
1. Ïðèêëàäíûå ìåòîäû àíàëèçà. Ëèñòîê 4. Îáîáùåííûå ôóíêöèè

Îáÿçàòåëüíûå çàäà÷è: 1, 2à�2ã, 3, 7, 9á, 11à, 12à. Ñðîê ñäà÷è - 15 íîÿáðÿ.

1. Ïóñòü f ∈ D ′ è α ∈ C∞(R) � ìóëüòèïëèêàòîð. Ïîêàæèòå, ÷òî (αf)′ = α′f + αf ′.

2. Íàéäèòå Ôóðüå-îáðàçû îáîáùåííûõ ôóíêöèé

à) δ(x); á) (x± i0)−1; â)
1

x
; ã) e−a

2x2

(a2 > 0); ä)
sin ax

x
.

3. Íàéäèòå ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè: (∂t − ∂2
x)E(t, x) =

δ(t)δ(x), ðàâíîå íóëþ ïðè t < 0. Óêàçàíèå: ïðèìåíèòå ïðåîáðàçîâàíèå Ôóðüå ïî x.
Âûïèøèòå ôóíêöèþ Ãðèíà G(t, x; t′, x′) çàäà÷è Êîøè. Âû÷èñëèòå u(t, x) ïðè t = T ,
åñëè u(t, x) = 0 ïðè t < 0 è u(0, x) = e−ax

2
.

4. Íàéäèòå ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (∂x + ∂y)E(x, y) = δ(x)δ(y); ñðàâíèòå
åãî ñ ôóíäàìåíòàëüíûì ðåøåíèåì èç çàäà÷è 9à.

5. Ïîêàæèòå, ÷òî äëÿ ëþáîé f ∈ D(C)(
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)
=
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f(z) +

∫
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d2z
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(f(z)− f(0)).

6. Èñõîäÿ èç îïðåäåëåíèÿ ïðîèçâîäíûõ îáîáùåííîé ôóíêöèè, äîêàæèòå, ÷òî

∂z
(
z−1
)
= −z−2.

7. Ïîêàæèòå, ÷òî ôóíêöèè ln |z| è 1/z ëîêàëüíî èíòåãðèðóåìû ïî ìåðå dzRedzIm è

∂z ln |z| =
1

2z
â ñìûñëå îáîùåííûõ ôóíêöèé.

8. Ïóñòü f(z) � ôóíêöèÿ êîìïëåêñíîãî ïåðåìåííîãî, íåïðåðûâíî-äèôôåðåíöèèðóåìàÿ
â çàìûêàíèè îãðàíè÷åííîé îáëàñòè D. Äîêàæèòå ôîðìóëó Êîøè-Ãðèíà:
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∮
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{
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Äëÿ êîìïëåêñíîãî ïåðåìåííîãî δ-ôóíêöèÿ îïðåäåëÿåòñÿ êàê δ(z) = δ(zRe)δ(zIm), òàê
÷òî äëÿ ëþáîé f ∈ S (C) èìååì (δ, f) ≡

∫∫
dzRedzIm δ(z)f(z) = f(0).

9. Èñõîäÿ èç îïðåäåëåíèÿ ïðîèçâîäíûõ îáîáùåííîé ôóíêöèè, äîêàæèòå, ÷òî

à)* ∂z
1

z
= πδ(z); á) ∂z∂z ln |z| =

π

2
δ(z).

10.* Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ôóðüå äîêàçàòü, ÷òî
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− π2δ(x)δ(y).

Âñå ðàöèîíàëüíûå ôóíêöèè ïîíèìàþòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ, ïðîèçâåäåíèå �
ïðÿìîå (âíåøíåå) ïðîèçâåäåíèå îáîáùåííûõ ôóíêöèé.

11. Íàéäèòå àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ îáîáùåííûõ ôóíêöèé íà ïðÿìîé:

à) δ(x) á) (x± i0)−1; â) 1/x.

12. Ïóñòü a(t) - íåïðåðûâíàÿ ôóíêöèÿ.

a) Ïîêàæèòå, ÷òî çàäà÷à Êîøè u′ + a(t)u = f(t), u(0) = u0, ãäå u(t) ∈ C1([0,+∞))
ýêâèâàëåíòíà çàäà÷å íàõîæäåíèÿ îáîáùåííîé ôóíêöèè u(t) ñ íîñèòåëåì íà ïî-
ëóïðÿìîé [0,+∞), óäîâëåòâîðÿþùåé óðàâíåíèþ

u′ + a(t)u = f(t)η(t) + u0δ(t);

á)* Ïåðåôîðìóëèðóéòå àíàëîãè÷íûì îáðàçîì çàäà÷ó Êîøè äëÿ ëèíåéíîãî íåîäíî-
ðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïîðÿäêà.

13. Ïîêàæèòå, ÷òî ñâåðòêà
∫ +∞
−∞ dy
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â 1-ì ñëó÷àå è 0 âî 2-ì.


