JIekims 10

§1. IlepBas kpaeBas 3aJa4a JIJisd YpaBHEHUs TEILJIOIIPOBOHOCTH. Me-
Tos, Pypbe. IlocTpoeHune Kiaccuieckoro penieHus

[Iycrb u(z,t) — Temmeparypa B Touke x € ) B MoMeHT Bpemenu t > 0. 3mech () — obracThb B
R™ n=1,2, 3. YpaBHeHNE TEILJIOIPOBOIHOCTH UMEET BU/T,

ou .
5 = div (k(@)Vu) + f(z,1),

riae k(x) > 0 — koaddurmeHT TemieparyponpoBogHocTh, f(x,t) — MIOTHOCTH UCTOYHUKOB
reria. Kak MbI 3HaeM, Takoii »kKe BIJ UMeeT ypaBHEHUE, OIUChIBAoIIee mmporece audy3un.

Ecnun kosdpdurment k = const He 3aBUCUT OT T, TO YpaBHEHUE YIIPOIIAETCS, U COOTBET-
CTBYIOITas CMEMIaHHas KpaeBasl 3ajiada MMeeT BUL;:

0
(9—7: = kAu+ f(x,t), uli=o=¢(x), uloo = pu(z).

Byziem paccMaTpuBaTh OJHOMEPHBIH ciiydait, oboznauus k = a? :

ou  ,0%u
E_a $+f(xvt)7 {L‘E[07l]7 t€[07T] (1)

Haunem usydenne ¢ mepBoii KpaeBoil 3a1a4u, IPU KOTOPOIT 3aJIAI0TCA HAUAADHBIE YCAOGUS
u(z,0) = ¢(x), =z €]0,l], (2)
U 2PAHUNHBLE YCAOGUSA
w(0,t) = pu(t), u(l,t)=v(t), 0<t<T. (3)

Permmum cuavaia ognoposHoe ypasuenue npu f = (0, T.e., KOTJia HET UCTOYHUKOB TEILIA.
Bynem npejrnonarats, aro 4 = v = 0, T.e., Ha KOHIIAX OTPE3Ka IOJIJIEP:KUBACTCA HYJIeBas
TeMIlepaTypa.

§2. Meroa ®ypbe

Pemenme 3aaan (1) — (3) umiercst B IPSMOYTOJILHIKE
Q={(z,t) | 0<ax <, 0<t<T}.
O603HaYNM IaCTh €r0 TPAHUIILI depe3
F'={0<z<lt=0}U{r=0,0<t<T}U{x=1 0<t<T}.

Pemenme 3amaun (1) — (3) cTponTcst METOIOM pas3/ieIeHns IEPEMEHHBIX, aHATIOTHIHO PeIle-
HIIO ypaBHEHHsI KOTEOAHHI CTPYHBL.



1. Ilepssrit mar. Umewm gacrasle permenns suga U(z,t) = Y (x)Z(t). lloacrasasem 510 B
ypaBHEHHE U MOJTyIaeM

Y(z)-Z'(t) = a®Y"(x) - Z(2).
Tenum na Y (z)Z(t) n morydaem

z() YW,
2Z() Y@

2. Bropoii mar cosnajiaer co BTOpPbIM ImaroM metoya Pypbe it ypaBHeHUs: KojiedaHuii
ctpynbl. PaccmarpuBaerca 3aaqa [Itypma-/InyBusis

Y'(x) = AY(2), Y(0)=Y() =0, (4)
KOTOpasd uMeeT pelieHue

k
A= —p2, ,uk:TW, Yi(x) =sinpxe, k=1,2,...

Hamuin Bce cobeTBeHHbIe 3HAUECHNs U cOOCTBEHHBIE (DyHKIME 3a1a4u (4).

3. Caeayromuii miar coCTOUT B pellieHnn ypaBaenus Jyjisi Z (1), KOTOpoe MMeeT TepBblii a
He BTOPOI MOpAJI0K. i KazKJIoro [, 9TO ypaBHEHUE UMeeT BHU]

Z'(t) + a*up Z(t) = 0,

a ero ofIIee perreHne
2
Z(t) == C'kefa 'ukt.

Hamum Bee pemenust ypasrernus (1) Buga Y (x)Z(t), KOTOpBIE YAOBIECTBOPSIOT TPAHUTHOMY
ycsioBuio (3):
wp(z,t) = Cre™ M sin 2.

4. Ha stom miare wuiercs pererne Beeit 3agaan (1) — (3) B Bue cieyomero psija:

u(z,t) = Z Cre™ %M sin i, x. (5)
k=1

U3 naganbHOro yeiaoBus (2) mosrydaem
p(r) =Y Cpsinpya,
k=1

rie Cy, — kosddurmentsr Pypbe DyHKIMN ¢(2) TpU Pa3I0KEHIN ee TI0 COOCTBEHHBIM (hYyHK-
mmsiM {sin p,z} 3amaan (4):

I
Cr = %/0 ©(s)sin s ds. (6)

5. Ha 3akI0YATEIbHOM IIIare Jejaercsd 0OOCHOBAHWE CXOAUMOCTH psja (5), a Takike
PSIJIOB, KOTOPBIE TOJIyYIAIOTCs €ro MOYJIeHHBIM JuddepeHITupoBaHueM OJUH pa3 1Mo t U JIBa



pasa 1o x. /g 9T0ro, aHaJIOrUYHO yPaBHEHWIO CTPYHBI, OyeM HpeoiaraTb, 1o ¢(r) €
C3([0,1]) — rnagkas dbunurnas bynkuua na orpeske [0,1]. Torma, Kak Mbl 3HaEM,

C=0(%).

DTa OLEHKA JIErKO BBIBOAUTCA U3 (6) MHTErpUPOBAHUEM 110 9acTsAM. Psjibl, KOTOpbIE MOy da-
forcst u3 (5) dopmanbubiM T depeHIMpoBaHIeM, NMEOT BT

mot:

oo
—a2u2t .
— E Cra*pie” " Ml sin u, ;
k=1
o z (1 pas):

o

_ 2.2
E Crpupe™ """ cos py,;
k=1

o x (2 pa3s):

o0
—a2ut -
— E Crpze” Mt sin p, .
k=1
[Mockoabky py, = kT’r, TO MasKOPaHTaMU JIJIS BCEX ITUX PAJIOB, BKIOYas psi (5), ciayzkar

YUCJIOBBIC PAIBI

D ICk <00, D kGl <00, > K[Ch| < o
k=1 k=1 k=1

CiriesioaTebio, Bee (DyHKIHOHAIBHBIC PAJIBI PABHOMEPHO cxoatrcs B Q, pas (5) MOKHO
Hou/IeHHO i depeHnnpoBaTh, 1, 3HATUT, ITOCTpoeHHast DyHKIWNA u(x,t) ABJILeTC PEIIeHn-
em 3agaqn (1) — (3).

Jokazamna cie/yionias TeopeMa O CyIIeCTBOBAHUH KJIACCHIECKOTO PEIIeHNUs.

Teopema 1 [Tycmw dynryua p(x) € CF([0,1]). Toeda npu mobom T > 0 pad (5) pasromepno

cxodumes npu 0 < x <[, 0 <t < T, ezo cymma u(x,t), a maxosice npouscodnvie %, %
nenpepoisho, 6 Q. Pynxuyua u(x,t) ydosaemesopaem ypasnenuto (1), navarvrhomy ycao6uio

(2) u epanurinomy ycaosuto (3).

OrmernM, 4To Ha QYHKIWMO () OBLIN HAJOXKEHBI OY€Hb CHJIbHBIE orpaHmdenns. Mx
MOKHO OYJIET CYIIECTBEHHO OCJIAOUT, O YeM MbI ITOTOBOPUM Ha JIPYTOM JICKITHH.

§3. ®dynkusa I'puHa 018 ypaBHEHUs] TEMJIOTPOBOIHOCTHI

[Teperumem dopmyity st perernst (5), TMOJCTABUB B Hee BhIPaKeHUs it KObDDUIMEHTOB

Ck nu3 (6)

u(z,t) = Z 7/0 p(s) sin s - sin pyx - e~ ds.
k=1



[Iycts t > 8 > 0, rae § — dpukcupoBannoe duc/o. Toraa crpaBa MOXKHO ITOMEHSITh MECTaMU
CYMMUPOBaHUE U WHTETPUPOBAHUE:

1 oo
2
u(z,t) = / (7 E SiN f1,,S + Sin p, T - e‘“Q"it> o(s)ds.
0 k=1

OTrmeTnM, 9TO B 9TOI 9acTH MPSMOYTOJbHUKA () BBIIIOJIHEHBI HEPABEHCTBA

22 2.2 M
eauktgeaukﬁg n

, VneN. (7)
n
CrieioBaTeIbHO, B HEll MOJIydaeM PABHOMEPHO CXOJAIIHICS DA

o0
2 . . —a?u2t
7 g SIN 4}, S - SIN g, - e~ * ko,
k=1

Cymma sroro psiia HasbiBaerTcs dyukiumeii ['puna G(z, s,t) nepBoit Kpaepoii 3a/1a4n ypaBHe-
HUs TEILIONPOBOIHOCTH:

2

2 [e.e]
G(zx,s,t) = 7 Z Sin i, - sin pux - e~ HRE (8)

k=1
CdopmymupyeMm cBoiicTBa 3TO# (DyHKIIAN:
a) Qyukius G(x,s,t) cuMMeTpUYHA [0 IEPEMEHHBIM & U S;

b) dyukmua G(z, s,t) 6eckoneuno auddepentupyema 1o x,s u t ipu 0 < x < I, 0 < s <
[, 0 <t<T. (9o creayer u3 orenkun (7).)

