πK−1
√
2πKe−K =

√
K
√

2/π
(π
e

)K
,

è êîíòèíóàëüíûé èíòåãðàë îáðàùàëñÿ áû â íóëü:∫
Q(t)=Q(0)=0

DQ(τ) eiS[Q(τ),t]

∣∣∣∣∣
Q̇(τ)−exist

=

=
√
π/2

( e

π

)K
∫
Q(t)=Q(0)=0

DQ(τ) eiS[Q(τ),t].

So:

e < π ≡ Quantum theory
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Ïåðåõîä ê äðóãîìó ïîëíîìó íàáîðó

Ôun(τ) = λnun(τ), un(0) = un(t) = 0,

ãäå Ô - ñàìîñîïðÿæåííûé îïåðàòîð.

Ïóòü Q(τ) ïðåäñòàâëÿåòñÿ òåïåðü â âèäå

Q(τ) =
∑
n=1

ηnun(τ) =
∑
n=1

Cn sin
πnτ

t
.

Ïîñëåäíåå ðàâåíñòâî ïîçâîëÿåò ñâÿçàòü Cn ñ ηn:

Cn =
2

t

∑
m=1

∫ t

0

dτ sin
πnτ

t
um(τ) ηm =

√
2

t

∑
m=1

Unmηm,

çäåñü Unm - óíèòàðíàÿ ìàòðèöà.

Îòñþäà ïîëó÷àåì∫
Q(t)=Q(0)=0

DQ(τ) exp
[
i

∫ t

0

dτ
[m
2
Q̇2(τ)− U(Q(τ))

]]
=

e−iπ/4

√
m

2πt

∏
n=1

πn

t
e−iπ/4

√
m

2π
dηn exp

[
i

∫ t

0

dτ
[m
2
Q̇2(τ)− U(Q(τ))

]
Q(τ)=

∑
n=1

ηnun(τ)

]
.

IV. Ãåëüôàíä - ßãëîì

Îñöèëëÿòîð ñ ïåðåìåííîé ÷àñòîòîé

Ĥ =
1

2
p̂2 +

ω2(t)

2
q̂2.

Êîíòèíóàëüíûé èíòåãðàë

⟨Qf |e−itĤ |Qi⟩ =
∫
Q(t)=Qf ,Q(0)=Qi

DQ(τ) exp
[
i

∫ t

0

dτ
[1
2
Q̇2(τ)− ω2(τ)

2
Q2(τ)

]]
.

Íàéäåì ýêñòðåìàëüíóþ òðàåêòîðèþ Qcl(τ) ñ óñëîâèÿìè, ÷òî Qcl(t) = Qf , Qcl(0) = Qi:

Q̈cl(τ) + ω2(τ)Qcl(τ) = 0. (1)

Äåéñòâèå íà òàêîé òðàåêòîðèè ðàâíî

S[Qcl(τ)] =
1

2
(QfQ̇cl(t)−QiQ̇cl(0)).

Ïóñòü íàì èçâåñòíû äâà ðåøåíèÿ óðàâíåíèÿ (1) ñ íà÷àëüíûìè óñëîâèÿìè x(0) =

1, ẋ(0) = 0 è y(0) = 0, ẏ(0) = 1, òîãäà

Qcl(τ) = [Qfy(τ) +Qi(y(t)x(τ)− x(t)y(τ))]/y(t).
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Âû÷èñëåíèÿ:

Q̇cl(τ) = [Qf ẏ(τ) +Qi(y(t)ẋ(τ)− x(t)ẏ(τ))]/y(t),

Q̇cl(t) = [Qf ẏ(t) +Qi(y(t)ẋ(t)− x(t)ẏ(t))]/y(t) = [Qf ẏ(t)−Qi]/y(t),

Q̇cl(0) = [Qf −Qix(t)]/y(t).

