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ÂØÝ, ôàêóëüòåò ìàòåìàòèêè

ïåðâûé êóðñ, ÷åòâ¼ðòûé ìîäóëü

1. Ïóñòü ïîñëåäîâàòåëüíîñòü an îïðåäåëåíà óñëîâèÿìè

a0 = a1 = 1, a2 = 2, an+1 = (n+ 1)an −
(
n

2

)
an−2 ïðè n > 1.

Äîêàæèòå, ÷òî ýêñïîíåíöèàëüíàÿ ïðîèçâîäÿùàÿ ôóíêöèÿ A(s) äëÿ ýòîé ïîñëåäîâàòåëüíî-

ñòè óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

(1− s)A′(s) = (1− s2

2
)A(s).

è èìååò âèä A(s) = (1− s)−1/2es/2+s2/4.

2. Ðàññìîòðèì ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ

h(s) = 1 +

(
1

2

)2

s+

(
1 · 3
2 · 4

)2

s2 +

(
1 · 3 · 5
2 · 4 · 6

)2

s3 + . . .

Äîêàæèòå, ÷òî

s(1− s)h′′(s) + (1− 2s)h′(s)− 1

4
h(s) = 0.

3. Äîêàæèòå, ÷òî ñòåïåííîé ðÿä
∑

n≥0
(
2n
n

)
sn

n! óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíå-

íèþ

sy′′ + (1− 4s)y′ − 2y = 0.

4. Äîêàæèòå, ÷òî ïðîèçâîäÿùàÿ ôóíêöèÿ y(s) =
∑∞

k=0 k!s
k óäîâëåòâîðÿåò äèôôåðåíöèàëü-

íîìó óðàâíåíèþ

s2y′′ + (3s− 1)y′ + y = 0.

5. Äîêàæèòå, ÷òî ôóíêöèÿ y(s) = arcsin s
(1−s2)1/2 óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

(1− s2)y′ − sy = 1

è íàéäèòå ïîñëåäîâàòåëüíîñòü åå êîýôôèöèåíòîâ.

6. Âûïèøèòå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, êîòîðîìó óäîâëåòâîðÿåò ôóíê-

öèÿ es
2 ∫

e−s
2
è íàéäèòå ïîñëåäîâàòåëüíîñòü åå êîýôôèöèåíòîâ.
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