¢) upu kaxjaoM § pyuknusa G(x, s,t) yI0BIETBOPSIET N0 TIEPEMEHHBIM (X, 1) YPABHEHUIO Tell-
JIOITPOBOJTHOCTH W TPAHUIHOMY YCJIOBHIO:

oG , 0*G
W(w,s,t) =a W(m,s,t), G(0,s,t) = G(l,s,t) =0.

U3 Teopemsr 1 3akiouaeM, aro perrenne 3ajaaqn (1) — (3) mpu ¢ > 0 sBisiercst 6eCKOHETHO
muddepentupyemoit pyHKIMed 110 1 ¢, TpUYEeM ero MOYKHO 3alluCaTh B BUJIE

!
u(z,t) :/ G(z,s,t)p(s)ds, t>0,
0

amput =10
u(@,0) = p(z), @€ 0,1



§4. IlpuHIum MakcuMyMa U TeopeMa € INHCTBEHHOCTH

O6o3HAYINM OITepaTop
ou  ,0%u
— a°——
ot Ox?’
neficryromuit na Gynkmmax u(z,t), v € Q = {0 <z <I,0 <t <T}. Hanommnwm, uto () =

Q\T, Q=QUT.
Jdemma 1 Ecau u(z,t) € C*HQ) N C(Q), npunem
ulp >0, Lu>0,V (z,1) € Q,

mozda

u(z,t) >0, V(z,t) € Q.

(Ecomm temmeparypa Obliia HeoTpHUIaTe/]bHA B HAYAIBHBII MOMEHT BDEMEHH U HA TDAHUIIE
00JIACTH U €CTh NOAOHCUMEALHBIE UCTOTHUKHI TEILJIa, TO TeMIepaTypa Oy1eT Bce BpeMsl HeOT-
puIaTeIbHOl Be3jie B 00J1aCTH. )

JlokazaresbcTBo. [IpemonoKum IpoTHBHOE, T.e., CyIecTByeT Touka (z,t) € ), B KOTOpOit
u(z,t) < 0. Torma MuauMyM 310l DyHKIMHN HA Q TakyKe orpurareser. [lycrs (zg,t) Touka
MUHOMYMa, T.€e., u(zg,tg) < 0. Torma mo ycmoBuio Touka (g, to) we jexur Ha [, Te., (x,t) €
Q). Ho Torna zy — BuyTpennss touka uarepsasa (0,1). CiaegoBaTesbHO, IO HEOOXOIMOMY
YCJIOBUIO MUHUMYMA, %(mo, to) > 0. Kpome Toro, oueBuiHO, 4TO %(mo, to) < 0. Torma

ou ,0*u
LU(JIO,to) = E(xo,to) —a @(Jfg,to) S O,
9TO IPOTUBOPEYUT HPE/IIONOMKEHIAM JJeMMbl 1. W
Jlemma 2 Ecau u(z,t) € CHQ) N C(Q), npuuem
ulp >0, Lu>0,V (z,t) €Q,

mozada

u(z,t) >0, Y(z,t) € Q.
HokazareabcTBo. Paccmorpum yHKIINIO

v(z,t) =u(x,t) +e-t,
rie € > 0. B cuity npenosiozKenust JJeMMBbI,

vlp >0, Lv=Lu+e>0,V(z,t)€qQ.
Torma mo jgemme 1, pu jr060M € > 0
u(z,t) +e-t=v(x,t) >0, V(x,t) € Q.

[lepexojis K mpejiesy B 9TOM HepaBeHCTBe 1pu € — 0+, mojrydaeM, 9To

u(z,t) >0, VY(z,t) € Q.



Jlemma 3 ITycmo u(z,t) € C3HQ) N C(Q), npunem
m<ulr <M, Lu=0, V(z,t) € Q.

Toz0a B
m < u(x,t) < M, V(z,t) € Q.

HokazarenabcTBo. Pacemorpum pasuocts ug (z,t) = u(z,t) — m. Io yciaouto jgemmsbl,
u|r >0, Luy =0, V(z,t) € Q.

Torma mmo gemMme 2

ui(z,t) >0, V(z,t) € Q,

T.€.,

u(x,t) >m, V(x,t) € Q.

AHAJIOrMYHO JI0Ka3bIBaeTCs OleHKa Uy (r,t) = M — u(z,t) > 0 npu Beex (z,1) € Q. =
Caencrsue 1 (Ilpunmun makcumyma) Hycmo u(z,t) € C*(Q) N C(Q), npuuem

ou 0%

E:a @, \V/(l‘,t) EQ.

Toz0a maxcumym v munumym dynxuuu U(x,t) 6 Q docmuzaemes na epanuue T

Caencrsue 2 Iycmov u(x,t) € C*(Q) N C(Q), npuuem

ou 0%

E:CL @, \V/(I,t) GQ.

Toz0a

max_|u(x,t)| < max |u(x,t
max fule, )] < mas fu(r, 1)

W3 nocyiegaero HepaBeHCTBa BHITEKAET TeOpeMa O €JIMHCTBEHHOCTH U HEIIPEPBLIBHON 3aBU-
CUMOCTHU PeICHUd YPaBHEHUS TEeIJIOIPOBOAHOCTUA OT HA4YaJIbHBIX M I'DAHUYHBIX YCJIOBUH, a
TaKzKe OT IIpaBoil 4acTu.

Teopema 2 Pewenue sadawu (1) — (3) nenpepvisno 3asucum om HAYAANOHOT OGHHOLT, OM
KPAeGulT Ycaoeutll u 0m npacoti wacmu YpasHeHUA.

HoxkazaTenbcTio. [lycrs ui(r,t) € C2(Q)NC(Q), i =

8UZ‘ . 8 U;
5%~ o2 5 + filz,t), (z,t) €Q,

w(2,0) = p(x), w00, ilz)eC(o,l),
w(0,6) = (D), w(Lt) =n(t), 0SE<T, pa)wilx) € C0,1).




Kpowme toro, myctn

max |, () — py(2)] <,

z€[0,]]

max |u(v) — pa(2)] <6, max [vi(x) — va(2)| <,
z€[0,]] z€[0,]]

max_ ‘f1<l’,t) - f2($,t>| S €.

(z,t)eQ

Pacemorpum dbyuknuio u(z,t) = uy(z,t) — ug(z,t). Torma oueBumno, uro

|Lu| <e, V(z,t) € Q, max |u(x,t)] <e.
(z,t)el

O6o3naunM
ve(x,t) =e(t+1) £ u(z,t).
Torma
Lvy(z,t) =e+ Lu>0, ¥(x,t) € Q, vi|r>o.
B cuny sremmbr 2

vi(,t) > 0,V(x,t) € Q.

CaenoBaTesbHO,

max_ |u(z,t)| <e(T +1),
(z.t)eQ

9TO JIA€T HEPABEHCTBO
lug (2, 1) — uy(z,t)] < e(T+1), V(z,t) € Q

IIp1 YyCJIOBUU MaJIOI'O pa3Jin4dngd HadaJIbHbIX, 'PaAaHUYHbLIX JaHHBIX W IIPpaBbIX qacTeli. W



JIlekmuga 11

§1. CaoiictBa dysKnuu I'puHa ypaBHeHUS TeIJIOMPOBOIHOCTH

[IpomomkaeM M3ydeHne CMeNTaHHON KpaeBO# 3aJiavu Jjisd OJIHOPOJIHOTO YPaBHEHHS TEILIO-
[IPOBOJITHOCTH

%:cﬁ%, r €01, telo,T), (1)
u‘t:O = QD(QZ), (2)
w(0,8) = u(l, 1) = 0. (3)

Ha mporioit jekmun Mbl ioctpomin pyHKIuio ['puna jijis 9Toit 3a/1a9u

o

2 k
Gla,s,t) = 1 Zsin J - Sin s - e P ey = Tﬂ
k=1

Mper BeisicHmin, aro dbyskims G € C°(t > 0) 1 OHa yI0BJIETBOPSET yPABHEHIIO

oG , 0*G
W(x,s,t) =a W(m,s,t), G(0,s,t) = G(l,s,t) = 0.

Kpowme toro, ecm ¢(z) € C§([0,1]), To pemenue (1) — (3), KOTOpoe MBI HOCTPOUIIH TIO METOLY
Dyphbe, NPEJICTABIAETCS B MHTErPAILHOM hopMyJIoit

!
u(z,t) :/0 G(z,s,t)p(s)ds, t>0, (4)

npriaeM u(z,0) = p(x).
[Ipomomkum nzydenue cBoiictB pyuknun ['puna.

YrBepxkaenue 1 Qynxyua ['puna G ne ompuyamensvHa.

HoxkazareabcrBo. Hamomunm, aro G € C*(t > 0), npuuem G(x,s,t) = 0 mpu = = 0,1
u upu s = 0,1. Janee paccyxkmaem or nporusaoro. Ilycrts G(zo, So,to) < 0 [T HEKOTOPBIX
g, So, to, IpUIEM Zo, So € (0,1) u typ > 0. Torma B cuty HenpepsiBHOCTH byHKIMN G HafimeTcs
Takoe qucyio § > 0, aro G(xg, So, to) < 0 mpu |s — so| < 0.

