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Ðåøåíèå çàäà÷è Êîøè utt = a2∆u, u|t=0 = ϕ(x), ut|t=0 = ψ(x), ãäå ∆ � n-ìåðíûé îïåðàòîð
Ëàïëàñà, âûðàæàåòñÿ ôîðìóëàìè:

u(x, t) =
1

2πa

∫
|ξ−x|<at

ψ(ξ)dξ√
(at)2 − |ξ − x|2

+
∂

∂t

[
1

2πa

∫
|ξ−x|<at

ψ(ξ)dξ√
(at)2 − |ξ − x|2

]
( ô-ëà Ïóàññîíà),

ïðè n = 2;

u(x, t) =
1

4πa2t

∫
|ξ−x|=at

ψ(ξ)dSξ +
∂

∂t

[
1

4πa2t

∫
|ξ−x|=at

ϕξdSxidSξ

]
( ô-ëà Êèðõãîôà);

ïðè n = 3.

5�1 Äîêàæèòå, ÷òî åñëè f(x), u0(x), u1(x) � ãàðìîíè÷åñêèå ôóíêöèè â Rn, à g(t) ∈ C1(t > 0),
òî ðåøåíèå çàäà÷è Êîøè

utt = a2∆u+ g(t)f(x), u(x, 0) = u0(x), ut(x, 0) = u1(x)

âûðàæàåòñÿ ôîðìóëîé u(x, t) = u0(x) + tu1(x) + f(x)
∫ t
0
(t− τ)g(τ)dτ .

5�2 Íàéäèòå ðåøåíèå u(x, t), x = (x1, x2, x3), â R3 × R+ çàäà÷è:

utt = ∆u, u(x, 0) = 0, ut(x, 0) = ‖x‖7.

5�3 Íàéäèòå ðåøåíèå u(x, t), x = (x1, x2, x3), â R3 × R+ çàäà÷è:

utt = ∆u, u(x, 0) = 0, ut(x, 0) =
1

1 + (x1 + x2 + x3)2
.

5�4 Ïóñòü u(x, y, t) � ðåøåíèå ïðè t > 0 çàäà÷è Êîøè:

utt = uxx + uyy, u(x, y, 0) = 0, ut(x, y, 0) = ψ(x, y) ∈ C2(R2),

ãäå ψ(x, y) = 0 ïðè (x, y) ∈ [0, 1]× [0, 2], ψ(x, y) > 0 ïðè îñòàëüíûõ (x, y).
à) Îïèøèòå ñ ïîìîùüþ íåðàâåíñòâ ìíîæåñòâî âñåõ çíà÷åíèé (x, y, t) ∈ R2 × R+, äëÿ
êîòîðûõ u(x, y, t) = 0.
á) Íàðèñóéòå ýòî ìíîæåñòâî.

5�5 Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè ïðè x = (x1, x2, x3) ∈ R3, t > 0:

utt = ∆u, u(x, 0) = 0, ut(x, 0) = ψ(x),

ãäå ψ(x) = 0 ïðè 0.9 6 ‖x‖ 6 1, ψ(x) > 0 äëÿ îñòàëüíûõ x.
Ïðè êàêèõ (x, t) ôóíêöèÿ u(x, t) ðàâíà íóëþ?