Äåéñòâèå íà êëàññè÷åñêîé òðàåêòîðèè, âûðàæåííîå ÷åðåç x(t), y(t), ðàâíî

S[Qcl(τ)] =
1

2y(t)
[ẏ(t)Q2

f + x(t)Q2
i − 2QfQi].

Âûïîëíèì ñäâèã ïåðåìåííûõ èíòåãðèðîâàíèÿ

q(τ) = Q(τ)−Qcl(τ).

Òîãäà îñòàåòñÿ âû÷èñëèòü

J =

∫
q(t)=q(0)=0

Dq(τ) exp
[
i

∫ t

0

dτ
[1
2
q̇2(τ)− ω2(τ)

2
q2(τ)

]]
.

Âîñïîëüçóåìñÿ äèñêðåòíîé ïî âðåìåíè àïïðîêñèìàöèåé

J =
[e−iπ/4

√
2πϵ

]K K−1∏
k=1

∫
dqk exp

[
i

K∑
k=1

ϵ
[1
2

(qk − qk−1

ϵ

)2

−
ω2
k−1

2
q2k−1

]]
qK=q0=0

.

Îïðåäåëèì íîâóþ ïåðåìåííóþ

uk =
e−iπ/4

√
2ϵ

qk,

òîãäà

J =
e−iπ/4

√
2πϵ

K−1∏
k=1

∫
duk√
π

exp
[
−

K∑
i,k=1

uiDikuk

]
=

e−iπ/4

√
2πϵ∆K

,

ãäå ∆K = detDik, à ìàòðèöà Dik, i, k = 1, . . . , K − 1, ðàâíà

Dik = νiδi,k − δi,k+1 − δi+1,k, νk = 2− ϵ2ω2
k.

Íàéäåì ðåêóððåíòíûå ñîîòíîøåíèÿ íà äåòåðìèíàíò∆k ìàòðèöû ðàçìåðà (k−1)×(k−1):

∆k+1 =

∥∥∥∥∥∥∥∥∥∥∥

. . . . . . . . . . . . . . . . . . . . .

. . . −1 νk−2 −1 0

. . . . . . . −1 νk−1 −1

0 . . . . . . . . −1 νk

∥∥∥∥∥∥∥∥∥∥∥
= νk∆k +

∥∥∥∥∥∥∥∥∥
. . . . . . . . . . . . . . . .

. . . −1 νk−2 0

0 . . . −1 −1

∥∥∥∥∥∥∥∥∥ = νk∆k −∆k−1.
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Îïðåäåëèì ∆0 = 0,∆1 = 1, òîãäà ïðàâèëüíî âîñïðîèçâîäÿòñÿ ∆2 = ν1,∆3 = ν2ν1 −

1. Åñëè òåïåðü ââåñòè âåëè÷èíó yk = ϵ∆k, òî äëÿ íåå ðåêóððåíòíûå ñîîòíîøåíèÿ è

íà÷àëüíûå óñëîâèÿ ïðèìóò âèä

yk+1 − 2yk + yk−1

ϵ2
+ ω2

kyk = 0,
y1 − y0

ϵ
= 1, y0 = 0,

èëè â íåïðåðûâíîì ïðåäåëå

ÿ(τ) + ω2(τ)y(τ) = 0, y(0) = 0, ẏ(0) = 1.

Ñëåäîâàòåëüíî, ∆K = y(t)/ϵ, è çàäà÷à ðåøåíà:

⟨Qf |e−itĤ |Qi⟩ =
e−iπ/4√
2πy(t)

exp
[ i

2y(t)
[ẏ(t)Q2

f + x(t)Q2
i − 2QfQi]

]
.

Ïðîâåðêà ïðàâèëüíîñòè îòâåòà ïðÿìîé ïîäñòàíîâêîé â óðàâíåíèå Øðåäèíãåðà.[
i
∂

∂t
+

1

2

∂2

∂Q2
f

− U(Qf )
]
⟨Qf |e−itĤ |Qi⟩ = 0.