Pacemorpum  Benomoratenbiyio dynkmmio ¢ € Cg([0,1]), Takyio, uro ¢(s) = 0 npm
|s — so| > 0, u, kpome Toro, ¢(sg) > 0 u ¢(s) > 0 npu Beex s € [0,!]. Takyo yHKIHIO
Jerko noctpouthb. Ilyers u(z,t) — pemenue 3amatm (1) — (3) ¢ sroit HavambHON hyHKIHEIT
©(x), KOTOPYI0 MOYKHO TIOCTPOUTD 110 MeToy Pypre. Torma, B cuity nmpuHIMIA MAKCHMYMA,
dbyukus u(x,t) vHe orpunarensra. Onuako, u3 dbopmynsl I'puna (4) mosydaem, 9To

l s0+0
u(zo, to) = / G(zo, s,to)p(s)ds = / G(z,s,t)p(s)ds < 0.
0 s

0—0

[Mosyunmm nporuBopeune. 3uaqut, G(z, s,t) > 0 npu Beex z,s € [0,1], t > 0. =



YrBepxkaenune 2 Humezpan om dynrkyuu I'puna ne npesocrodum 1 :
l
/ G(z,s,t)ds <1, Vazel0,], t>0.
0

HokaszarenbcTBo. [TocTponm 10C/Ie10BaTE/ILHOCTD TIaAKUX (DUHUTHBIX (DyHKIMIT
0<g,(z)<1, z€]0,l,
KOTOpbIe PaBHbI 1 BCIOJLy, KPOMe MaJIbIX OKpecTHocTel KoHIoB oTpeska [0, [], T.e.,
o () =1mpun I/n<zx<Il-1/n, n=3/4,...

U3 npunnuna MakCHMyMa CJIELyeT, 9TO perreHns u,(x,t) sagaau (1) — (3) ¢ magaibHoil
dbyukmmeit ¢, (x) e oTpuaTensHO U He npeBocxoaut 1. CireoBaTesnbHo,

/0 G(z,s,t)p,(s)ds = u,(x,t) < 1.

Tewm Gostee, B cuty HeorpurareabHocTH GyHKINA G, TOKA3aHHON B TIPEJIOKEeHNH 1,

l—n/l l—n/l l
/ G(z,s,t)ds = / G(z,s,t)p,(s)ds < / G(z,s,t)p,(s)ds < 1.
l/n l/n 0
Yerpemiisiem n — 00 | IOJIydaeM TpebyeMoe HepaBeHCTBO. M

Haaum dpusnaeckyto maTEpIpeTannio GyHknnn ['pruHa, KOTopas 4acTo Ha3bIBAETCA (hyHk-
yuet MoveuHo20 UCMOYHUKA.

[Iycrs sg € (0,1) — BHyTpenHss ToUKa obsactu. [locTponM mocse0BaTeIbHOCTD TIAKIX
dbunuTHBIX GyHKIHI ©,(s) > 0, OTIHIHBIX OT HYJIsI B MaJIOH OKPECTHOCTH TOYKHU Sg MPH

|s — so| < d,, mpuuem
50+0n
/ v, (s)ds = 1.
S

07577‘
[Iycrb uy,(z,t) — COOTBETCTBYIONMAST [TOC/IEIOBATEILHOCT PEIeHIH 3a/[a91 TEIJIONPOBOIHO-
cru ¢ HadaabHbiMK dyaKmsMu @, (z). Torna no dopmyrne I'puna (4) nmeem

l 50+6n
wiet) = [ Gas g is= [ Gl i t>0
0 50_6n
ITo Teopeme o cpejHeM
80+67L
up(z,t) = G(z, s;,t) - / ©,(s)ds = G(x, s, t),
50—0n

rie |si — so| < d,. [losromy, ecou 6, — 0, TO
un(x,t) — G(x, so,t) upu n — oo.

Hauanbuyto Gynknuio o, () ciemayer MHTepIpeTUpOBaTh KaK BbIJIEJEHUHE B TOYKE Sg B MO-
MeHT Bpemer ¢ = 0 emHUYHOrO KosmdecTBa Temia. Lorga dyakuus G(x,s,t) — 910 Temire-
parypa B TOYKEe I B MOMEHT BpeMeHu ¢ > () Ipu ycJIOBHM, 9TO B TOYKE Sy B MOMEHT BpPEMEH
t = 0 BBIIEIMIOCH €IMHUYHOE KOJIUYIECTBO TEILIA.



§2. O600nIeHHBIE pelleHns YPaBHEHUsT TEMJIOIPOBOJHOCTHI

PaccmoTpum criocod noctpoenus: 000OIEHHBIX PEIIEHUiT ¢ TOMOIIBIO ITepexo/ia K MpeJiey B
MIOCJIEJIOBATETHHOCTH TJIQJIKMX KJIACCUYECKUX DEeNIeHuil, KaK 3TO JeJIaJ0Ch I yPaBHEHU
Kosebanuit crpynbl. OKa3blBaeTCsl, YTO IPU TAKOM II0/IXOJe KJIACC PEIIeHni I yPaBHEHUSI
TEILJIONPOBOIHOCTHU CYIIECTBEHHO HE PACIIUPAETCS. DTO ABJIAETCS OTIIMYUTETBHON 0COOEHHO-
CThIO Tapabosimyeckux ypasuenuii. ['iasikocts perennii pu ¢ > 0 He TepsgeTcs, T.e., pEleHus
OCTaIOTCsI OECKOHETHO TIaAKIMU. MOXKHO JIUITH OCTIa0NTH YCIOBUS /1151 HAUAJIbHOU (DYHKIINN.

Teopema 1 ITycmo u,(z,t) € C*HQ) N C(Q) — nocaedosamenvrocms KAACCUMECKUT peuie-
nut 3adavu (1) — (3) ¢ navaavrot gyrnkyuet u,(x,0) = ¢, (z). Ecau nocaedosamesvrocmo
@, (z) crodumesa pasromepro na ompesxe [0,1] npu n — oo x dynryuu p(x), mo nocaedosa-
meavnocmy Uy, (x,t) cxodumes pasnomepno na Q x nexomopoti dymkyuu u(x,t).

HokazareabcTBo. 1o kpureputo Koru, st goboro € > 0 maiigercs N € N, uro npu Bcex
n,m > N BBITOJTHEHO HEPaBEHCTBO

[n (@) = P(@)| <&, Vo € [0,1].
Ho TOrJla U3 IIPpUHIOUIIA MaKCUMYyMa 3aKJ/JII09aeM, 9TO
’Un(ﬂf,t) - ’U,m(flf,t)| < e, \V/(I‘,t) € Q

CaenoBaresibHo, 110 Kputepuio Korrrm, II0CJIe/I0BATEIbHOCTE PABHOMEPHO (o (z,t) € Q) cxo-

JIUTCs K HEKOTOpOit HenpepbiBHO# dyukiun u(x,t) € C(Q). m
Terepb MOXKHO OCJIA0UTH yCJIOBHsI Ha HAYaIbHYIO (DYHKIWIO ¢(x) JJIs KPaBeBOil 3a/1atdu

(1)~ @)
Teopema 2 [Tycmsv p(z) € C([0,1]), ¢(0) = ¢(l) = 0. Tozda cywecmsyem u edurcmeennas

Pynryus u(z,t) € C(Q) N C™(Q), xomopas ydosaemesopsem ypasnenuro (1) npu t > 0,
yeaosuam (2) u (3), a, kpome mozo, npu t > 0 zanucwsaemca 6 eude unmezpana I'puna

u(z,t) :/0 G(z,s,t)e(s)ds, t>0. (5)

IokazaTesbcTBo. [locTponM mocienosarebuocTh puantHbx dbynkuuii ¢, (z) € Cg([0,1]),
KoTopast paBHOMepHO (1o x € [0,1]) crpemures K ¢(x) npu n — oo. Takas mocsemoBaTe b
HOCTBb CYIIECTBYeT (JIOKAa3aTeJILCTBO OIyCKaeM, OHO OCHOBAaHO Ha Teopeme BeifepmiTpacca).
PaceMoTpiM cOOTBETCTBYIONILY O MOCIEI0BATEIBHOCTD KJIACCHIECKUX PeleHui u, (z, t) 3a1a-
an (1) — (3) ¢ navanbabiME dyHKIMAME @, (). Ilo Teopeme 1 mocienoBaTeabHOCTD Uy, (X, 1)
pasHoMepHoO (110 (,t) € Q) cxomuTes K HenpepsiBHoi bynkmun u(z, t). s permenuit u, (z, t)
cupaseymBa opmysia ['puna:

!
up(x,t) :/ G(z,s,t)p,(s)ds, t>0.
0

[Tepexos B 9100t bopMmysie K Tpejiesry B 00€UX YacTsX PABEHCTBA, HOJIydaeM Juist u(x,t) :

!
u(z,t) :/ G(z, s, t)p(s)ds, t>0,
0
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puveM, o4eBUIHO, 9To dyHkIiws u(x,t) € C(t > 0), yaosiaerBopsier ypasuenuio (1), rpa-
HUYIHBIM yCa0BUAM (2) n HadaabHbIM yeaosuaM (3) u(x,0) = ¢(z). Teopema mokasana. m

BeiBoa: “O600menHble perrenust’, TIOJIyICHHBIE TIPEJICJbHBIM IIEPEXOJOM U3 II0C/Ie/I0Ba-
TeJILHOCTH KJIACCUYECKHUX pelreHnii B (), ocratorcs Kiaaccudeckumu mnpu t > 0. Imagkocts B
() He coxpansiercs (T.K., ©(x) He TJIajiKasi), HO 9TO PellleHne HEMPEPLIBHO B ().

