86. KomMmyTaTuBHBIE KOabna U noJsa. KoMiiekcHble Yucia.

6.1. KommyTaTuBHas U HeKoMMyTaTuBHas anre6pa. CBoE 3HAKOMCTBO ¢ aareGpol Mbl HAYAIN
¢ GOPMYJI U CTPYKTYP, OTHOCUBIINXCA K OTOOPAKEHUAM MHOKECTB. C M3BECTHOU TOJMEN YCJIOBHOCTH
DTY 4YacTh adreOpbl MOXKHO HA3BATEH HEKOMMYMAMUSHOT G12e0p0oti, TOCKOIBKY OCHOBHAA ONEPAIU,
KOTOPas B HEU UCIOIb3YETCA — KOMIIO3UIIMA OTOOPAKEHNN — HEKOMMYTATUBHA. B 5TOM pasmene Mbl
MO3HAKOMUMCA C KOMMYMaMUeHot as2ebpot — HopMysamMu u CTPYKTYyPaMU, IVIABHBIMU JAEUCTBYIO-
UMY JUIAME B KOTOPBIX ABIAIOTCA OOBEKTHI TUMA YUCET W YUCIOBLIX (PYHKIIUN, KOTOPHIE MOXKHO
CKIAJBIBATD U MEPEMHOKATL APYT ¢ APYTOM TaK, 9TO 00€ >TU OMepalnu KOMMYTATUBHLEL. [IpocTen-
mue aarebpandeckne CTPYKTYPHI, AKCHOMATU3UPYIOMINE CBOUCTBA UMUCET W YUCIOBBIX (DYHKIUU —
PTO KOMMYTATUBHBIE KOJBIA U TOAA. [IpuMmepamu mosen ABIAOTCA ducaobbie moas Q u R, a mpume-
pamMy KOMMYTaTUBHBIX KOJEI — LeJble dnuciaa Z, a Takxke MHorodens! Z[x], Qz] u Rlz] ¢ menbivu,
PAIMOHANBHBIMY U BENECTBEHHBIMU KOXDPUIIMEHTAMHN.

Orogopumcs, 9T0 geaeHne aareGphl Ha, «(KOMMYTATHBHYIO» W «(HEKOMMYTATUBHYIO» JOBOJBLHO MC-
KyccTBeHHO. MuI yike Bugenu B npumepe (n°4.4.3), 4T0 9UCIOBbIE TPYIIIEL MOXKHO BOCIPUHUMATE KAK
CPYIIBL TPEOOPA3OBAHNYT TUCJTOBON MPAMOU. BaXKHEUIMM MCTOTHUKOM MH(MOPMAINNA O KOMMY TATHUB-
HBIX KOJIBIAX U MOJAX SABIAIOTCA COXPAHSIONINE OEPALUN OTOOPAXKEHUA MK LY HUMU (20MoMmopPiu3-
Mbl), KOTOPBIE CaMu 110 Ce6e KMBYT B HEKOMMYTaTUBHOM Mupe. C APYrou CTOPOHEI, NPEACTABIEHUE
KaKOU-HUOYIL TPYINLI IpeoOpa3soBaHMK KaK TPYINLI aBTOMOP(U3MOB HEKOTOPOU KOMMYTaTUBHON
aareOpantecKon CTPYKTYPHI YACTO MO3BOIAET YBUAETH TAKNE CBOUCTBA, 3TOU I'PYIILI, KOTOPHIE OBLIN
COBEPIIIEHHO HE OYEBUAHBI IPU APYTOM €6 mpeacTaBieHnu. Tak 9TO KOMMYTATHBHBIA M HEKOMMYTa-
TUBHBIN MUPHI TECHO TIEPEILIETAIOTCA IPYT ¢ APYTOM.

Crenymoiee nanee onpepeneHre (GOPMAIUIYIOT CTAHIAPTHBIE CBOUCTBA CJIOXKEHUA U YMHOXKEHUSI
TUCE.

6.2. Onpegesnenne noms. Muoxectso F Ha3BIBAETCA Nnodesm, €CI Ha HEM 3aJaHbL ABE ONEPAINN
FxF—F:
ciroxenue (a,b) — a + b u ymaoxenue (a,b) — ab co cBoncTBamMu:
1) akcuombl crnoxeHus

KOMMYTaTUBHOCTb (MepemMecTuTensHblid 3akoH): a +b=b+a Va,beF

(=Y

accoumaTueHoCcTb (codeTaTenbHbil 3akoH): a+ (b+¢) = (a+b)+¢ Va,b,ceF
CylecTBOBaHWe HelTpanbHoro anemenTa (Hyns): 30€F: a+0=a Va€eF

w

o]

)
)
)
) cywecTsoBaHue npoTusononoxHoro: Va€eF I (—a)eF: a+(—a)=0

2) aKCUOMBI YMHOXEHHUS

&

KOMMYTaTUBHOCTb: ab =ba VYV a,belF

=)

CyLeCTBOBaHNE HENTpPanbHOro anemenTa (eamunubl): 31€F: a-1=a Va€eF

w©

=

)
) accoumnatusHocTs: a(bc) = (ab)e Va,b,ceF
)
)

cyuwiecteoBanue ob6pathoro: VacF, a#0 Ja'€F: a-a'=1
3) akcuoma aucTpubyTusHocTu (pacnpeaenntensHbint 3akoH): a(b+c¢) =ab+ac Va,beF
4) akcvoma HeTpueuanbHocTu: 0 # 1

[lepsrie nBa HAOOPa AKCUOM YTBEPK AT, ITO BCE mose F apiseTca abeJeBon TPYIION OTHOCUTEIBLHO

1 « def
croxennsa’, a MHOX)ecTBo ¥ = F \ {0} Bcex HeHy/eBBHIX »IeMeHTOB IO F mpexcTaBigeT co60w0