Âû÷èñëåíèÿ[
−∂Scl

∂t
− 1

2

(∂Scl

∂Qf

)2
− U(Qf )

]
⟨. . . ⟩+

[
−i

ẏ(t)

2y(t)
+

1

2

∂2Scl

∂Q2
f

]
⟨. . . ⟩ = 0.

Ïåðâûé ÷ëåí îáðàùàåòñÿ â íóëü â ñèëó êëàññè÷åñêîãî óðàâíåíèÿ Ãàìèëüòîíà-

ßêîáè, âòîðîé - ïðîñòîé ïîäñòàíîâêîé, Q.E.D.

Çàìåòèì, çàïèñàâ ⟨. . . ⟩ = f(t) exp(iScl), îòâåò ìîæíî áûëî áû ïîëó÷èòü ñðàçó.

V. Êâàçèêëàññèêà

Íåðåëÿòèâèñòñêèé ãàìèëüòîíèàí îáùåãî âèäà

Ĥ =
1

2
p̂2 + U(q̂).

Êîíòèíóàëüíûé èíòåãðàë

⟨Qf |e−itĤ |Qi⟩ =
∫
Q(t)=Qf ,Q(0)=Qi

DQ(τ) exp
[
i

∫ t

0

dτ
[1
2
Q̇2(τ)− U(Q(τ))

]]
,

áóäåì âû÷èñëÿòü ìåòîäîì ïåðåâàëà.

Ýêñòðåìàëüíàÿ (êëàññè÷åñêàÿ) òðàåêòîðèÿ Qcl(τ) ñ óñëîâèÿìè, ÷òî Qcl(t) =

Qf ,Qcl(0) = Qi îïðåäåëÿåòñÿ óðàâíåíèåì Íüþòîíà:

Q̈cl(τ) + U ′(Qcl(τ)) = 0. (2)
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Ïóñòü äåéñòâèå íà òàêîé òðàåêòîðèè ðàâíî S[Qcl(τ)]. Âûïîëíèì ñäâèã ïåðåìåííûõ èí-

òåãðèðîâàíèÿ

q(τ) = Q(τ)−Qcl(τ).

Òîãäà àìïëèòóäà ïåðåõîäà ïðåäñòàâèìà ñëåäóþùèì îáðàçîì

⟨Qf |e−itĤ |Qi⟩ = eiS[Qcl(τ)]

∫
q(t)=q(0)=0

Dq(τ) exp
[
i

∫ t

0

dτ
[1
2
q̇2(τ)− u(τ, q(τ))

]]
,

ãäå ïîòåíöèàëüíàÿ ýíåðãèÿ çàâèñèò îò Qcl(τ) è èìååò âèä

u(τ, q) = U(Qcl(τ) + q)− U(Qcl(τ))− qU ′(Qcl(τ)).

Ïðèáëèæåíèå: áóäåì ñ÷èòàòü, ÷òî S[Qcl(τ)] ≫ 1, òîãäà ìîæíî ïðåäïîëîæèòü, ÷òî îñ-

íîâíîé âêëàä â êîíòèíóàëüíûé èíòåãðàë âíîñÿò òðàåêòîðèè, áëèçêèå ê êëàññè÷åñêîé

(ïðÿìàÿ àíàëîãèÿ ñ ìåòîäîì ïåðåâàëà). Ýòî îçíà÷àåò, ÷òî

u(τ, q) =
1

2
U ′′(Qcl(τ))q

2 + . . . ,

è çàäà÷à ñâîäèòñÿ ê çàäà÷å îá îñöèëëÿòîðå ñ ïåðåìåííîé ÷àñòîòîé ω2(τ) = U ′′(Qcl(τ)).

×òîáû âû÷èñëèòü êîíòèíóàëüíûé èíòåãðàë â ýòîì ñëó÷àå, íóæíî ðåøèòü äèôôåðåí-

öèàëüíîå óðàâíåíèå

ÿ(τ) + U ′′(Qcl(τ))y(τ) = 0

ñ íà÷àëüíûìè óñëîâèÿìè y(0) = 0, ẏ(0) = 1.