§3. HeogHopoHoe ypaBHeHNE TEIJIONPOBOJHOCTH

PaccmoTrpuMm mepByio KpaeByio 3aJiady Jijisg HEOJHOPOHOIO YPaBHEHHUS TEILIONPOBOJIHOCTH
BHU/IA

%:a2%+f(m,t), rel0,l], tel0,T]. (6)
u(z,0) =0, u(0,t) =u(l,t)=0. (7)

Teopema 3 Ilyemov f, fo, foe € C(Q) u pynrxyus f = 0 6 oxpecmuocmu 60K06vLT cmo-
pon {z=0,0<t<T} u{r=100<t<T}. Toeda cywecmeyem pewenue u(z,t) € C*(Q)
3adavu (6), (7), das komopozo cnpasedausa dopmyaa

(1) = /Ot /OZG(x,s,t—T)f(s,T) ds dr. (8)

HoxkazarenabcrBo. Hamomunm, uro dyuknus ['puna G(z, s,t) gBisiercs HEOTPUIATEILHOMN
npu t > 0 u ee uHTErpas

!
/G(x,s,t)dsgl, Vaxelol], t>0.
0

[Tosromy dbopmysia (8) umeer cMbIC (BOCIOIB30BATHCA TeopeMoii PyOuHM 0 TIOBTOPHOM HMH-
TErpUPOBAHNN ).
Paznoxum byskmmio f(x,t) B psan Oypee 110  :

> ) 2 ! ) km
fat) =Y mOsinpe, mt) =7 [ Flstsinpes ds, =T
k=1 0

N3 yenoBuit, HAJIOXKEHHBIX Ha [ HAXOIUM, MTOC/IE ABYXKPATHOI'O HHTETPUPOBAHUS IO IACTSIM,
CJIEJLY OO ONEHKY st py(t) :

M
pe(®)] < 75, Yk € N. (9)
Permmenne ypasuenus (6) uieM B BHE Psijia
ulw, ) = 3 gu(t) sin gy (10)
k=1
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[MoncraBum Buipakenns mist u(z,t) u f(z,t) B (6) u moaydaem GopmasbHOE PABEHCTBO

o o0 [o.¢]
/ : 2 2 : :
S Gt sim e = —a2 S qe(t)p sim g + 3 pi(t) sin
k=1 k=1 k=1
[TpupaBusaB KO3(hDMUIMEHTHI IPU BCEX SiN i, T W BOCIOJIb30BABIINCH HYJIEBBIM HAYAJbHBIM
yeiaosueM u3 (7), mojyunm, 9r0 (DYHKIUSA Gk(t) sIBISETCS PEIIeHHeM CJIeLyoleil 3a1adm

Ko jyrst OZLY:
ai(t) = —a’ppqu(t) +pi(t),  qx(0) =0.
Dra JinHEHAS HEOJHOPOIHAS 33/1a9a JIETKO PelaeTcsi MeTOIOM BapUAIUi MOCTOSTHHOM (MOXK-

2
HO TaKsKe IPOCTO YMHOXKHUTHL ypaBHeHue Ha e~ % “k! i mpouHTerpupoBaTh 00e 4acTH, BLIICINB
HOJIHYTO TIPOU3BOJIHYI0). Pemenne HaxoguTest mo opmyiie

!
—aZp2(t—1
qk(t):/ e~ @ Hi(t )pk(7'> dr.
0

[Tockombky py(t) ymosierBopsiet orierke (9), TO JIETKO BHJIETH, UTO

M M,y

D < — < ==,
’%( )‘ = k2a2ﬂi = A

U3 sroit oneHKE cieyeT paBHOMepHas cxoauMocTb psiia (10) um Bcex psifioB, KOTOpBIE U3
HEro TOJIyYaloTCsd MouIeHHBbIM JuddepentupoBanuem 1 pas 1o ¢ u jaBa pasa 1o x. [Ipu stom,
oueBmaHO, uTOo cymMma paga (10) ymosraersopser ypasmenmio (6) B (QQ, a TakyKe HyJIeBBIM
HAYAJBHBIM U TpaHUIHBIM yestoBusM (7). CrieoBaTeibHO, orydaeM (DOPMYJIY It DEIeHusT
3a/1a9mn

o0

b eeen2 [ [
u(z,t) = Z (/0 e ? “k(t_T)j {/0 sin s - f(s,7) ds] dT) sin px =

k=1

9 t l
7 / / sin pu,x - sin s - e~ f(s 1) ds dr
0 Jo

W

i

1

U3 oneHok Jyist py(t) u qx(t) BBITEKAET, 9TO B MOCIeIHEN (DOPMYIIe MOYKHO TIOMEHSITh MECTAMHK
CyMMUpOBaHUe U uHTerpuposanue. [lorydaem

t o
2
u(z,t) = /o /0 7 E sin @ - sin s - e f(s ) | ds dr =
k=1

:/Ot/OlG(l’,S,t—T)f(S,T) ds dr.

[Tpu 3TOM MBI BOCIOJIB30BAIMCH CYMMUPYEMOCTBIO U HOJIOKATEIbHOCTRIO bynkimu G. Teo-
peMa JokazaHa. B
Ormerum, ato dhopmyity (8) MoxKHO ofuH pa3 quddepeHIpoBaTh 110 ¢ 1 JBa pa3a — 10
x. TIpu 3TOM TOJIydaeMble IPOU3BOIHbIE OYIYT HEIPEPLIBHBIMU (DYHKIHAMI B (.
Pacemorpum Teneps “06061ienHoe perenne” 3agaqn (6), (7), KoTopoe ompeesisiercsi Kak
[peJiest KJIacCHIeCKUX perenuii w, (x,t) Toil ke 3a/1a9u, HO ¢ MIaIKUMK 1 (DUHUTHBIME TIPa-
BBIME 9acTaMu f, (x,t), KOTopble IpH 1 — 00 CXoaaTed K fy,(x,t) paBHOMepHO Ha Q.
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Teopema 4 [Tycmo f(z,t) € C(Q), npuuem f(0,t) = f(I,t) = 0 npu ecex t € [0,T]. Toeda
dasn 3adawu (6), (7) cywecmeyem u eduncmeennoe 0b0buenHoe pewerue.

HokaszarenbcTBo. [Tocrpoum nocienoBarebHOCTD M kux buHuTHbIX GyHKmit f,(z,t) €
C2([0,1]), koTOpBIE YIOBICTBOPSAIOT YCIOBHAM Teopembl 3, npudeM f,(z,t) — f(x,t) upn
n — 0o pasHOMepHO Ha (). Taxas TocyIe0BaTEILHOCTD CYIIECTBYeT (JI0Ka3aTebCTBO OIryC-
Kaercsi). PaccMoTpuM coOTBETCTBYOIME KJIACCHUYECKIE peleHus u,(x,t) 3amaan (6), (7) ¢
npaBbiMu dacTsaMu fp,(x,t). VI3 TeopeMbl 2, IOKA3aHHON HA IIPOIJION JIEKIUH, CJIE/LYeT, YTO
u,(z,t) cxomaTes paBHOMepHO Ha () K HekoTopoit dynkmm u(x,t), mpuaem u(z,t) He 3aBH-
cuT OT BBIOOpaA AlPOKCHMUpYIoIeil mocsenosarenbuoctu f,,(z,t) (mpoepbre s1o!). Torma,
1o onpejienennio, u(x,t) 6yaer 06obImeHHbIM penenneM nexoanoit 3amaan (6), (7) ¢ npasoii
gacrbio f(x,t).
ITo reopeme 3 mist dbyHKIWMT Uy (2, 1) cripaBenmBa hopMmyia

up(x,t) = /Ot /Ol G(z,s,t — 1) ful(s,7) ds dr.

. l
Coryacro csoiictam dyukiun Ipuna, G > 0 u [, G(x, s, t)ds < 1. Toraa Mbl MOZKeM BOC-
0JIb30BaThCA Teopemoil Jlebera m mnepeiiTu mpejiesly mpu n — 00 B 00€UX FaCTAX ITOrO
paBencrBa. CiieoBaresibHO, 06001IeHHOe perenne u(x,t) BbIpaxkKaeTcss TaKUM YKe WHTerpa-
JIOM:

(e, t) = /Ut /Ol Gla,s,t —7)f(s,7) ds dr. (11)

EnuucrBenHOCTH 06001I€HHOTO perernst u(x,t) mosydaercs us 91oif hopmysbl. Teopema 10~
Ka3aHa. W

Bameuanue. Ha camom Jieie, MOXKHO moka3aTh, uro dyHKIws B hopmyrie (11) yaoBrerso-
psier ypasuenuto (6) tpu t > 0.
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JIlekmuga 12

§1. 3aymaua Konm 1j11 ypaBHEeHUsI TENJIOIIPOBOTHOCTHI

Haunem msyuenne 3ajaqan Ko i ypaBHeHUS TEIJIOIPOBOIHOCTA BO BCEM ITPOCTPAHCTBE
o x € RY. B sToM cirydae HET rpaHUYHBIX YCJIOBUI, M 38/I4€TCA TOJILKO HAYAIBLHOE PACIIPe-
JIeJICHIe TEMIIEPATYPBI.