! pynnosas crpykrypa, omepamueil B KOTOPOH ABIATCA CIOKEHNE, HA3bIBACTCA a.00UmUsHOT IPYIIIOBON CTPYKTY POIL
€IMHUILIEN a1 TUTUBHOM TPy CIyXuT aeMenT () (B aJJUTBHOU CTPYKTYPE OH HA3BIBACTCA HEUMpPasbHblM IACMEHTIOM ),
aJIUTBHO OGPATHBLIE DIEMEHTHI HA3BIBAIOTCA NPOMUSEONOA0HCHbIMY; HOBBIE HA3BAHUA HEOOXOAUMBI [JIA TOTO, ITOOLI
OTJIMIATD aANTUBHYIO IPYINOBYI0 CTPYKTYPY OT MYAbMUNAUKGMUEHOT TPYINOBOA CTPYKTYPhI, OEpalueil B KOTOPOR
CIYXUT yMHOXEHWE; CTAHIAPTHLIE HA3BAHUA W3 TEOPUU TPYyHI («eIMHUIA», «OOGPATHBIA DIEMEHT») UCHOIB3YIOTCA JJIA
MYJIbTUIITKATABHOR T'PYIIIOBOR CTPYKTYPBI

37
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abeeBy I'PyIIy OTHOCHTEJILHO yMHOXKeHuA. [locaemume nBe akCMOMBI PECyJIUPYIOT B3aUMOLEUCTBHE
DTUX ABYX CTPYKTYp Mexay cobom. Kak mer yxe Bugenu B (n°4.3), U3 akcuoM IpyNNbI BEITEKAET,
JYTO eIMHUIA U HY/Ib € IMHCTBEHHBI, & IPOTHUBOIOIOKHLIN 1 OGPATHEII BIeMEHTEl —G 1 4| K JAHHOMY
paeMeHTy ¢ € [F OTHO3HAYHO ONpeneasaioTcs 1o a.
W3 akcmoMm 01 aBTOMATUYIECKH CAEAYIOT U HEKOTOPEIE IPYTHe HHTYUTUBHO OXKMIAEMEIE CBOUCTBA,
NENCTBUMA.
YnpaxHenue 6.1. Ilokaxwure, uro B mob6om noue F mis aroboro a € F Bemonusiorcs paBerncrsa 0-a = 0 u

(—=1)-a = (—a) (nocreaHee 03HAYACT, YTO YMHOXKAA ( HA IUCJIO, IPOTUBOMONOKHOE EUHULIE, MBI TIOLY TUM
UCI0 TPOTUBOTMONOKHOE @, 9er0 G Priori He TPeGOBAIOCK; PelIeHne MOKHO TOATIAAETh B cHOCKe (1)).

Ormerum, aro Tpeboarme a # 0 B akcmome (2r) HEOOXOAMMO, MOCKOJBKY WHAYE MBI UMEIU ObI
1=0-0"" =0, 4To IPOTUBOpPEINT HmOCIEIHEH aKCHOME?.

IIpocrenmum mosem spasercs nojae Fo, cocrosmee u3 aByx siaeMmenToB 0 u 1, Takux uro 0 + 1 =
1-1 =1, a Bce ocTaIbHbBIe CYMMBI U TIPOU3BENEHUs PABHEL Hy 0 (Bkaoodasd 1 + 1 = 0). DaemeHTH!
ITOTO IOJA MOXKHO MHTEPHIPETUPOBATH KaK «IOXKbY» U «(MCTUHY», TOCJAE 9€ro CJOXKEHNE U YMHOXKEHNE
MIPEeBPAIIAIOTCSA, COOTBETCTBEHHO, B JIOTUYIECKUE OIEPAIIAN «UCKII0YaoIee wim u «uy. Takum o6pazom,
dopMysIEr U BErAUCICHUA B TIOIE Fy — 3TO TO, 9TO HA3BIBAETCA «aare6pPON BBICKA3BIBAHUID .

Ynpaxtenue 6.2. IIposepbre, uTo Fo 1eUCTBUTENBHO ABIAECTCA MOJEM W HAMUIIATE MHOTOWIEH OT %, PABHBIN
@He T», a TaKKe MHOTOWICH OT Z U Y, PABHBIR «T WIH® Y».

[TpumepoM MmO, TOCTYKUBIINM IEPBOUCTOUHUKOM IJIg BBEIEHUSI DTOTO HOHATHI, ABIAETCI IO Pa-
MUOHATBHBIX Yncea (Q, KOTOPOe MOXKHO ONPEIETUTh KAK MHOXKECTBO KIACCOB DKBUBAJEHTHOCTH BHIPA-
XKeHuu Buaa p/q ¢ p,q € Z u q # 0, 7ae 1Ba BEIDAXKEHUA P/q U 1'/S CIUTAIOTCA SDKBUBAJCHTHEIME TOC A
U TOJBKO TOTZA, KOTAa ps = qr B Z. CroxeHne u yMHOXKEHNE KJIACCOB ONMPeneIseTcs (popMyaaMu

b T:M ggzg (6—1)

7+7 R
qg s qs qs

Ynpaxtenue 6.3. IIposepbTe, 4T0 5TH ONpELENEHNUs KOPPEKTHBL (He 3aBUCAT OT BHIOOPA IPEICTABUTENCN B
KJIACCE DKBUBAJCHTHEIX APO6EN) U YIOBJICTBOPAIOT AKCAOMAM TIOJIA.

Bouee caoXHBIM TpEMEPOM IIOJIA ABAAETCA IMOJE AeUCTBUTEILHLIX uucen R. Y mmoxkecrBa R mmeer-
A HECKOIBKO PA3IMIHEIX ompegeneHni®. Mur 6ygeM HpemoIaraTh, YTO YUTATETh 3HAKOM C DTHUMM
OIpeIeJeHUAMY U IIOHUMAET, IMOYEeMY OHU DKBUBAJIEHTHLI APYr Apyry. OTMeTuM, 9TO Kakoe Obl 13
OTIpeneTeHn MHOKECTBA R He UCMOMB30BANOCEH, 3aaHne Ha R omepanui CI0KEHNA U YMHOXKEHUA Tpe-
OyeT MOCTATOYHO CEPLEBHOU PAOOTHI, U MTPOBEPKA BHIMTOJHEHUA AKCUOM MOJS [IJIS 9TUX IBYX OIEPaIui
COCTABIACT CTAHIAPTHEIN HAOGOP TEOPEM U3 HAYAILHOTO Kypca aHaan3a. MLl motaraem, 9To YuTaTelb
3HAET DTU TEOPEMEL.