Ïðîäèôôåðåíöèðóåì (2) ïî âðåìåíè

...
Qcl + U ′′(Qcl)Q̇cl = 0, U ′′(Qcl) = −

...
Qcl/Q̇cl.

Ñëåäîâàòåëüíî,

0 = ÿQ̇cl −
...
Qcly = (ÿQ̇cl + ẏQ̈cl)− (

...
Qcly + ẏQ̈cl) =

d

dτ
(ẏQ̇cl)−

d

dτ
(yQ̈cl).

Òàêèì îáðàçîì,

const = Q̇cl(0) = ẏQ̇cl − yQ̈cl = Q̇2
cl

d

dτ
(y/Q̇cl).

So:

y(t) = Q̇cl(t)Q̇cl(0)

∫ t

0

dτ/Q̇2
cl(τ).
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Ïðè äàííûõ Qf , Qi, t ðàññìàòðèâàåìàÿ ñèñòåìà (íà êëàññè÷åñêîì óðîâíå) íàõîäèò-

ñÿ â ñîñòîÿíèÿõ ñ ïîñòîÿííûì çíà÷åíèåì ýíåðãèè E = E[Qf , Qi, t] = Q̇2
cl/2+U(Qcl).

Ïîýòîìó∫ t

0
dτ/Q̇2

cl(τ) =

∫ Qf

Qi

dQ

[2(E − U(Q))]3/2
= − ∂

∂E

∫ Qf

Qi

dQ√
2(E − U(Q))

=

−∂t(E)

∂E
= −

[∂E[Qf , Qi, t]

∂t

]−1
.

Äàëåå
∂2Scl[Qf , Qi, t]

∂Qf∂Qi
= − ∂

∂Qf
Pi = − ∂

∂Qf

√
2(E − U(Qi)) =

− 1√
2(E − U(Qi))

∂E

∂Qf
= Q̇−1(0)

∂2S

∂t∂Qf
= Q̇−1(0)

∂

∂t

√
2(E − U(Qf )) =

Q̇−1(0)Q̇−1(t)
∂E[Qf , Qi, t]

∂t
= −

[
Q̇cl(t)Q̇cl(0)

∫ t

0
dτ/Q̇2

cl(τ)
]−1

.

Îòâåò:

⟨Qf |e−itĤ |Qi⟩QuasiClassic =
e−iπ/4

√
2π

√
−∂2Scl[Qf , Qi, t]

∂Qf∂Qi

exp
[
iScl[Qf , Qi, t]

]
.

VI. Èíñòàíòîí

Ðàññìîòðèì äâèæåíèå ÷àñòèöû â ïîòåíöèàëå (ñì. ðèñ.)

U(q) =
ω2

8a2
(q2 − a2)2.

Ãàìèëüòîíèàí

Ĥ =
1

2
p̂2 +

ω2

8a2
(q̂2 − a2)2.
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Åñëè âûñîòà áàðüåðà äîñòàòî÷íî âåëèêà U(0) = ω2a2/8 ≫ ω/2, òî â íóëåâîì ðàññìîòðå-

íèè äëÿ íèçêî âîçáóæäåííûõ ñîñòîÿíèé äîëæíî áûòü ñïðàâåäëèâî îñöèëëÿòîðíîå ïðè-

áëèæåíèå. Òî åñòü, åñòü äâà ñîáñòâåííûõ ñîñòîÿíèÿ ãàìèëüòîíèàíà ñ ýíåðãèåé ε = ω/2

è âîëíîâûìè ôóíêöèÿìè ϕ0(x − a), ϕ0(x + a), ãäå ϕ0(x) = (ω/π)1/4 exp[−ωx2/2]. Îäíà-