O6ozuaunm 1epes D nonocy {x € R', 0 <t < T} na nyockocru (x,t). Toraa

D={zeR, 0<t<T}.

ypaBHeHI/Ie TEIJIOIIPOBOJHOCTH MMeEeT BUJL

ou 0*u
Lu:=——a*~— =0, t>0 1
YT T Yer2 T e (1)
a HAvYaJIbHOE yCJIOBUE
u(z,0) = p(z), =R, (2)

Pemennem 3amaun (1), (2) 6ymem HazuBaTh ozpanuyennyio dynkmmio u(x,t) € C*(D)NC(D),
KOTOpas yI0oBJIeTBOpsieT ypasHenuto (1) u HauaabaOMYy ycaosuto (2). TpeboBanue orpanuveH-
HOCTH DEIIeHUsT 03HAIAET, YTO /i HeKOTOporo M > () BBIIIOJIHEHO HEPABEHCTBO

lu(z,t)| < M, V(x,t) € D.

JokazkeMm, uro pemenue 3agadn Koy B Takoil IOCTAHOBKE SIBJISIETCA €IUHCTBEHHBLIM U
9TO PEIIEHNE HEIPEPBIBHO 3aBUCUT OT HAYAJIbHOM DyHKIMN ().
[Iyctn
lp(z)| <e, VzeR.L

BadukcupyemM IpoOU3BOJILHYIO TOUKY (Tg,tg) € D U 3aMKHYTBIN MPAMOYTOJbLHIK
Q=A{(x1t) | [¢| <R, 0<t<T},

Takoit, 4o |rg| < R, 0 < tg < T. Pacemorpum BeromMoraTesibHy o (hyHKIIIO
ws(z,t) == e + d(x® + 4a*t) £ u(x,t),

rjie
§=MR™2

Torma, oueBUIHO, YTO
Lw; = §(4a* — 2a*) > 0.

Ha mmxuem ocHoBanuu npsaMoyroibiuka @, rae t = 0, cupaBeiinBo HepaBEHCTBO
Ws Z Oa
a Ha GOKOBOIT TIOBepXHOCTH, T7e || = R,

ws(£R,t) > e+ 6R*— M =¢>0
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B cu1y BeIOOpa ducia d. CieroBareibuo, u3 Jlemmbr 1, joKka3aHHO Ha TO3APOIILION JIEKITAHN,
HaXOJ UM, YITO

ws(x,t) >0, V(z,t) € Q.

Suaqwur,
|U<I0, to)’ <e+ 5(I2 + 4a2t0) =&+ A]\ffgiz(l’2 + 4@2150).

B srom HepaBeHCTBe, KOTOpOe CIpaBeIuBO Jist Becex R > |z, mepexonum K mpejesy mnpu
R — 00 m momyvaeM OIleHKY
|U(CCO, t0>| S g,

KOTOpasl BBIIOJHEHA /I 060l Touku (xo,tg) € D. OTciona cieyer Kak eJInHCTBEHHOCTD
(orpanuuenHoro) pemienusi u(z,t), TaK U €ro HelPepbIBHAS 3aBUCUMOCTH OT () B PaBHO-
MepHoit sup-Hopme mpocrpancTBa Cy(R) HelpepbIBHBIX OrpaHUYEHHBIX (DYHKIIUIA.

§2. IIpeobpazoBanme Pypne

Ha MIPOHIJIBIX JICKIIUAX Mbl Hay1IMJINCh CTPOUTDH PpEHICHUA KPaeBbIX 3a/a4 [AJId YpaBHEHUA KO-
JlebaHuil CTPYHBI W JIJIsT YpaBHEHUsI TEIJIOMPOBOIHOCTU METOJIOM PAa3JIe/IeHUs TePEMEHHBIX,
KOIJIa HadaJibHble (PYHKIINN 3aJIaf0TCA Ha KOHEIHOM OoTpe3ke. OCHOBHYIO POJIb IIPU 3TOM WUI-
paJio pasjioxkenue dpyuknuit B pag Oypbe. Ecin HavanbHas GYHKIUS 3a/1aHa Ha BCell TPSIMOi
R!, To merox paznoxkenus B pag Oypbe He npumenuM. g Takux QYHKIM aHAIOTOM PIa
dypbe ciryKRuT npeobpasosarue Pypue.

Omnpepesienne 1 Ipeobpasosanuem Pypoe dynxuyuu v(z), v € R, nasveaemea dynruus
+oo
u(s) = / e u(r)dr, s€R. (1)

Mpu1 OyjieM TakzKe UCIOJIB30BATh CTaHIaPTHOE 0DO3HAYEHHE
Flu)(s) := a(s).

Hrobe! hopmysta (1) mmesta cMbICT, HEOOXOIUMO HAJIOKUTE OIIPEIeIeHHBIE YCI0BUs Ha (DyHK-
o u(x). Mer pacemorpum jrocrarouno yskuii kKiace ¢ynknuii — kiace [Isapra S. On
CcOCTOUT M3 OeCKOHEYHO JuddepeHnupyeMbiX (PYHKIUH, KOTOPbIE BMECTE CO BCEMH CBOUMM
[POU3BOHBIMU OBICTPO CTPEMSATCS K HYJIIO TIpU |x| — 00.

Omnpenestenne 2 Komnaekcrnosnaunas gynryus uw(x) npunadaesrcum kaaccy Ilsapua S,
ecau u(z) € C®(RY) u das wmobwx yeaviz k > 0 un > 0 natidemea My, > 0, maxoe, wmo

d*u
dax*

< ’ Vz € R (2)

ITpumepsr. Kiaccy IBapua S npumamiexar caepyomume (GyHKIum: e * Py (z)eQ2@),
3nech Pp,(x) n Qy(x) — mosmHOMBL cTeriern m u 21, npudem crapiinuii koaddunuent Qg (z)
OTPUIIATEICH.

Jlerko mpoBepseTcs
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YrBepxkaeune 1 Ecau u(z) € S, mo daa mobozo yeaoeo k > 0 npouzsodnasn ZZ—Z(:U) €S,
u das mobozo noaunoma P(x) dynwyus P(z)u(x) € S.

[TockombKy
‘ eims

|=1HpH$,S€R1,

04eBUJIHO, 9TO Jyist dbyHKImu v € S uarerpan (1) cxoaures abCOTIOTHO U PABHOMEDHO 110
s € R, u ero moxkno muddepeHnupoBaTh 10 § J060e YUCI0 Pas

di +oo ) dkﬂ +oo )
—(s) = e u(x)dr, ——(s)= ix)ke®su(z)dz.
o= [ @ G5 = [ ke
O6o3HaunM yepes D orepaTop OHOKPATHOrO quddepeHnnpoBaHus M0 & WA 110 S

_du
ds

- du
D,u(zx) : (x), Dsu(s) = d—(s)
s
Eciu P(z) nosmsroMm crenenu m, 1o P(D) — 310 nuddepeHnuaabHblii orepaTop mopsika m.
Hampuwmep, ecan
d3u d*u du
P(2) =228 —4iz2 +iz+5, 1o P(Dy)u=2— —4i— +i— + 5u.
(2) (D2) dx3 dz?  dx

[Tpu kaxkgaom muddepennupoannn uHTErpaia mo (1) mo s mojsiHTErpabHas (HYHKIUs
yMHOXKaercst Ha ix. [loaromy mist soboro mosmaoMa P(z)

P(D,)ii(s) = /_ " Plin)e ™ u(a) da (3)
CrenoBaTesbHO,
P(D.)ii = Plix)u, P(Dy)Flu] = FP(iz)ul. (@)

du .
Paccmorpum npeobpasosanne Oypoe or dynknun 7

F [j—ﬂ - / - em%(x)dx - / +oo(—2's)emu(a:)d:z: = (—is)F [u],

—00 —00

3/1€Ch MBI IIPOMHTETPHPOBAJIH 110 YaCTAM ¥ BOCIOIB30BAINCEH TeM, uTo |u(x)| — 0 upu |z| —
oo s u € S. CireroBaTesbHO,

P(D,)u = P(—is)u, F[P(D,)u] = P(—is)F]u]. (5)
Teopema 1 IIpeobpaszosanue Dypve nepesodum pyrryuu ud Kaacca S 6 pyrrkyuu u3d S.

JokazaTeabcTBO. 3aMeTuM, 9T0 (PYHKIIUNA U3 KJIacca S OIPAHUYIEHBI, [IO9TOMY

+o0
(s)] g/ u(z)| dz, Vs e R

[e.9]
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s (3) cnenyer, uro @ € C°(R!). IIpoussoanbie byHKIHUi 13 S Tak:Ke MPUHAJIEKAT STO-
My Kiace (cMm. yrBepxjenue 1). 3uaqut, B jeBoit yactu (5) crout npeobpasoanne Pypbe
byuxmun w3 S. Pacemorpum nomuaom P(z) = (1 + 2%7). U3 dopmynsr (5) caemyer, ato

(14 s*) |Flu](s)| < |F[(1 + Dg)u](s)‘ <M, VseR!,

i Hekoroporo uucia M. CrnenoBaresibHo, npeodpasoBanne Oypbe oT u € S cTpeMuUTCd K
HYJII0 ObIcTpee JI000il cTereHu s.