6.3. Ilosie KOMILUIEKCHBIX 4nces] (FeoMeTpudecKoe onpeaeneHue). PaccMoTpnyM BemecTBeHHY 0
KOOPANHATHYIO IIOCKOCTH R? ¢ (pUKCHPOBAHHOK IPAMOYTOIBLHON cucTeMon koopaurar OXY ¢ naua-
aoM B Touke O = (0,0) u xoopaunaTusiMu ocavu OX u OY, HanpaBieHHBEIMU BIOJIL BeKTOPOB (1,0)
u (0,1), koropee MbI Gyem 0603Ha49aTh cuMmBosamu 1 U i (cm. puc. 601). Touku 2z 5TOU mIOCKOCTH
MBI Oy I€M HA3LIBATH KOMNAECKCHBLMU YUCAAMY, 8 CAMY ILIOCKOCTH o0o3HaunM depes C.

Koopauuarsr (z,y) KOMILIEKCHOrO 4ucaa z obosHadawoTcs deped Re(z) = ¢, Im (2) = y u Haswl-
BAIOTCA Jetcmeumenbnoti 1 MHUMOT TACTAMA KOMILIEKCHOTO dncaa. KaxkIoMy KOMILIEKCHOMY SHCIY
2 MOXHO COTIOCTABUTH €r0 paduyc-6exmop & -1+ y - i — 3TO BEKTOP ¢ HAIaIOM B TO4YKe () M KOHIIOM

' D— =v - (1—) erLITO
‘0=p-0=2-(I+(1—))=?2-1+Dv-(I—) =0+ ([—) ‘HoHOMRH {() = q WoeRArOU ‘(D—) vaLoHIgRd 0JOIE WELORh
wuogo ¥ BEraegudu (0 = 1-0 = ([+ ()P =1-D+ (-0 =D+ (D = D+ q 9LoNU WOTAQ ‘Q €odoh ()- D BRRRHEOQO :HUHUIIIHd

2Ha caMOM Jele akCmoMa, (4) paBrocuabHa TpeboBanuio F # {0} : npu 0 = 1 Mt umesmu 661 Va€F a=a-1=a-0=0

33/meck UMeeTcA B BUIE «HEe MCKTIOYMAIONIEE WAy, T.e. MHOTOWIEH NOMKEH MPUHUMATH 3HAMeHWe 1 TOrAa U TOXbKO
TOrAa, KOUga £oma Obl 00Ha U3 MePEMEeHHBIX PaBHA 1

4 rpu HamboIee YIOTPEOUTEIBHBIX: MHOKECTBO KJIACCOB DKBUBAJICHTHOCTH ECATAIHBIX (VI MPUBA3AHHEIX K OGO
APYTOU IO3UIVOHHON CUCTEMe CUUCIEHNUs, HAIPUMeD, JBOMYHBIX) APOGEN, MHOXECTBO NeJEKUHJOBBEIX CEIEHUU MHOXe-
crBa Q, a Takke MHOXECTBO KIACCOB SKBUBAIEHTHOCTHU PAlMOHAJIBHBIX IOCIegoBaTeabHOCcTen Komm
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B TOYKE Z, KOTOPBIU MBI OyAeM 0003HAYATH TEM K€ CUMBOJOM Z, 9TO 1 camy Touky. Touke O = (0,0)
IIPU DTOM COIOCTABIACTCA HyJaeBon BekTop 0.

Ya
y =Im(z) z=z-14+y-i

§' =)t +yr =)t Ve
Arg(z) =a+2rk, k€ Z

@
z = Re(z)
[9) 1 X
—a
51
}z_1| = m7 Arg(z_l) =—a+2nk, keZ

601. ATpubyThl KOMILIEKCHOI'O YuCaa 2z = & - 1 + ¥y - 4.

Kax b paguyc-sekTop z = x-14y-i mmeer nmmny |z| = /22 + y? , TaKKe HABBIBAEMYIO MOOYAEM
qncaa z, u apeymenm Arg(z) o {a+27k| k € Z} C R, npeacrasasionm co6010 MHOKECTBO BCEX
YIUIOB', IIOBOPOT Ha KOTOPHIE COBMemAeT Hampasienume ocr OX ¢ HAOpaBIeHHEM PAJIyC-BEKTOPA
z (Bce TaKHEe YIVIBI OTVIMIAIOTCA Ha I[MeJ0€ "THUCJIO ITOJTHBIX 060pOTOB n OGpaSyIOT CMe}KHBIIk/}I KJacc

noarpynnsl 277 C R u3 npumepa (n° 5.1.6)).

(a+b)+C:a+(b+C)

602. KoMMyTaTHBHOCTE U ACCOIMATUBHOCTD CJIOKEHUS BEKTOPOB.

Cioxenne KOMILIEKCHBIX YUCEN OMPEReIIeTcs KAK CIOKEHNe OTBEYAIONNX UM PAINYC-BEKTOPOB:
CYMMOU IBYX TOYEK 2] U Z9 HA3BLIBAETCA TOYKA, PAANYC BEKTOP KOTOPOU PABEH CYMME 21 + z9 PAJAUYC-
BEKTOPOB TOYEK 2] U Z9. B KOOpAMHATAX DTO OMUCHIBACTCA (HOPMYJION

(w1 1+yr-i)+ (w2 1+y2-i)=(v1+22) - 14+ (y1 +y2) - 0.

