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ÂØÝ, ôàêóëüòåò ìàòåìàòèêè

ïåðâûé êóðñ, ÷åòâ¼ðòûé ìîäóëü

Ëèñòîê ìîæíî ñäàâàòü äî 09.06.2015.

1. Ïóñòü Bn � ÷èñëà Áåðíóëëè. Äîêàæèòå, ÷òî

z cth z =
∑
n≥0

4nB2n
z2n

(2n)!
, z ctg z =

∑
n≥0

(−4)nB2n
z2n

(2n)!
.

2. Äîêàæèòå, ÷òî

z ctg z = 1− 2
∑
k≥1

z2

k2π2 − z2

3. Îïðåäåëèì ζ(s) =
∑

k≥1
1
ks . Âûðàçèòå çíà÷åíèÿ ζ(2n) ÷åðåç ÷èñëà

Áåðíóëëè. Äîêàæèòå, ÷òî ζ(2) = π2/6. Âû÷èñëèòå ζ(4), ζ(6), ζ(8).

4.Îïðåäåëèì òàíãåíöèàëüíûå ÷èñëà T2n−1 ïî ôîðìóëå tg z =
∑

n≥1 T2n−1
z2n−1

(2n−1)! .

Äîêàæèòå, ÷òî

T2n−1 = (−1)n−1
4n(4n − 1)

2n
B2n.

5. Äîêàæèòå, ÷òî T2n+1 êðàòíî 2n.

6. Äîêàæèòå, ÷èñëî áåñïîðÿäêîâ dn ÿâëÿåòñÿ áëèæàéøèì öåëûì ÷èñëîì

ê n!/e.

7. Äîêàæèòå, ÷òî

dn = ndn−1 + (−1)n, dn = (n− 1)(dn−1 + dn−2).

Íàéäèòå ýïô ÷èñåë dn.

8. Ïóñòü hn � ÷èñëî ïåðåñòàíîâîê ìóëüòèìíîæåñòâà (1, 1, 2, 2, . . . , n, n),
òàêèõ ÷òî íèêàêèå äâà ïîñëåäîâàòåëüíûõ ÷ëåíà ïåðåñòàíîâêè íå ðàâíû.

Íàïðèìåð, h2 = 2 � ïåðåñòàíîâêè (1, 2, 1, 2), (2, 1, 2, 1). Âû÷èñëèòå hn.

9. Ïóñòü µn � ïîñëåäîâàòåëüíîñòü Ì¼áèóñà. Äîêàæèòå, ÷òî
∞∏
n=1

(1− xn)−µn/n = ex.

10. Ïóñòü an ðàâíî ñóììå k-ûõ ñòåïåíåé âñåõ äåëèòåëåé ÷èñëà n. Âû-
ðàçèòå ïðîèçâîäÿùóþ ôóíêöèþ Äèðèõëå ïîñëåäîâàòåëüíîñòè an ÷åðåç

äçåòà-ôóíêöèþ.
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