U3 dbopmyiiet (4) BujHO, 9TO Ipon3BojIHas npeobpasobanus Pypbe GyHkimm u3 S gBiis-
ercs npeobpazoBanneM Pypbe dyukimm u3 S (cM. yTBepxKIeHue 1), T.e., 9Ta MPOU3BOIHAS
TaKyKe CTPEMUTCs K HYJO Ipu |§| — 00 ObicTpee JI000ii cremern S. M

Teopema 2 (dopmyna obpaienus npeobpazoBanust Pypue) Ecau u(x) €S u

u(s) = /_+OO e“Su(z)dr,

1 [T _
u(x) / e 5(s)ds, Vo € R

T or

—0o0

3ameuanwue. [Ipeobpaszopanne Pypbe Jerko 0b6odImaeTcs Ha ciaydail MyHKINA MHOTHX IIe-
pemennbix. Bromnres kimace Ieapra S(R™), cocrosmuit uz dyukuuit u(z),z € R" u €
C*°(R™; C), KOTOpbIe CTPEMSITCS K HYJII0O BMECTe CO BCEMU IPOU3BOJHBIMU TP || — 00
ObicTpee Joboit crenenu |z|. Popmysta npeodbpazosanus Pypbe UMeeT BUJL

u(s) = / ' @y(x)de, seR",  (x,8) = ijsj.
n =1

Ob6parroe npeobpazoBanre QPypbe BHIYUCIAETCS IO (hopMyie

u(x) = (271r)" /n e~ @9q(s) ds.

§3. IIpumenenne npeodbpaszoBanus Pypbe

[IpeobpazoBanne Pypbe IOMOraeT MOCTPOUTD PelieHne HadaIbHOM 3a1auu Ko 111 MHOTUX
YpYIIl. OcHOBOIT 5TOrO TPUMEHEHUS SBJISIETCA TO 0OCTOSTEIHLCTBO, UTO IIPHU ITPE0OPAZOBAHUT
Oypbe oneparop JauddepeHIIPOBaHs IepEeXoAuT B Oojiee MPOCTOil orepaTop yMHOXKEHUs
Ha He3aBUCHUMYIO TlepeMeHHy10. Bocmnob3yeMcest nipeodbpaszoBanneM Pypbe Jijisd perieHns 3a-
naan Komm ypasaenus: TerionpoBogaocTu. Ha mpormioit jekmun Obliia JJoKa3aHa TeopeMa
0 eJIMHCTBEHHOCTH JIJIsI 9TOH 3a/1a9M B KJiacce IVIQJIKUX OrpaHmvIeHHbIX (yHKImil. Temeps c
IIOMOIIBIO ITpeobpasoBannsa Pypbe Mbl TOTYINM (DOPMYJIY I PEIIEHUST U JOKAYKEM TEOPEMY
CYIIIECTBOBAHUSI.
[Iycrb u(x,t) aBageTcs peleHneM 3a/1atdu

ou 0% L

= gf— >

o —atag, weRL 120, (6)
u(z,0) = p(z). (7)
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Byzaem cunrars, uro u(x,t) € C*° u, 6oee TOro, npu KazkjaoM (HbUKCHPOBAHHOM ¢ (QyHKIHS

u(z,t) € S paBHOMepHO O t Ha Kaxkjgom orpeske [0,7]. (PaBHOMepHOCTH O3HAYAET, UTO

% < _(ﬁ;gl)n nupu x € R, me sasucur ot t € [0,7]). Paccmorpum

npeobpazosanue Oypbe or 0benx yacreit ypasuenus (6). [losydaaem ciieyrorye BoIpayKeHust:

KoHcTanTa My, , B OlleHKe ’

e ixsau d e iTSs 9 ~
/_OO e E@’t)dx_& - e u(w,t)dx—au(s,t),

e ia:saQu . ~
/ e ﬁ(x,t)dx = (—is)%u(s,t).

oo
[Ipuxoaum k OIY ¢ mapamerpom s

2fL(S, t) = —a’s*i(s,t),

ot

pemenne KOToporo nMeeT BUJI
2.2

a(s,t) = u(s,0)e "
Tenepsb Bocmosb3yeMcst 0OpaTHbIM T1peobpazoBanneM Pypre:

[T L [T a2
u(z,t) = / e "u(s,t)ds e T (5,0)ds =

21 J s o).

1 e —izs—a’s?t e isy 1 e e —a?s?t—is(z—y)
=5 e o(y)dy| ds = o e(y) e ds| dy.

o) [e.e]

Nzmenenne nopsiika MHTErpUPOBaHUs 3aKOHHO Tipu ¢ > 0, Tak Kak ¢ € S, a 1Mo nepeMeHHON
s yHKIWS OBICTPO YObIBAET HA OECKOHEYHOCTU. BBIUUC/INM BHYTPEHHUI UHTEIDAJL:

+oo +oo . 2 2
2.2, ; 2 i(z —y) (z —y)
/ exp (—a st —is(x — y)) ds = / exp (—a t (s + 5021 ) T ds =

—00 —0o0

_(@—y)? +oo _a2t22 VT _(@—y)?
— e 4a2t e dz = me 142t .

[e.9]

Bo BTOpOIt 1 TpeTheit cTpoKax MbI CJIeIa I 3aMeHbl TIEPEMEHHBIX § + Z(;a;?) =zuaViz =o,
a TaKzKe BOCIIOJIb30BAJINCH TabJmaHbIM nHTerpasoM [lyaccona

+00 )
/ e 7 do = /7.

o)

B pesynbrare nosyaniu gopmyay [lyaccona nis pemenns 3anaaun (6), (7)

+o00
ula, 1) = / Gz, . p(y)dy, (®)

[e.e]
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rjie pyHKIUs .
T—1
G(z,y,t) = 2(1\1/7?156_(41152
HasbiBaercst siyipom Ilyaccona. Ouesuano, uro G(x,y,t) ssisiercs dyukuuei ['puna 3agaqu
(6), (7).
Dopwmyia (8) Gblia MOy YeHA IPU OYEHD KECTKUX yesIoBusax Ha () u u(z, t). Onnako sra
dbopMyTa mMeeT CMBICT It 3HAYUTEILHO GoJIee MUPOKOTo Kiracca (byHKIM, ITO MO3BOJIAET

3aKOHYNTH ucciegoBanue 3amaan Kormm (6), (7).

§4. Teopema cymniecTBOBaHUS penieHnd 3agaqu Koy njsa ypaBHeHU
TEMJIOITPOBOAHOCTA

Pemmennem 3anaun Kommn (6), (7) maseiBaercss dynkius u(x,t), KoTopas onpejejeHa Mnpu
r € RY, ¢t > 0, ynosnersopster ypasrenuio (6) npu ¢ > 0, HenpepbiBHa npu ¢ > 0 1 coBIaaeT
¢ 3aJlaHHON HadaabHON dyHKImen ¢(x) upu t = 0.

Teopema 1 [Tycmv @(x) — oepanunennas nenpepvienas dynryus na RE. Tozda dymxyus
u(x,t), onpedeaernan no gopmyae (8), beckoneuno duddeperyupyema npu x € R, ¢ > 0,
u ydosaemeopsem ypashenuto (6) npu t > 0. Kpome moeo, sma Pynkyus nenpepuera npu
t > 0, ydosaemesopsaem ycaosuro (7) u nepasencmey

lu(z, )] < sup |p(z)].
zeR1!

HoxkazarenabctBo. st ro6oit Touku (g, ly), tae to > 0 Haiijercs ee OKPECTHOCTD, Ijie
t >~ >0, |z|] < m. ns Todek u3 310l OKpecTHOCTH HHTErpas (8) paBHOMEPHO CXO-
JINTCST U €r0 MOXKHO T hepeHnnpoBaTh Mo/ 3HAKOM HHTerpaJjia jrboe dnucyo pas. IIpsMbiv
muddepentuposanneM yoexkpaemcs, aro dyukiwsa G(z, y, t) ynosaersopser ypasaenuio (6).
JleiicTBUTE/IHHO,

oG 1, (z—y?, 0G  (v—y)
o - w0t e © o T T o @
G 1 (x —y)? oG  ,0°G
2 - 2wt e O o T o

CrenosaresibHo, DyHKIWs (8) TakKe yaoBaeTBopsieT ypaBHeHuio (6).
Bamernm, uro G(z,y,t) > 0 n

“+o0
/ G(z,y,t)dy = 1.

[Tosromy,

utz. )] < sup lota)] [ " Glayy, t)dy = sup |o()]. (9)

reR! reR!

