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Ëèñòîê 2

Çàäà÷à 1. Ïóñòü b(x) ∈ C([−δ, δ]), b(x) ̸= 0 ïðè x ̸= 0 è b(0) = 0.

1.1. Äîêàæèòå, ÷òî åñëè íåñîáñòâåííûå èíòåãðàëû∫ 0

−δ

dx

b(x)
è

∫ δ

0

dx

b(x)

ðàñõîäÿòñÿ, òî çàäà÷à Êîøè ẋ = b(x), x(0) = 0, èìååò åäèíñòâåííîå ðåøåíèå x(t) ≡ 0.

1.2. Äîêàæèòå, ÷òî ñõîäèìîñòü õîòÿ áû îäíîãî èç ïðèâåäåííûõ âûøå èíòåãðàëîâ âëå÷åò

ñóùåñòâîâàíèå îòëè÷íîãî îò íóëÿ ðåøåíèÿ çàäà÷è Êîøè.

1.3. Äîêàæèòå, ÷òî åñëè çàäà÷à Êîøè ẋ = b(x), x(0) = 0, èìååò äâà ðåøåíèÿ, òî îíà

èìååò áåñêîíå÷íî ìíîãî ðåøåíèé.

Çàäà÷à 2. Ïóñòü ôóíêöèÿ b(x, y) êâàçèîäíîðîäíà ñòåïåíè n c âåñàìè (α, β), òî åñòü

b(eατx, eβτy) = enτb(x, y).

2.1. Äîêàæèòå, ÷òî ïîëå íàïðàâëåíèé óðàâíåíèÿ y′ = b(x, y) íà îáëàñòè

{(x, y) : x > 0, y > 0}

èíâàðèàíòíî îòíîñèòåëüíî ãðóïïû ïðåîáðàçîâàíèé gτ (x, y) = (eατx, eατy) òîãäà è òîëüêî

òîãäà, êîãäà n = β − α.

2.2. Ïóñòü n = β − α. Íàéäèòå çàìåíó ïåðåìåííûõ, êîòîðàÿ ïðåîáðàçóåò óðàâíåíèå

y′ = b(x, y) â óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

2.3. Â êàêèõ êîîðäèíàòàõ ðàçäåëÿþòñÿ ïåðåìåííûå â óðàâíåíèè y′ = xy2 + x3y3?

Çàäà÷à 3. Êàêèå èç ñëåäóþùèõ âåêòîðíûõ ïîëåé

(2 sin x)∂x, (sin2 x)∂x, (sin 2x)∂x

íà ïðÿìîé R ìîæíî ïåðåâåñòè äðóã â äðóãà äèôôåîìîðôèçìîì?

Çàäà÷à 4. Íàéäèòå âñå ãëàäêèå âåêòîðíûå ïîëÿ íà ïëîñêîñòè, êîòîðûå êîììóòèðóþò ñ

âåêòîðíûì ïîëåì

(a) ∂
∂x
, (b) ∂

∂x
+ ∂

∂y
.

Çàäà÷à 5. Äîêàæèòå, ÷òî åñëè P ∂u
∂x

+Q∂u
∂y

= 0, òî ôóíêöèÿ u ïîñòîÿííà âäîëü ôàçîâûõ

êðèâûõ ñèñòåìû ẋ = P (x, y), ẏ = Q(x, y). Èñïîëüçóÿ ýòî íàáëþäåíèå, íàéäèòå âñå ãëàäêèå

ôóíêöèè u òàêèå, ÷òî

(a) 2∂u
∂x

+ 3∂u
∂y

= 0, (b) x∂u
∂x

+ y ∂u
∂y

= 0 (c) y ∂u
∂x

− x∂u
∂y

= 0.
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