CroxeHue BEKTOPOB, KAK M3BECTHO, KOMMYTATHUBHO U ACCOIMMATUBHO (CM. puc. 602), obragaeT HEU-
TPAJLHEIM 3JaeMeHTOM z = (), 1 y BCAKOIO BEKTOPA €CTL IPOTUBOMOJOKHEIN. TakuM 06pa3omM, KOM-
IUTEKCHBIE YUCIa 00pa3yioT abeneBy I'PYINY OTHOCUTEIBLHO CJIOXKEHUA.

! HamOMHIM, YTO yriBl B MaTeMATHKE M3MEPSIOTCA IeHCTBITEIbHEIME Yucaamu (cp. ¢ mpumepoum (n° 5.1.6)), a mmenso
opuermuposannbit yeos xyda OZ ¢ oceio OX 1o ONpeAeneHuIo PaBeH AAWHE IyTH, KOTOPBIA HAA0 IPOUTHU IO €IUHUTI-
HOU OKpyxkHOCTH ¢ HeHTpoM B O oT Toukm eé mepecedenusa ¢ ayaém OX no toukm eé mepecedenus ¢ ayaém OZ,
TpUIéM AIMHA GEPETCA CO 3HAKOM «+», €CAM ABMKEHWE IPOUCXOAUT MPOTUB TACOBOU CTPEIKU, U CO 3HAKOM «—», €C-
JI TI0 YaCOBOH CTPEJKE; CyIMIECTBEHHO, UITO TaKad AyTa He eJUHCMEEenHaG — OHA ONPEeAeNeHa ¢ TOIHOCTBIO 4O 4106020
4ea020 4ucaa 060poMOe; MOITOMY yIOI HE €CTh KOHKPETHOE IHC/IO, HO LEl0e CIETHOE MHOXKECTBO JEUCTBUTENbHBIX U~
CeJ, COCTABIAIIIMX apUGMETAIECKYI0 IPOTPECCHI0 ¢ PA3HOCTBIO 27T; MHOXKECTBO BCEX DTHUX THCE] IPUHATO 0003HAMATD
Arg ({XO0Z) = {a+ 27k | k € Z}, rae @ — Kak0e-TO OJHO W3 3HAYEHWI YIiIa, M HA3BIBATE apeymenmonm xyda OZ (B
cTapuHy CKa3aau Obl, ITO apIyMEHT ABIACTCA MHO203Haunol Pynkyuetd or xyta OZ, a cemdac MBI OBOPUM, ITO DTO
CMEXHBIN KJIACC AAPA YHUBEPCATLHOTO HAKDPBITUA €IMHATHOU OKPYXKHOCTH TUCIOBOIO NMPAMOIO, OMUCAHHOTO B IIPUMEDE

(n° 5.1.6))
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IIpousBemenneM KOMILIEKCHBIX GHCEN Z] M 29 HA3LIBAETCS IUCIO 2122, PAAUYC-BEKTOP KOTOPOL'O
3a1aETCA YCAOBUIAMU

z120) € 21| - |20l Arg(z122) & Arg (21) + Arg (20) (6-2)

(MHBIME CJIOBAMU, TIPU YMHOMKEHUN KOMILUIEKCHBIX YHCEN UX MOJAYIU TEePEMHOXKAITCSA, 8 apryMEHTHI
CKJIAABIBAIOTCA). DTO YMHOXKEHHAE O9E€BUTHO KOMMYTATUBHO U acCOUUATUBHO. ETMHUYIHBIM 31eMeHTOM
st Hero ssasercsa duciao 1 € C (egunmunbinl Hanpas/sioimmi BekTop ocu OX), a yMHOXKEHUE HaA
HyseBou BeKTOp obmagaer ceouctBoM 0 -z = 0 Vz € C . O6paTHBIM K HEHYJIEBOMY DIEMEHTY Z

SABIACTCA 9UCAO 2L ¢

e =1/l Arg(z7h) = —Arg (2) (6-3)

(cMm. puc. 601). Takum 06pazoM, OTHOCUTEILHO YMHOXKEHUS HEHYJIEBBHIC KOMILICKCHBIC HHCJIA TAKKE
00pa3yT KOMMYTATUBHYIO I'PYIILY.

JleBoe pery/sipHOe IpeacTaBIeHre MYyJIbTUINIMKATUBHON TPYTINBI KOMIUIEKCHBIX Yucen (cm. n° 4.4.1)
MMeeT IPOCTYIO MeOMETPUIECKYIO HHTEPIPETANNIO: YMHOKeHre Ha, (pukcupoBaruoe ducao a € C

zZ—=az

Ao : C C

IIpengCcTaBadaAeT c00010 nosopomuyo eomomemmol miockocT C OTHOCUTENBLHO HATALA, KOOpIWHAT Ha

yroa Arg (a) ¢ kospdunmentom |a|. Takum 06pazom ycraHaBIMBaeTCs OUEKIVA MEXK Y OTJIMIHBIMA OT
Hy/11 Toukamu @ € C ¥ HOBOPOTHBIMU IOMOTETHUAMU OTHOCATEIBHO HAYALA KOODIUHAT C HEHYJIEBHIM
KO>POUIHEHTOM. DTa OUEKIUA ABIAETCA B30MOPPU3MOM MYJIbTULIAKATUBHBIX TPYIIN — KOMIO3UIIA
MOBOPOTHBIX ITOMOTETHH Ay U Ap TO B TOUHOCTH IIOBOPOTHAA TOMOTETHS Agp (e mon ab moHuMaeTcs
IPOU3BE/IeHNe KOMILIEKCHBIX YUCE, BEIYUCICHHOE 10 hopmye (6-2)) ¢ koaddurmenTom |a||b| Ha yron
Arg(a) + Arg ().

6.3.1.[IPEJJIO?KEHUNE. KommiaexcHrie qucia 0Opa3yioT HOJe.