Ocrasock mpoBeputhb, uTo u(x,t) HenpepbiBHa npu ¢ = 0. PaccMoTpuM Mpon3BOIBHYIO
TouKy (z,0) U IpoBepuUM, UTO

u(z,t) —p(2) =0 mpux —z, t—0+.
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BosbmeMm pasnoctb

we.) ~ 92 = [ G ptiy - o) [ Gley =

—00 —00

= [ Gl - e

—00

[Iycrs |@(x)| < M. Onennm pasnocts u(x,t) —

‘/_:OG(:E,y, [p(y) — dy‘ Vw » Gz, y,)[e(y) — (2 )]dy‘Jr

F| [ Gl - ol
ly—z[>06
Jlns mroboro € > 0 Beibepem ¢ > 0, Tax, 91O

lp(y) —(z)| <e/2 npu |y —z| <.

Torma
lu(z,t) —p(2)] <e/2 —i—/ 2M - G(z,y,t)dy. (10)

ly—=2]>0

Ecim reneps |x — z| < /2 u |y — 2| > 0, 10 |y — x| > /2 . CenoBaresbho,

1 z—y)? 2M o s2 &
2M —67(41131& dy < — e 1Zids = Ml/ e do. (11)
ly—z|>6 2Vt vVt Js yrv

B mocieHeM paBeHCTBe MBI CIEJAJH 3aMeHy IepeMeHHON s = 2av/to. Koncramra M, me
3aBUCUT OT .
Bribepem, nakoner, Mauoe aucyo = ((0) > 0 tak, arobsl npu 0 < ¢ < i BBIIOJHAIOCH

© 2 © 2
Ml/ e 7 do < Ml/ e 7 do <¢e/2.
4a§\/f 4ai/ﬁ

Torna u3 onenok (10) u (11) 3akmodaem, 910
lu(z,t) —p(2)| <e mpnml|r—2z[<d/2, 0<t<p.

CraenoBarensio, u(z,t) — ¢(z) npu v — z, t — 0+ . Teopema gokazana. m

Taxum obpazom, MbI pazodpauch ¢ 3a1adeit Komum 1j1g ypaBHeHUS TEIIONPOBOIHOCTH B
KJ1acce orpaHndeHHbx GyHKiumit. Mbl [oKa3am 711 9TOro ypaBHEHUsT TEOPEMY O CYTIECTBO-
BaHNH, €JNHCTBEHHOCTH N HEIPEPBIBHON 3aBHCUMOCTH PEIICHHsT OT HAYATIBHBIX JTAHHBIX.
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JIekims 13

§1. MHoromepHoe ypaBHEeHUE TeILJIONPOBOIHOCTH

[IpuBeiennas BbIIEe TEOPUS JIETKO 0000IIAeTCs Ha MHOTOMEPHBIN CJTydaii:

ou
5 a®Au, u(x,0) =¢(z), x=€R™ (1)
Buaecs Au =Y ", % — oneparop Jlamraca. IIpeamonaraercs, aro ¢(x) € C(R™) u ¢ orpa-
HU'eHHas (QyHKITUS. l

Dopmyma Ilyaccona mag R™ BBINIAANT coietyonmM 06pa3oM:

o) = () [ @ o)ty = [ Gula =t @

3nech

Galz,t) = (1= emmamle vl 1 R"
n(z,t) = g € % — spo Ilyaccona B R".

Kak u B oHOMEpHOM Cilydae JierKo ybeaurcs B ToM, 4To mpu t > - > 0 wmnHTerpasn (2)
abCOJTIOTHO W PABHOMEPHO CXOUTCs, a yHKIus u(x,t) sapisercs beckoHedHO nuddepeHtin-
pyeMmoii 110 x u ¢ (1 jazke aHATUTUIECKOI B 91O obacTn).

Jlerko mpoBepuTh, uTo u(T,t) YIOBIETBOPsieT ypaBHEHUIO TerionpoBogHocTu (1), mo-
CKOJIBKY eMy yuoBjerBopsier gymnxuus ['puna G(x,y,t) = G,(xr — y,t) sroit 3amaun. [leii-
CTBUTEIHLHO, HAWJIEM ITPOU3BOJIHBIE STON (DYyHKITHN:

oG o oyl oG _ (i —y;)
ot 2tG+ e G or; 2a2t G,

82G 1 (Il — yi)Q 8G 2

0x? 2a2tG + 4a?t? G, ot @AG

(2

Anayioruano oJfHOMEpPHOMY CJIydalo mpoBepsiercs, daro dyuknusg G(z,t) HempepblBHA MPH
t =0 u g aoboro z € R

lu(z,t) — p(2)] =0 npux— z, t — 0+,

caietoBaTesIbHo, u(x,t) yaoBIeTBOPSeT HaYa bHOMY yciaoBuio u(z, 0) = ¢(x).

Enuncrsennocts pemmenns 3agaqu Kommm (1) B Kiracce orpaHndeHHBIX (DYHKIHN JOKA3BI-
BAETCS KAaK U B OJIHOMEDHOM CJIydae C TIOMOIIbIO MPUHIAIA MAKCHMYyMa, KOTOPBIA HMeeT Ty
e GopMyIHpoBKY, uTo u npu n = 1. ([Jokazkure 9T0 CAMOCTOATEHHO).

Ormernm, ato muoromeptas yukims 'puna G(x, y, t) nmeet TOT 2Ke GU3NIECKUIT CMBICIT,
qT0 U s caydas n = 1. Oyuxiwio G(x,y,t) ciepyer HHTEPIPETUPOBATE KaK TEMIIEPATYDY
B Touke © € R™ B MomenT Bpemennu ¢t > 0 mpm ycjaoBuu, 9To B ToUke y € R™ BbLIeIMIOCH
CIMHITIHOE KOJIMIECTBO TEILIA.

Kak u B 0JfHOMEDHOM CJrydae, MOKHO BBITHCATH (OPMYJIY PEIleHnsT HAYaJbHO 3a/1adu
JUIA He0OHOPOOH020 YPABHEHNS TEILJIOIPOBOIHOCTH

du

5 = a’Au+ f(x,t), u(r,0)=0, x¢cR"
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ecam u3BectHo, uto f(x,t) € C(R" xR, ) u f(x,t) orpanmyena na {x € R",0 <t < T}. Dra
dopmysia uMeeT BU/I

u(z,t) = /Ot / Gz —y.t — T)p(y) dy dr.

(JokazaresnbcTBo mpuBoauTh He Gyiaem. OHO ocHoBaHO Ha obrmem mpuHnuie loamens, c
HIOMOITIBIO KOTOPOTO PEIaroTCsi HEOTHOPOIHBIE JIMHEHHbIE YPaBHEHNUSI. )

§2. YpaBHeHIE TEIIONPOBOJHOCT Ha MOJIyIPAMOii

®opmyity Ilyaccona jierko o600IUTH JIJIsd Clydas 33/la9K Ha MOJIYyIPAMON (IIOJIYIIJIOCKOCTH,
nostynipoctpascTBa). [lycts Tpebyercst HaiiTu perieHre cMmeranHoii Kpaepoii 3amaan (6), (7)
(n = 1) ma monxynpsamoit Ry = {z > 0} npu ¢ > 0. IIpu srom nva rpannne {z = 0} 3azano
OJIHO 3 CJICJIYIONIUX TPAHUYHBIX yCJIOBUI

u|a::0 =0 (3)
(yciioBue 1IepBOTO pojia, TeMIiepaTypa CTep:KHs Ha KOHIE PABHA HYJIO) WU
U$|x:0 =0 (4)

(ycsioBue BTOPOTO poJia, KOHEI| CTePXKHs TEILION30JUPOBAH ).

O6e sTn 3ama4m JIerko cBoadTcs K 3agade Komm ma Beeit ocu R. Bamerum, 4To s
HenpepbiBHON HeveTHON dyHknuu g(x), x € R, Becerna g(0) = 0, a musa nuddepernupyemoi
getHoit dbyHkimn g(x), x € R, Bbimosaeno g,(0) = 0.

[Tosromy, ipu rparnaHOM ycaoBun (3) (HenpepblBHY0) HadaabHy0 GyHKImo ¢(z), z > 0
(KoTOpast TakzKe JOJIZKHA YJIOBJIETBOPITL 9TOMY TpanndHoMy yciaosuio ¢(0) = 0) npojosnka-
eM 1ipu = < () HEYETHBIM OGPA3OM:

a mpu rpanundHoM yciaosuu (4) (muddepeniupyemyio) Hadaabayo GyHkimo o(z),r > 0
(st KoTopasi Takxe ¢, (0) = 0) npomomkaem npu < 0 9eTHbBIM 06pa30M:

BareMm paccmarpuBaem 3ajady Korn st ypaBHEHUsT TEIIONPOBOIHOCTH HA BCEl OCH € TIPO-
JIOJIZKEHHBIMEU HAYAJILHBIME YCJIOBUSIME U BhITUChIBaeM (opmyity [lyaccona.
[Ipn HEYEeTHOM MPOJOIIZKEHUH MTOIydaeM, ITO

R T too e
uwt) = b [ gy + e [ e )y -
oo 0

1

+oo
= _235/0 [‘fﬁ‘x_w - e_m'”yﬂ p(y)dy.

Jlerko Bujersb, uro u(x,t) — HeYeTHas 10 = (DYHKIHS U BBITOJTHEHO TPaHUIHOE ycyoBue (3).
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[Ipu weTHOM TIPOJIOTZKEHUNT

) +0 IR . +oo Ly
U(IL‘,t) = 2a\/7?t/ e a2t 1TTY [@(_y)] dy—|— Qa\/H/ e 2a2eTTY (p(y)dy =
—0o0 0
L[ [l kel
= v [6 BT e ] w(y)dy.

