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4�1 Ïîñòðîéòå ôóíêöèþ Ãðèíà îïåðàòîðà L = − d2

dx2
+ 1 ñ ãðàíè÷íûìè óñëîâèÿìè

u′(0) = u′(l) = 0.

4�2 Ðåøèòå çàäà÷ó Êîøè:
à) ut = uxx + 3t2, u|t=0 = sinx;
á) ut = uxx + uyy + et, u|t=0 = cosx · sin y.

4�3 Ïðè êàêèõ óñëîâèÿõ íà ôóíêöèþ ϕ ∈ C∞0 ((0, 1)) ëþáîå ðåøåíèå u(x, t) â ïîëóïîëîñå Q∞(0,1)
çàäà÷è
à) ut = uxx, u|x=0 = ux|x=1 = 0, u|t=0 = ϕ(x);
á) ut = uxx, ux|x=0 = ux|x=1 = 0, t|t=0 = ϕ(x)
îáëàäàåò ñâîéñòâîì u(x, t)→ 0 ïðè t→ +∞?

4�4 Ïóñòü u(x, t) � ðåøåíèå çàäà÷è

ut = uxx − αu+ g(x), α ∈ R, α > 0,

u(x, 0) = ϕ(x), u(0, t) = u(l, t) = 0.

Äîêàæèòå íåðàâåíñòâà:
à) maxx∈[0,l] |u(x, t)| 6 maxx∈[0,l] |ϕ(x)| · e−αt â ñëó÷àå, åñëè g(x) ≡ 0;
á) maxx∈[0,l] |u(x, t)| 6 maxx∈[0,l] |ϕ(x)| · e−αt + 1

α
maxx∈[0,l] |g(x)|.

4�5 Ïóñòü ut = uxx, u(x, 0) = ϕ(x), u(0, t) = u(l, t) = 0. Äîêàæèòå, ÷òî
maxx∈[0,l] |u(x, t)| → 0, t→∞.

4�6 Ïðè êàêèõ t > 0 ñóùåñòâóåò èíòåãðàë Ïóàññîíà, äàþùèé ðåøåíèå çàäà÷è Êîøè

ut = uxx, u|t=0 = ϕ(x),

åñëè òðåáîâàíèå îãðàíè÷åííîñòè ϕ(x) çàìåíÿåòñÿ ïðåäïîëîæåíèåì

|ϕ(x)| 6MeKx
2

, M > 0, K > 0?

4�7 (Èíòåãðàë Äþàìåëÿ) Ïóñòü ôóíêöèÿ u(x, t, t0) ïðèíàäëåæèò êëàññó C
2 ïðè x ∈ Rn,

t > t0 > 0. Äîêàæèòå, ÷òî ôóíêöèÿ u(x, t, t0) ïðè êàæäîì t0 > 0 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
Êîøè

ut = a2∆u, u|t=0 = f(x, t0)

òîãäà è òîëüêî òîãäà, êîãäà ôóíêöèÿ

v(x, t, t0) =

∫ t

t0

u(x, t, τ)dτ

ïðè êàæäîì t0 > 0 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

vt = a2∆u+ f(x, t), u|t=0 = 0.


