
1. Ïðèêëàäíûå ìåòîäû àíàëèçà. Ëèñòîê 3. ÒÔÊÏ è îáîáùåííûå ôóíêöèè

Îáÿçàòåëüíûå çàäà÷è: 1-6. Ñðîê ñäà÷è - 25 îêòÿáðÿ.

Â ýòîì ëèñòêå ïîä îáîáùåííûìè ôóíêöèÿìè ïîíèìàþòñÿ íåïðåðûâíûå ëèíåéíûå ôóíêöèîíà-

ëû íà ïðîñòðàíñòâå D ãëàäêèõ ôèíèòíûõ ôóíêöèé íà âåùåñòâåííîé ïðÿìîé.

1. Ïóñòü z = x+ iy ≡ reiφ, ãäå r > 0 (ïðè z 6= 0) è −π < φ < π. Îáîçíà÷èì φ = arg z.

a) îïðåäåëèì ln z êàê âåòâü ìíîãîçíà÷íîé àíàëèòè÷åñêîé ôóíêöèè Ln z = ln |z| +
iArg z, îïðåäåëåííóþ íà êîìïëåêñíîé ïëîñêîñòè ñ ðàçðåçîì ïî îòðèöàòåëüíîé ÷à-
ñòè âåùåñòâåííîé îñè è ñîâïàäàþùóþ ñ ýëåìåíòàðíîé ôóíêöèåé ln z äëÿ äåéñòâè-
òåëüíûõ ïîëîæèòåëüíûõ z. Ïîêàæèòå, ÷òî ln z = ln |z|+ i arg z. Âûðàçèòå ln z ÷åðåç
ýëåìåíòàðíûå ôóíêöèè ïåðåìåííûõ x, y.

á) Âåðíî ëè, ÷òî ln z2 = 2 ln z è ln |z|2 = ln z + ln z.

2. Ïîêàæèòå, ÷òî ñëåäóþùèå ôóíêöèè ñòðåìÿòñÿ ê δ(x) ïðè ε→ 0:
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3. Âû÷èñëèòå ñëåäóþùèå îáîáùåííûå ôóíêöèè êàê ôóíêöèîíàëû íà îñíîâíûõ:
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4. a) Îïèøèòå âñå ðåøåíèÿ óðàâíåíèÿ y′(t) = 0 â îáîáùåííûõ ôóíêöèÿõ.
á) Îïèøèòå âñå ðåøåíèÿ óðàâíåíèÿ t · y(t) = 0 â îáîáùåííûõ ôóíêöèÿõ.

5. Ïîêàæèòå, ÷òî ôóíêöèÿ ln |x| ëîêàëüíî èíòåãðèðóåìà íà âåùåñòâåííîé ïðÿìîé. Íàéäèòå
åå ïðîèçâîäíóþ â êëàññå îáîáùåííûõ ôóíêöèé.

6. Ïóñòü L = a(t) d
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+ c(t) -äèôôåðåíöèàëüíûé îïåðàòîð ñ ãëàäêèìè íà îòðåçêå

[a, b] êîýôôèöèåíòàìè. Äèôôåðåíöèàëüíûé îïåðàòîð M íàçûâàåòñÿ äóàëüíûì ê L îòíî-

ñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ (u, v) =
∫ b
a
u(t)v(t)dt, åñëè äëÿ ëþáûõ ãëàäêèõ íà [a, b]

ôóíêöèé u(t) è v(t) ðàçíîñòü ñêàëÿðíûõ ïðîèçâåäåíèé (Lu, v)− (u,Mv) çàâèñèò òîëüêî îò
çíà÷åíèé u, v è èõ ïðîèçâîäíûõ íà êîíöàõ îòðåçêà.

a) Âûïèøèòå M , çíàÿ L;
á) Ïîêàæèòå, ÷òî âñÿêèé ñàìîäóàëüíûé äèôôåðåíöèàëüíûé îïåðàòîð 2-ãî ïîðÿäêà
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(Lu, v)− (u, Lv) = a(t) (u′(t)v(t)− u(t)v′(t)) |t=bt=a;

â) âûâåäèòå àíàëîãè÷íûå ðåçóëüòàòû äëÿ êîìïëåêñíîçíà÷íûõ ôóíêöèé è îïåðàòîðîâ

íà îòðåçêå ñ ýðìèòîâûì ñêàëÿðíûì ïðîèçâåäåíèåì (u, v) =
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ū(t)v(t)dt;

ã) Ïóñòü u(t) - íåïðåðûâíî äèôôåðåíöèèðóåìàÿ íà îòðåçêå [a, b] ôóíêöèÿ, ðàâíàÿ
íóëþ âíå îòðåçêà. Âû÷èñëèòå L(u) â êëàññå îáîáùåííûõ ôóíêöèé (L ñàìîäóàëåí).

7. ∗ Ïóñòü D - îáëàñòü íà ïëîñêîñòè, p, q ∈ C1(D). Ïîêàæèòå, ÷òî äèôôåðåíöèàëüíûé
îïåðàòîð L(u) = (pu′x)
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y−qu ñàìîäóàëåí â D è äëÿ ëþáûõ u, v ∈ C1(D) ñïðàâåäëèâà
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ãäå n - âíåøíÿÿ íîðìàëü ê ãðàíèöå ∂D, ds - äèôôåðåíöèàë äëèíû äóãè.

8. Ïîêàæèòå, ÷òî îáîáùåííàÿ ôóíêöèÿ δ(x) íå ìîæåò áûòü ïðåäñòàâëåíà íèêàêîé ëîêàëü-
íî èíòåãðèðóåìîé íà ïðÿìîé ôóíêöèåé.

9. a)∗ Äîêàæèòå, ÷òî ôóíêöèÿ Ýéðè Ai(z) = 1
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dt - åäèíñòâåííîå, ñ

òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ, ðåøåíèå óðàâíåíèÿ Ýéðè w′′ = tw, óáûâàþ-
ùåå âäîëü ïîëîæèòåëüíîé âåùåñòâåííîé îñè. Íàéäèòå äðóãîå íåçàâèñèìîå ðåøåíèå
óðàâíåíèÿ Ýéðè.
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