BuHo, uTo 918 DYHKIUS SBJISETCS HEYETHOI 110 & U BBIIOJIHEHO TPaHnIHOE ycsoBue (4).
Mer moctponsm pemtenust 3azaad (6), (7), (3) u (6), (7), (4). ExurcrBentocts pernenmit
9TUX 33/1a9 JIOKA3bIBAETCSI C TIOMOIIBIO TPUHITAIIA MAKCHMYMA.

Sameuyanue. O6paruTe BHUMaHUE HA TO, KaK BbINIAAUT (GyHKINs ['puHa s 9TUX 3814,
HAIIpUMeED, JJId NEePBON KPaeBO 3a/1a49n

2

JRS S PSS 1 2
G(l"y’t) =e 4a2t|x yl? _ e 4a2t|$+y‘ , T,y 2 O, tZ 0.

Kaxk u mostoxkeno, sra byHKIMA MOJI0KUTEIbHAS 11pu & > 0, x £ .

g mpocTpaHcTB OOJIbINEH pa3MEPHOCTH CUTYAIMsS TOYHO TaKas ¥Ke: eCJIM Ha TPAHUIe
nostynpocrpascTsa {x, > 0} 3amano ycaosue u = 0, 1o HadaabHy0 MYHKIMIO ©() caeayer
IPOJIOIZKATD HEYeTHBIM 00pa3oM 1pu o, < 0, a ecju yc/JoBHE HMEeT BUJL 8371; =0, To —
YeTHBLIM. 3aTeM pellaeTcsa COOTBETCTBYOMas 3a1a4a Komm Bo BeeM npocrpaHcTee R™.

§3. YpaBHeHusi, KoppekTHble 10 IleTpoBcKOMYy

[Tponomkum npumenenue npeobpasosanus Pyprwe. Bynem u3ydarh ypaBHEHUS U CUCTEMBI C
HOCTOAHHBIME Kodddpunuenramu B R”.
_ 0 .
O6o3naunm oneparop nuddepennuposanus D; = B [Iycts P(z) — HEKOTODBIi TOJTTHOM
epeMeHHbIX z = (21, 29,...,2,). Torma P(D) obosnadaer juHelHblil auddepenmaabHblii
oneparop, D = (Dy, Ds, ..., D,).

IIpumep. Iycrs P(2) = 2% + Bizgzz + Tz4, n = 4. Torma

~ D%u B 0%u +78u
B al‘% Zaxgﬁa:g 8%4'

P(D) = D? 4 5iDyDs + 7Dy, P(D)u

YpaBHeHUE TEILIOTPOBOIHOCTH 3aIIAIIETCsS B CJIEIYIONIEM BU/IE:

% _ p(Dyu, P(D)=a® Y D2
ot =

st mpoussosbHOro nosmuoma P(z) pacemorpum 3ajady Ko s obiiero JimHeirHOTo
ypaBHEHUS C TMOCTOSTHHBIMEU KO3((DDUIIMEHTAMM:

% = P(D)u, t>0, zeR", (5)
u(r,0) = p(x) (6)
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Ounpenesienne 1 Ypasrenue (5) nazweaemces KoppeKTHbIM 110 [leTpoBckoMy, ecau cyuie-

cmeyem xoncmanwma M € R, maxas, wmo das 06020 seuecmseernozo eexmopa s € R™
CNPABeOdAUBO HEPABEHCTMEO

Re P(is) < M.

[peanonoxkumM, 4ro HadadbHas dbyukius (r) npuxamiekur kiaccy [esapra S(R™).
[TokazkeM, 9TO B 3TOM CJIydae Jjist KOPPEKTHLIX 110 [IeTpoBCKOMY ypaBHEeHUil peleHue 3a,1a9m
(5), (6) MoxkHO moCTpOUTH, pUbErHYB K peobpasopannio Pypre. Hamomuanm, aro

u(s) = / nei(x’s)u(x)dx, u(z) = -

@ / e @9 (s)ds (obparnoe npeobpasosamue).
Rn

Kak u3Bectno, npeobpazosanune Oypbe OT MPOU3BOIHBIX

~ . ou
8U‘ — el(x’s)_(x)dx — (—25)ﬂ<87t),
Ox; /n 8xj !

o%u

Bw 00 (—is;)(—isp)u(s,t), P(D)u= P(—is)u.

YumuoxkuMm obe dactu ypasHenust (5) Ha ¢"@%) u npounrterpupyem o R”. Ioyumm OJIY c
apaMeTpoM s:

ot .\~
5(37 t) = P(—is)u(s,t),

[Mockosbky (s, 0) = @(s), moydaeM pelieHne 3Toro ypaBHEHUsT

a(s, ) = p(s)e N,

1, CJIeJI0BATEbHO,

u(z,t) = W/R e~ @) (s, t)ds = W/}R e~ @) Pt 5 (5) ds. (7)

s ycJj10BrA KOPPEKTHOCTHU 110 HeTpOBCKOMy 3aKJ/Iro49aeM, 9TO

’efi(:(:,s)+P(7is)t| _ eReP(fis)t < eMt’ VZIZ', s € Rn’ t>0.

[Tosromy muTerpas B npasoii dactu (7) abcosmorao u pasHomepro (o x € R™) cxomures,

T.K., 110 npemnosoxkennio ¢ € S(R™). Bosiee Toro, ero MoxkHO JuddepeHupoBaTh mo & u 1o
t moboe uncsio pa3. B gactHoCTH,

P(D)u (2;)n / P(—is)e @9l =95 (5) ds,
Rn
ou L / 4 ,
— = 1o [ P(—is)e @9l p(5)ds.
ot 9" fen
Caenosarenbio, dbynknus u(z,t) yaoBieTBopser ypaBaenuio (5), 1, O4eBUIHO, UTO

uw0) = e [ €I p(5)ds = pla),
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rak Kak ¢ € S(R"). 3uaunr, u(x,t) — pemenue 3amaun (5), (6).

IIpumep 1. /lyisg ypaBHEHUs TEILIONPOBOTHOCTH
P(D) = az(D% 4+ .+ Di), P(is) = —aQ(S% o+ Si) — —a2|s|2 <0, M =0.

Crnenosarennio, Re P(is) < 0 npu Beex s € R™, T.e., ypaBHEHUE TEILIONPOBOHOCTH KOPPEKT-
Ho 1o ITerpoBckomy.

IIpumep 2. Ypasuenue Illpeaunrepa nmeer Bu

ou

— =id®’Au, z€R", t>0.
ot

Jjist 5TOr0 ypaBHEHUs
P(is) = ia®((is1)* + ... + (is,)?) = —ia®|s|?, Re P(—is) =0,

T.€., YUCTO MHUMBII ciiydail. ¥Ypasuenue [lpemunrepa takzke KoppekTHO 110 [leTpoBcKoMmy.

Haiijiem bopmyity st pemennst ypasuenus [llpeaunrepa s ciaydas n = 1. 13 oOmeit
dbopmysbt perenus (7) mosydaem

U({L‘,t) — % e~ i(z, s) —ia?s t~( )dS _ 1 e izs—iats t |:/ ezysgp(y)dy:| ds =
1 7+OO i 252¢— - 7
i [ e[ ey ds} dy.

B mocnemnem paBeHCTBE MBI MOMEHSIJIA TOPSJIOK WHTETPUPOBAHUSA, UTO 3aKOHHO, TaK KakK
p € 5. BuyTrpenunit mHTErpasl MOKHO COCIUTATDH SIBHO:

+oo i(a2s2t Hoe 2 ( )2
/ i@t s(—y)) g — / exp (—m t(s+ ;”a‘;;) T )dS =

o0 —0o0

2
(z—y)? [0 _iazt(sﬁ—y) (@—y? oo a—y)? too
= ' 4a2t / e 2a2t ds = ' a2t / efza t2? ds = ' 4a%t L\/{ 6715 df
a

—00

o0 —00

B nociieieit cTpouke MbI CAeIaIN ABE OYEBUIHbIE 3aMEHBI IEPEMEHHBIX: 2 = S+ 5 %a S 2, dz = ds

n & = av/tz, d€ = av/tdz . HakoHerr, BOCIIOIB30BABIINACH TaGIMIHBIM HHTerpajsoM Ppeness

too .2 e
/ e d¢ = /me s,

[e.9]

[OJIyYaeM OKOHYATEJIbHYIO (DOPMYITY JIJIs PeIeHus

+oo  (z— y
ulz,t) = gl—e” / eIt p(y)dy.

MozkHo errie pa3 yoeuThCs IyTeM HEITOCPEJICTBEHHO MMOJCTAHOBKU B YpaBHEHUE B TOM, YTO
s1a (bYHKIMsI JefiCTBUTENLHO YIOBIETBOPsieT ypaHenuto (5), ecim ¢ € S.
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ITpumep 3. O6parHOE ypaBHEHUE TEILIOMPOBOHOCTH:

ou

— =—d’Au, zeR™ t>0.
ot

B stom cityuae

P(D) = —a*(D} +...+D?), P(is) =a*(s] +... +s2) = a*|s|”.

n

YenoBue KoppekTHOCTH 110 [leTpoBcKOMYy, 04eBUTHO, HE BBIITOJTHEHO.
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