êî, òàêèå âîëíîâûå ôóíêöèè íå äîïóñòèìû äëÿ ðàññìàòðèâàåìîãî ãàìèëüòîíèàíà: îíè

äîëæíû áûòü ëèáî ÷åòíûìè, ëèáî íå÷åòíûìè ïî îòíîøåíèþ ê çàìåíå x → −x. Ýòà

ïðîáëåìà ëåãêî ðåøàåòñÿ óñòðîéñòâîì ëèíåéíûõ êîìáèíàöèé

ϕ+ =
1√
2
[ϕ0(x− a) + ϕ0(x+ a)], ϕ− =

1√
2
[ϕ0(x− a)− ϕ0(x+ a)].

Íî åñòü åùå îäíà ïðîáëåìà: â îäíîìåðíîé çàäà÷å ñâÿçàííûå ñîáñòâåííûå ñîñòîÿíèÿ íå

âûðîæäåíû. Ïîýòîìó íóæíî ïðåäïîëîæèòü, ÷òî ýòè ñîñòîÿíèÿ èìåþò ðàçíûå (íî áëèç-

êèå) ñîáñòâåííûå çíà÷åíèÿ ýíåðãèè (ïðè÷åì, î÷åâèäíî, ÷òî ñèììåòðè÷íîå ñîñòîÿíèå

îáëàäàåò ìåíüøåé ýíåðãèåé):

ε+ =
ω

2
− δε+, ε− =

ω

2
+ δε−, δε± ≪ ω.

Çàäà÷à: íàéòè ðàñùåïëåíèå óðîâíåé δε = δε+ + δε−.

Ðàññìîòðèì àìïëèòóäó ïåðåõîäà

⟨Qf |e−itĤ |Qi⟩ =
∑
n

Φ(Qf )Φ̄(Qi)e
−itEn ,

ãäå Ĥ|Φn⟩ = En|Φn⟩,Φ(Q) = ⟨Q|Φn⟩.

Ïîäñòàâèì Qf = a,Qi = −a, ñäåëàåì çàìåíó it → β è âûáåðåì β ≫ 1/ω, íî β ≪ 1/ δϵ±,

òîãäà

⟨a|e−βĤ | − a⟩ β≫1/ω−−−−→ ϕ+(a)ϕ+(−a)e−βε+ + ϕ−(a)ϕ−(−a)e−βε− =

1

2
ϕ2
0(0)e

−βω/2(eβ δε+ − e−β δε−)
β≪1/δε±−−−−−→ 1

2

√
ω

π
β δε e−βω/2,

ó÷òåíî, ÷òî ϕ0(2a) = ϕ0(−2a) → 0 ïðè ωa2 ≫ 1.

Òàêèì îáðàçîì, äëÿ òîãî, ÷òîáû íàéòè ðàñùåïëåíèå óðîâíåé, âû÷èñëèì êîíòèíóàëüíûé

èíòåãðàë

⟨a|e−βĤ | − a⟩ =
∫
Q(β/2)=−Q(−β/2)=a

DQ(τ) exp
[
−
∫ β/2

−β/2

dτ
[1
2
Q̇2(τ) + U(Q(τ))

]]
.

Èñïîëüçîâàíî, ÷òî àìïëèòóäà ïåðåõîäà èíâàðèàíòíà îòíîñèòåëüíî ñäâèãà τi → τi +

τ0, τf → τf + τ0.
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Òàê êàê íàì ïîòðåáóþòñÿ äîñòàòî÷íî áîëüøèå β ≫ 1/ω, â íóëåâîì ïðèáëèæåíèè ðàñ-

ñìîòðèì ñèòóàöèþ β → ∞. Ìèíèìàëüíîå äåéñòâèå â ýòîì ñëó÷àå

SE =

∫ ∞

−∞
dτ

[1
2
Q̇2

cl(τ) +
ω2

8a2
(Q2

cl(τ)− a2)2
]

(3)