[okasaTenscteo. 13 BCex CBOMCTB IOJA HAM OCTAJOCH IPOBEPUTH TOJBKO aucTpubyTuBHOCTH (3). Ha reome-
TpudeckoM sa3bike popmyaa a(b + ¢) = ab + ac nepenuceBaeTcsa Kak A, (b + ¢) = Au(b) + A\o(c) u o3magaer,
YTO MOBOPOTHBIE [OMOTETHUH [IEPECTAHOBOYHBL CO CIOKEHMEM BEKTODOB, WM — TTO TO XKe CAMOe — €TO JII0-
6as1 TOBOPOTHAsI TOMOTETHUA A, HNEPEBOAUT MapaIelorpaMM B mapamienorpamm. Ho 5To neicTBUTENbHO Tak,
MOCKOJIBKY BCAKWUH IOBOPOT U BCSKAsA MOMOTETHA MEPEBOAAT HAPAILIEIOrPAMM B HAPALIEJOrDAMM. O

6.3.2. AnreGpaunveckoe mpe/jcraBieHue KOMILUIEKCHBIX 49uces. [Ipex e BCero 3aMeTuM, ITO OCh
OX B moae C MOXHO OTOX/IECTBUTH C IOJEM BEUIECTBEHHBIX uncen R — cIOXKeHWe W YMHOXKEHUE
KOMILICKCHBIX YHCEJI, JCXKAINX Ha OCH OX, B TOYHOCTH COBIIQJacT CO CIOXKCHHUEM U yMHO)KeHI/IeM
YKce] BEIIeCTBEHHON YncIoBou mpsaMonu. Ilostomy pasiaoxenne z = x - 1 + y - i paguyc-BeKTOpa z
no GasucHbM BekTOpaMm 1 = (1,0) m ¢ = (0,1) ¢ BemecTBeHHEIME KOd>(dunmentamu x = Re(2)
u y = Im (2) apuserca sepuvim pasencmeom 6 nose C — ClroXKeHWE M YMHOXKEHHE B DTOU (POPMYJIE
MOT'YT BOCTIPUHUMATHLCA KAK CJAOKEHNE U YMHOKEHNE KOMILIEKCHBIX uncest. Caenys OOLITHON TpaAuIng
OIIyCKATh 3HAKHU IPOU3BEICHUN U YMHOXKEHNE HA eUHUILY , POPMYIAY Z2 = & -1+ -i OOBITHO COKPAIIAIOT
00 z = T +1y.

Honbaysicy akcromMoun AUCTPUOYTUBHOCTU U PABEHCTBOM i? = —1, MBI MOXEM BEIYUCIHTE IPO-
U3BeMeHNEe KOMILIEKCHBIX YUHUCEeT 2] = X1 + tY] U 29 = X2 + 1Yo, M3HAYAILHO OMPEAETEHHOE HAMUI
reoMeTpriaecku popmysaon (6-2), Mo OOBIYHBIM TPABUIAM PACKPBITUA CKOOOK:

2129 = (@1 +iy1) (22 + iy2) = (Z122 — y1y2) + i(z1Yy2 + 22u1) . (6-4)

O6paTHoe K 9UCIy Z = & + iy 9HCI0 2| Tak e JerKo BEIPAXKAeTCA 9epe3 T 1 ¥

o1 T — 1y _xTx—y T 1y
Z = = ~ TN T 212 L2 1.2 (6-5)
w+iy (v tay)(z—iy)  2*+y? 2P 2]

lHaIIOMHI/IM, 9T0 N068opomHot 2omomemueti orHOCHTEIbHO Touku O Ha yroa « ¢ koaddunuenToM g > 0 Ha3bIBAETCs
KOMIIO3UINA MOBOPOTA HA YTOI @ BOKPYT TOUkW O M PAaCTAKEHUA B @ pa3 0THOCHTEAbHO O (HOCKOTBbKY DPaCTAKEHUA
KOMMYTHPYIOT C HOBOPOTAMHE, BCE PABHO, B KAKOM IODAAKE 3Ta KOMIIO3ULWA BBIIOIHAETC)
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_ _ _ def .
orkysa Re (271) =Re (2)/|z[* nIm (271) = —Im (2)/|2|?. Uncno Z ‘= & —iy HABEIBACTCA KOMNAEKCHO
CONPANCENHBIM K IUCTY 2 = T + 1y. B TepMMHAX KOMILIEKCHOT'O CONPSAKEHnA GOopMyIy AAi 0OPATHOIO
TMCTa MOXKHO 3amucaTh B Buje 2~ 1 = Z/|z|%. TeoMeTpudeckn, KOMILIEKCHO® COTIPAKEHUE

2—7Z

C C

IpeACcTaBIgeT o600 CUMMETPUIO KOMILIEKCHON ILIOCKOCTH OTHOCUTEILHO BemmecTnerHon ocu OX. C
aarebpaneckoll TOUKU 3PEHUs COIPsXKEHHe SBJIACTCA NHBOTIOTUBHEIM apToMopduamoM noas C, T.e.
V2eC Z=zuVz21,20 € C 21+ 29 =71+ %0, Z122 = Z122 -

6.3.3. [pumep: TpuroHomeTpusi. PaccMOTpUM KOMILIEKCHBIE YMCIA
Z1 =Cosp1 +isiny; , 29 =COSy2 +isin(ps ,

JexKamme Ha equHTIHON okpyxHOocTH S = {2 : |2| = 1}. Torga mpoussenenue 21 23 , BLIMUCICHHOE TIO (DOPMY.IE
(6-2) u BerYUCIeHHOE IO hopmye (6-4), uMerT B

cos(ip1 + p2) +isin(pr + p2) = 2122 = (cos (p1 COS Yo — sin ¢y sin apg) +1 (cos 1 8in s + sin ;1 cos <p2> ,

oTkyma cos(p1 + p2) = cosp; cosps — sinpy sinps u sin(p; + p2) = cos i sin s + sin g cos s . Tem ca-
MBIM, HAMU J0KaA3aHbl TPUTOHOMETPUIECKUE (POPMYJILI CJAOKEHUA apryMenToB. Ha caMoM mesie He TOJIBKO 2THU
opMyBI, HO U BCE KazyucTUIeckoe n3obmine GopMy.I MKOJILHOU TPUTOHOMETPUHU €CTh HE ITO MHOE, KAK 0ec-
GOpMEHHBIN LLTEN() COYyIaUHBIX CAEICTBUHM TOr'O IPOCTOrO (pakTa, YTO KOMILVIEKCHLIE IUCJAa 00pasyioT IoJe 1
BBEIYHC/IATH C HUMA MOXKHO II0 OOBIMHBIM IPABUIAM (PACKPBITHA CKOOOK).

