Task 5. Part 2: Dolbeault cohomology, Cousin problems,
sheaves

April 20, 2016

Problem 1. Let D be a topological space, J be a sheaf over it. Let U, V be coverings of the
space D by open sets such that V < U: each covering element V, € V is contained in some
element Uyq) € U for a certain index mapping ¢ : o — ¢(«). For every two mappings ¢1, ¢»
as above let us consider the corresponding induced mappings

fi 2 Gl = O, (fih)aan = Mo, (a0)dyan)s J = 1,2-
Show that f; and f, are chain-homotopic:

fo— f1 = 00k + 04410, 6 : C" — C"*! is the differential,

I—
0; : CZI/I - C{;lv (elh)ao,mCUA = (_1)sh¢1(ao)---¢1(as)¢2(as)---¢2(az_1)'
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Problem 2. Let M be a real manifold. Let H¥,(M) denote the de Rham cohomology: the
quotient space of the C'*°-smooth closed k-forms over the exact k-forms (the image of the
differential). Prove de Rham theorem: H%,(M) is isomorphic to the cohomology H*(M,R)
with coefficients in the sheaf of locally constant real-valued functions. (Hence, it is isomorphic
to the singular cohomology with real coefficients.)

Hint. Let £F denote the sheaf of C™-smooth k-forms. Use the short exact sequences

0 — deF 1 — &8 —dsF —0, k>0, d€' =R,

the fact that the sections of the sheaf d€#~1 are the closed k-forms and triviality of the coho-
mology H*(M,EF) for s > 0 (as a given known statement).

Problem 3. Prove the above vanishing statement H*(M,E*) = 0 using the same idea, as in
the proof of the theorem from the lectures on the solution of Additive Smooth Cousin Problem,
which implies that H'(M,C*(M)) = 0 (locally finite covering, partition of unity, etc.).
Problem 4. Prove that the d-problem can be solved for punctured disk D¢ = D; \ {0} c C.

Problem 5. Calculate the cohomology H*(D?, O*), using the result of the latter problem, the
known cohomology H*(DY,Z) and appropriate exact sequences.

Problem 6. Let M be a compact complex manifold. Prove that the space of holomorphic
sections of every holomorphic vector bundle on M is finite-dimensional.

Hint. Introduce a Banach space structure on the above space and prove compactness of its
unit ball.