äîëæíî áûòü êîíå÷íûì, ïîýòîìó

Q̇cl(±∞) = 0, Q2
cl(±∞) = a2. (4)

Íà ýêñòðåìàëüíîé òðàåêòîðèè ñîõðàíÿåòñÿ ýíåðãèÿ (åâêëèäîâà)

E =
1

2
Q̇2

cl(τ)−
ω2

8a2
(Q2

cl(τ)− a2)2,

ïðè÷åì èç óñëîâèÿ (4) ñëåäóåò, ÷òî E = 0. Îòñþäà íàõîäèì ýêñòðåìàëüíóþ òðàåêòîðèþ∫ Qcl dQ

2a

1

a2 −Q2
= ln

a+Qcl

a−Qcl

= ω(τ − τ0),

Qcl(τ) = a th[ω(τ − τ0)/2],

ó÷òåíî, ÷òî −a 6 Qcl(τ) 6 a.

Åâêëèäîâî äåéñòâèå íà ìèíèìàëüíîé òðàåêòîðèè

SE =

∫ ∞

−∞
dτ Q̇2

cl(τ) =

∫ a

−a

dQ
√
2U(Q) =

ω

2a

∫ a

−a

dQ (a2 −Q2) =
2

3
ωa2.

Âûïîëíèì ðàçëîæåíèå âáëèçè êëàññè÷åñêîé òðàåêòîðèè ñ τ0 = 0

SE[Qcl(τ) + q(τ)] = SE +

∫
dτ

[1
2
q̇2(τ) +

1

2
U ′′(Qcl)(τ)q

2(τ)+

1

3!
U ′′′(Qcl)(τ)q

3(τ) +
1

4!
U ′′′′(Qcl)(τ)q

4(τ)
]
=

SE +

∫
dτ

[1
2
q̇2(τ) +

ω2

2

[
1− 3

2ch2(ωτ/2)

]
q2(τ) + . . .

]
.
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Ïóòü q(τ) ìîæíî ïðåäñòàâèòü íàáîðîì ηn - êîýôôèöèåíòîâ ðàçëîæåíèÿ q(τ) ïî

ñîáñòâåííûì ôóíêöèÿì ñàìîñîïðÿæåííîãî îïåðàòîðà, êîòîðûå îïðåäåëÿþòñÿ ðå-

øåíèÿìè çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ[
− d2

dτ2
+ ω2

[
1− 3

2ch2(ωτ/2)

]]
un(τ) = 2λnun(τ), un(−β/2) = un(β/2) = 0.

Ñôîðìóëèðîâàííàÿ çàäà÷à íà ñîáñòâåííûå ñîñòîÿíèÿ ýêâèâàëåíòíà íàõîæäå-

íèþ ñîáñòâåííûõ çíà÷åíèé ýíåðãèè λn ÷àñòèöû â ïîòåíöèàëå V (q) = ω2[1 −

3/(2ch2(ωq/2))]/2 ñ åäèíè÷íîé ìàññîé.

Â òàêîé çàäà÷å åñòü äâà ñâÿçàííûõ ñîñòîÿíèÿ ñ λ1 = 0 è λ2 = 3ω2/4 è íåïðåðûâíûé

(ïî k) êîíòèíóóì óðîâíåé ñ λk = ω2 + k2. Íóëåâàÿ ìîäà íàïðÿìóþ ñâÿçàíà ñ ñó-

ùåñòâîâàíèåì íå îäíîãî, à öåëîãî îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà êëàññè÷åñêèõ

ðåøåíèé, ìèíèìèçèðóþùèõ äåéñòâèå, ÷òî â ñâîþ î÷åðåäü îòðàæàåò èíâàðèàíò-

íîñòü äåéñòâèÿ (3) ïî îòíîøåíèþ ê çàìåíå τ → τ + τ0. Ìîæíî ñîîáðàçèòü, ÷òî

u0(τ) =
1√
SE

Q̇cl(τ).