Bot emé ogun npumep. IIycts 2z = cosp + isinp. Torga 2" = cos(ny) + isin(ny) MOXHO BHLIYAUCIUTS,
packpuiBas CKOOKU B (COS ¢ + i sin )" mo gopmyae (1-9) uz §1. Mubr noxyuaeMm paBeHCTBO

cos(ny) + isin(np) =

=cos"p+i (T) cos" tpsinp — (Z) cos" 2 sin?p — 1(7;) cos" Bpsindp + - =

= " cos"p — " cos™ 2@ sin? + " cos" osinto — - ) +
0 2 4
+1i ") cos® Losing — [ =3, sin> n n—=5 ,¢inb, _
ate psing 5 ) cos" psin 0+ 5 ) cos"psin’p — -

KOTOpOE 3aKJIIYaeT B cebe TPUTOHOMeTpUIeCcKue (POPMYJIBL A1 KPATHBIX YIVIOB:

cos(ny) = (g) cos"p — (Z) cos" 2psin®p + <Z> cos" " 4psintp — - -

sin(ngp) = <:L> cos" tpsinp — (g) cos" 3psin®p + (TSL) cos" Ppsin®p — - -

YnpaxHenue 6.4. [lokaxkuTe, 9TO IpU HEIETHOM 1 GYHKIUA Sin(ny)/ sin ¢ ABISETCA MHONOUIEHOM OT sin?¢p.
Haunure ero cremenb, KOpHM U CTApPHIMAU KO>(DPUINEHT. BHImuImTe 5TOT MHOMOWIEH SBHO WA N = 3 U
n = 5. HakoHern, moxaxuTe NIA HEIETHBIX 1 TOXKIECTBO

n—1

. = ‘ 9
sin(ne) = (—4) 7 H (Sinzgo— sinzﬂ-y)
n

sin ¢

v=1

6.3.4. [Npumep: KopHu u3 eanHnubl U ypasHenne 2™ = a. Peumm B nose C ypaBuenue z" = 1. CpaBuHuBas
MOJIyJIM JIEBOU M MPABON YacTH, moaydaeM |2"| = |z|" = 1, orkyna |z| = 1. O603Ha4as 9epes ¢ yroa pagmyc-
BeKTOpa z ¢ 0cbio OX U CpaBHUBAA apPT'yMEHTHI JEBOU U MPABOU YaCTU YPABHEHUS, MOIYIAEM

np € Arg (1) = {27k | k € Z} ,

orkyga ¢ € {27k/n| k € Z}. Takum obGpasom, ypaBHerue z"” = 1 uMeeT POBHO 7. KODHEW 20, 21, - .., Zn—1,
KOTOPBIE PACIONArAI0TCA B BEPIIUHAX MPABAILHOTO M-y OJbHAKA, BIMCAHHOI'O B €MUHMIHYIO OKPYXKHOCTD TaK,
9TO BEPLIMHA 2o HAXOAUTCA B TOUKe 1 (cM. puc. 603, rae n =5, 6):

zp = cos(2mk/n) + isin(2nk/n), ronek=0,1,...,(n—1).
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6¢3. Kopuu ypasrennit 2> =1 u 28 = 1.

B wacTHOCTH, MBI BHAMM, 9TO KOPHE O0Pa3ylOT UMKIXIECKYIO I'PYIILy OTHOCHTEIBHO OLHEPALMU yMHOMXKEHHU.
Jra rpymnna 0603HAYACTCA 4y, ¥ HA3LIBAETCA 2pynnot kopred n-mot cmenewu u3 1. MBI yike BCTpeIaINCh C HEIO
B mpumepax (n°2.1.2), (n°2.2.2) u (n°5.1.7). B kadecrBe 06pa3yrommen STON IPYNIEL MOXKHO B3ATH, HAIIPUAMED,
KopeHs z; = cos(2w/n) + isin(2w/n). Toraa z; = 2§ nma seex k = 0,1, ..., (n — 1). O6pasytommue TpyTIIET
4y, HA3BIBAIOTCA NEPBO0OPA3HBIMU KOPHAMU CTEIeHN n u3 eguHunsl. Ha puc. 603 Bce 4eThipe oTindHEIX OT 1
KODH# NATOH CTENEHN U3 €IUHUIBI ABIATCA EPBOOODA3HBIMY, & CPEAU KOPHEH 6-TON CTeNeH: U3 eJUHUIEL
TIePBOOOPA3HBIME ABIAIOTCA TOMLKO 21 U 25 = 27 ©

MHOrowIeH, KOpHAMEA KOTOPOT'O ABIAITCS HEPBOOOPA3HEIE KOPHU N-TOU CTENEH! U3 1 ¥ TOIBKO OHU, HA3HI-
BAETCA MHOZOUAEHOM JEAeHUA KPYea Ka N wacmel, (MK 1 -MblM YUKAOTOMUYECKUM MHO2outenom). Hampumep,
ITBIA ¥ MECTOU NUKIOTOMIIECKIE MHOIOWICHEL DABHEL

5(2)=-—2)(z—2)(z—2)(z—24) =2 + 22+ 22+ 241
foz) = (z—2)(z—21) =2* —2+1.

