
Ïðèêëàäíûå ìåòîäû àíàëèçà. Ëèñòîê 2. Ôóíêöèè Ãðèíà

Ðåøåíèå çàäà÷ 2 (âñå ïóíêòû), 3,4, 7 (âñå ïóíêòû) âõîäèò â íåîáõîäèìûå óñëîâèÿ
ïîëó÷åíèÿ çà÷åòà è äîïóñêà ê ýêçàìåíó. Ïîñëåäíèé ñðîê ñäà÷è ýòèõ çàäà÷ - 11 îêòÿáðÿ.

1. Äîêàæèòå, ÷òî â òî÷êàõ ðàçðûâà îðèãèíàëà ñ ïîêàçàòåëåì ðîñòà s < a

1

2πi

∫ a+i∞

a−i∞
eptF (p)dp =

f(t− 0) + f(t+ 0)

2

2. a) Ðåøèòå çàäà÷è 4à è 4â ëèñòêà 1, ïîëüçóÿñü ôîðìóëîé Äþàìåëÿ: pF (p)G(p) ÷
f ′(t) ∗ g(t) + f(0)g(t).

á) Íàïèøèòå ðåøåíèå çàäà÷è Êîøè x′′ + x = e−t
2
, x(0) = x′(0) = 0 â âèäå èíòåãðàëà.

3. Ïðè ïîäêëþ÷åíèè ê ýëåêòðè÷åñêîé öåïè (ñ îòñóòñòâóþùèì íà÷àëüíûì òîêîì è çàðÿäà-
ìè êîíäåíñàòîðîâ) èñòî÷íèêà ïîñòîÿííîé ý.ä.ñ. íàïðÿæåíèåì â 2 âîëüòà â íåé íà çàäàííîì
ó÷àñòêå öåïè âîçíèê òîê âèäà i(t) = −1+cos 2t àìïåð. Êàêîâà áóäåò âðåìåííàÿ çàâèñèìîñòü
òîêà íà ýòîì æå ó÷àñòêå ïðè ïîäêëþ÷åíèè ý.ä.ñ. âèäà u(t) = sin t âîëüò?

Ïóñòü L - ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð n-ãî ïîðÿäêà. Ôóíêöèåé Ãðèíà G(t, s)
äëÿ çàäà÷è Êîøè L(x(t)) = f(t), x(0) = x0, x

′(0) = x1, ... x
(n−1)(0) = xn−1 íàçûâàåòñÿ òàêàÿ

ôóíêöèÿ äâóõ ïåðåìåííûõ, äëÿ êîòîðîé ðåøåíèå ýòîé çàäà÷è Êîøè (ïðè t > 0) ìîæåò
áûòü ïðåäñòàâëåíî â âèäå x(t) =

∫∞
−∞G(t, s)f(s)ds.

4. Ïóñòü u1(t) è u2(t) - ëèíåéíî-íåçàâèñèìûå ðåøåíèÿ îäíîðîäíîãî ëèíåéíîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ u′′(t) + a(t)u′(t) + b(t)u(t) = 0. Ïîêàæèòå (íàïðèìåð, ìåòîäîì âàðèà-
öèè ïîñòîÿííîé), ÷òî ôóíêöèÿ Ãðèíà G(t, s) äëÿ çàäà÷è Êîøè u′′(t)+ a(t)u′(t)+ b(t)u(t) =
f(t), u(0) = 0, u′(0) = 0 ðàâíà 0 ïðè t < s, è èìååò âèä

G(t, s) = (u1(t)u2(s)− u1(s)u2(t))/(u1(s)u′2(s)− u′1(s)u2(s)) ïðè t > s.

5. Ïóñòü u1(t) è u2(t) - ëèíåéíî-íåçàâèñèìûå ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ
u′′(t) + b(t)u(t) = 0, óäîâëåòâîðÿþùèå óñëîâèÿì u1(0) = 0, u2(1) = 0. Ïîêàæèòå, ÷òî
ôóíêöèÿ Ãðèíà îäíîðîäíîé êðàåâîé çàäà÷è u′′(t)+ b(t)u(t) = f(t), u(0) = u(1) = 0 ïðîïîð-
öèîíàëüíà ôóíêöèè

G̃(t, s) =

{
u1(t)u2(s), t < s,
u1(s)u2(t), t > s

.

Íàéäèòå êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè.

6. Äîêàæèòå, ÷òî ôóíêöèÿ Ãðèíà ïðîèçâîëüíîé êðàåâîé çàäà÷è L(x(t)) = f(t), α0x(t0) +
β0x

′(t0) = γ0, α1x(t1)+β1x
′(t1) = γ1, ãäå L(x) = a(t)x′′+b(t)x′+c(t)x, a(t) 6= 0, t ∈ [t0, t1] � ëè-

íåéíûé äèôôåðåíöèàëüíûé îïåðàòîð 2-ãî ïîðÿäêà c íåïðåðûâíûìè êîýôôèöèåíòàìè, ñó-
ùåñòâóåò, åñëè íàéäåòñÿ ôóíêöèÿG(t, s), óäîâëåòâîðÿþùàÿ (ïî t) óðàâíåíèþ L(G(t, s)) = 0
ïðè t 6= s, êðàåâûì óñëîâèÿì, íåïðåðûâíàÿ ïðè t = s, òàêàÿ, ÷òî ïåðâàÿ ïðîèçâîäíàÿ
G′t(t, s) èìååò ðàçðûâ ïåðâîãî ðîäà ñî ñêà÷êîì, ðàâíûì a(s).

7. Íàéòè ôóíêöèþ Ãðèíà ñëåäóþùèõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû
u′′ + k2u = f(x), x ∈ [0, 1]:

a) u(0) = u(1) = 0; á) u′(0) = u′(1) = 0.

8. Íàéòè ôóíêöèþ Ãðèíà óðàâíåíèÿ u′′ − k2u = f(x) ñ ãðàíè÷íûìè óñëîâèÿìè:

a) u(0) = 0, ôóíêöèÿ u(x) îãðàíè÷åíà ïðè x→∞ íà ïîëóîñè x ≥ 0;
á) u(x)→ 0 ïðè x→ ±∞.

9. Èñïîëüçóÿ ôóíêöèþ Ãðèíà èç çàäà÷è 8á, ïîëó÷èòü ðåøåíèå óðàâíåíèÿ

ψ′′ + k2ψ = f(x), Im k = 0

ñ ãðàíè÷íûì óñëîâèåì ψ → eikx ïðè x→ +∞; f(x)→ 0 ïðè x→ ±∞.

10. Ïðè êàêèõ óñëîâèÿõ íà a è b ðàçðåøèìà êðàåâàÿ çàäà÷à u′′ = f(x), u′(0) = a, u′(1) = b?
Âûïèøèòå åå ðåøåíèå â ñëó÷àå ñóùåñòâîâàíèÿ.