* .
YnpaxHenue 6.5" . [lokaxure, uro npu awo6om n € N nukroromudeckuin MHOrOwWeH f,,(z) ABIsLETCS HEnpu-

BoguMbiM! Hag Q MHOroOwIeHOM ¢ measvu kodddurmentavu crenern @(n) (rae p(n) — 3TO KOIXIECTBO

HATYPaJBbHBIX YUCEJ, MEHBIINX 7 U B3AUMHO IPOCTHIX C n)

KoMmeHTapuit: OJra 3agada BMECTE ¢ APDYTUMHU HOAE3HBIMEM (HAKTAME O OUKJIOTOMUIECKMX MHOTOWICHAX (BKIIOYAL
HECKOIBKO 0Oee Wiy MEeHee ABHBIX (POPMYy.I MJIA HUX) COAEPKUTCA B «334a9aX CEMUHAPOB» B NOIOIHWUTEIHLHOM
JTUCTKE 6%.

Ynpaxtenue 6.6. Beipasure sin(27/5) u cos(27/5) B pagnkanax oT HATYPaIbHBIX IUCE.
[Moackaska: [as 5>TOro JOCTATOYHO PEUINTH B PAAUKAIAX YPABHEHUE NEJICHUSI KPyra 2 42842 241 = 0, xoTopoe
CBOAUTCA K KBaJAPATHOMY YPABHEHHIO [eJeHueM 00enx vqacTell Ha 2> W 3aMeHOH t = 2 + 271

PaccmoTpum Temeps ypaBHeHume 2" = a. Paccyxmas Kaxk u BBHIIIE, TOJYTIaeM
lz| = ¥lal, np € Arg(a) ={a+27k|keZ},

rae o — yroua paauyc-sektopa a ¢ ocsio OX. Takum o6pasom, ¢ € { o+ % | ke Z} , T. €. KODHU yPABHEHUS

2" = @ pacmonaranTCA B BEpIIMHAX MPABWILHOIO N-yTOABHUKA, BIUCAHHOIO B OKPYXKHOCTL paguyca i/ |a| ¢
LUEHTPOM B HyJ€ TaK, 9TO PAJUyC-BEKTOD OJHOW U3 €ro BEPLIMH pacroJaaraeTcs nog yriaom a/n k ocu OX.

YnpaxHeHue 6.7. SIBHO BEIpasuTe IeHCTBUTEILHEIE ¥ MHUMEIE JACTH KOPHEH KBaJPATHOIO YPaBHEHU 22 = a

Yepe3 JeUCTBUTENbHYIO M MHUMYI0 9aCTH YUCIA @ IPU MOMOIIM YeTHIPEX apuPMeTUUeCKuX ONepalul U
U3BJICYEHNS KBAIPATHBIX KOPHEH U3 BEIIECTBEHHBIX YUCE.

6.4. OnpegeneHne KOMMYTaTUBHOT'O KoJabIla. MuoxecTBo K ¢ AByMs ONMEpanusaMu, yIOBJIETBO-
PAIOMIIMY BCEM aKCUOMAaM IOJsA, 33 UCKIIUeHuEM TpeOOBAHUA CYIIECTBOBAHKA OOPATHOI'O 2JEMEHTA,
HA3BIBAETCH KOMMYMAMUSHBIM KOAbUOM ¢ edunuyet. Ecam, KpoMe akCMOMbI CyIIECTBOBAHMA OOpAT-
HOT'0, U3 CIIUCKa aKCUOM II0JA UCKJIIYIUTH er_r_:é AKCHOMY CYHI€CTBOBAHUA €IMHUIIBI, a C HEIO U aKCUOMY
0 # 1, muoxecTBo K, yIOBIETBOPAIOIIEE OCTABIIAMCSI AKCUOMAaM, Oy/eT HA3BIBAETCS MPOCTO KOM-
MYMAMUBHHBIM KOADYUOM. MO,I[GJII)HI:IG IpUMEPHBI KOJIE C €EOMHUIIaMM, HE ABJIAIOIINXCA ITOJIAMI — 3TO
KOJBIIO IIEJBIX YNCET Z, a TAKXKE KOJbIla MHOIOYWJIEHOB C KOBCpCpI/II_II/IeHTa.MI/I B IIPOU3BOJIBHOM KOMMY-
TATUBHOM KOJbIE ¢ equnuiier. IlpuMepnl KOMMYTaTHBHLIX KOJIEIl 6€3 €TUHUILI TOCTABIAIOT IETHLIE

1. e. He pacKIaIBIBAIONIMMCA B IPOM3BEJCHME JBYX MHOIOWIEHOB CTPOTO MEHBIIEH CTEIEHN C PAlMOHATHLHEIMU KO-
a¢dunmerTamu
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IeJble YUCaIa, MHOTOWIEHBI C YE€THBIMY IIEJBIMU KO3(MUITMEHTAME U MHOTOYMJIEHB! C HYJIEBBIM CBOOOI-
HBIM WIEHOM U KO2(PPUIUEHTAMHU B JIOO0OM KOMMYTATUBHOM KOJBIIE.

Ynpaxtenue 6.8. TlokaxuTe, 9To cBOMCTBA U3 ymp. 6.1 0OCTarOTCA B CUIe B TIOOOM KOMMYTATUBHOM KOJBIIE C

eIHALICH.

Kaxk ascTByeT u3 onpenenenns, OCHOBHBIM OTINYHAEM KOJIEIT OT TOJEN ABIAETCA BO3MOXKHOE OTCYTCTBHUE
IJIST HEKOTOPBIX 3JAEMEHTOB KOJbIA 00OPATHBEIX K HUM DJIEMEHTOB OTHOCHTEILHO YMHOKEHUA, DJIEMEHT
@ KOMMYTATUBHOT'O KOJbIIA HABBIBACTCA 00PAMUMbIM, €CIU B DTOM KOJBIE CYIIECTBYET TAKOU DIEMEHT
a~', uro a"'a = 1. B npoTuBHOM ciIydae dIEMEHT @ HA3LIBAETCA Heobpamumbim. Tak, B kKoabie 7
00paTUMBIMHI DJIEMEHTAMHU ABIAITCA TOALKO 1 1 —1. B koubie Q] MHOMO@WIEHOB ¢ pAlMOHAILHEIMA
KO>pdunmenTamu 0OPATUMBEIMU SIEMEHTAME ABJIATCA HEHYJEBbIE KOHCTAHTHI (MHONOYIEHBI CTEMe-
Hu Hysb). Kak cregcTeue, MeX 1y DJeMEHTAME KOMMYTATHBHOI'O KOJBIA BO3HUKAET HETPUBHAJLHOE
omuowenue deaumocmu. TOBOPAT, ITO BAEMEHT @ JeAuMcs Ha BJIEMEHT b, €CIu B KOMbIE CyIIECTBYET
DJIEMEHT ¢, TAKOU ITO @ = bqg. ITO 0OCTOATEILCTBO 3AMUCHIBACTCSI KaK bla (uuTaercs «b meaut a»)

Wi Kak a:b (duraercs «a neamTes Ha by ).
6.4.1. [pumep: rayccosbl uensie Yncna. PaccMoTpum B mose KOMIUIEKCHBIX YMCEN 10 IMHOXKECTBO

Z]i] d:ef{z::r+iy| z,y,€Z} .

Yucma 5TOro MHOXKECTBA PACIOIATAIOTCA HA KOMILIEKCHOU IMIOCKOCTH B TOYKAX C HEJOYMCJAEHHBIME KOO IU-
HATAMU ¥ HA3LIBAIOTCA 2GYCCO8bIMU Yeabiml wucaamt. OHE 0OPa3yIOT KOMMYTATUBHOE KOJBIO C €IWHULEN
OTHOCUTEJIBHO OIEPALMU CJAOKEHUs U YMHOXKEHUsI KOMILIEKCHBIX wucea. B Z[i] umeercs poBrO 4 06paTuMbBIX
saemenTa: +£1 u +i.

Kompuo Z[i] nmMeeT MHOrO apudMeTHdecKux NpuiokeHui. Hanpumep, BEIMUCICHAS B 5TOM KOJBIE CyIIe-
CTBEHHO MPOACHAIT KJIACCHIECKYIO 3a4ady 00 ONMUCAHMU BCEX HATYPATLHLIX IUCENT, MPEICTABUMEBIX B BHUIE
CYMMBHI JBYX KBaJDPATOB LEJIBLIX Yicea (Hy/Ib OPUA 3TOM TOXKE NOIYCKAETCsA B KAYeCTBE OJHOIO U3 KBAIPATOB).
Cesasano »TO ¢ TeM, 9TO KBaapaTwinas dopma z2 + y? Han kompnom Z[i] pasmaraeTca B IPOU3BEICHHAE IBYX
JUHERHBIX MEOKHITENCH: 22 +9° = (v +iy) (7 —iy), 1 331294 TPEICTABICHAS HATYPAIBHOI'O TUCIA B BUAE CyMMBI
KBAIPATOB [BYX LEJLIX YUCEN CBOAUTCA K 330a9€ PA3JIOKEHWUA HATYDPAJILHOTO YUCIa (PACCMATPUBAEMOTO KAK
seMeHTa Z[i]) B IpousBeneHre IByX KOMILIEKCHO CONPSKEHHBIX MHOKUTENEH, TakKe Jexamnux B Z[i]. Orcoga
HEME/JIEHHO BEITEKAET, ITO COCTABHOE THCJIO 11, = M1Ms, 008 COMHOKHATETA B KOTOPOM NIPEICTABAMLL B BUIE
CYMMBI IBYX KBaIPaTOB:

my = a% + b? = (a1 + ibl)(al — Zbl) =2z1Z21, Mg = a% + bg = (a2 + 7:62)((12 — Zbg) = 22232 ,
TaKXe MOXKeT ObITH MPEICTABICHO B BUAE CYMMBI IBYX KBAaAPATOB:
m = 2129 - 2122 = |2122|2 = ((11b1 — a2b2)2 + (a1b2 + a2b1)2 .

Ecan nokasaThb Aus Koabla Z[i] aHAIOr T€OpeMBI 00 OZHO3HAYHOCTHU DA3JIOKEHWA Ha MPOCTHIE MHOXKUTEIN
(aTo BCkOpe OyneT HaMU CHEJAHO), TO NPEALLAYINEE BBHIYWCACHUE IIOJHOCTBIO CBEAET 3a4ady O Pa3JIOkKeHUN
HATYPAIBHOrO YUCJIA B CyMMY IBYX KBAJPATOB K BOIIPOCY O TOM, KAKKE NPOCMble HATYPAIBHBIE YUCAA OCTAIOTCS
OPOCTHIMU B Z[i], & Kakue HAYMHAT DACKIALBIBATLCSI HAa MHOXKUTemu. Mbl emé BepHéMCsa K 3TOU 3agade B
nanbHenmmem! .

YnpaxHenue 6.9. [lokaxuTe, 9TO A IPEICTABUMOCTH 4nCId 7o € N B BUe CyMMBI ABYX KBAAPATOB LIEJILIX
qucea He0O6X0IUMO U TOCTATOYHO, ITOOBI DTO YUCI0 UMENO BUL 1L = P1 -Pa - - -+ ps-k?, roe k € Z — moboe,
a pi,P2,...,Ps — HATYDPAIbHBIE IPOCTHIE YUCIA, IPEICTABUMEIE B BIIE CYMMBI IBYX KBaJIDPATOB.

*
YnpaxHenue 6.10". [oxaxute, uTo npocToe p € N Torga u TOIBKO TOTIa NMPECTABAMO B BALE CYMMEI ABYX
KBaIpaTOB, KOT[a OHO UMEEeT OCTATOK 1 OT aeneHus Ha 4.

!pnpouem, moOGO3HATEILHEIN YMTATENb yikKe CeMdac MOXeT OGPATHUTBhCA K 3aMedaTelbHON KHumxkke: K. Arppiens,
M. Poyszen. Kaaccuueckoe 66edenue 6 cospementyto meoputo wuces. M., «Mupy, 1987 (mmm a060e Apyroe msnanme), rae
HaAUAET KaK 3aBEPIIEHMUE 3TOU UCTOPUHU, TAK W PA3HBIE IPYTHE W3AMIHLIE BLITACICHUA C TayCCOBBIMU THCIAMIA



