
Ñïåöôóíêöèè 2012. Ëèñòîê 1

1. Äîêàæèòå,÷òî Γ(1) = 1, Γ′(1) = −γ, ãäå γ = limn→∞ 1 + 1
2

+ ... + 1
n
− log n � ïîñòîÿííàÿ

Ýéëåðà-Ìàñêåðîíè.

2. Äîêàæèòå, ÷òî ôóíêöèÿ Φ(z) = Γ(z)Γ(1 − z) -ïåðèîäè÷åñêàÿ ìåðîìîðôíàÿ ôóíêöèÿ ñ
ïåðèîäîì 2, áîëåå òîãî, àíòèïåðèîäè÷åñêàÿ ñ ïåðèîäîì 1 (ò.å., Φ(z+1) = −Φ(z)), ïðîñòûìè
ïîëþñàìè â öåëûõ òî÷êàõ è åäèíè÷íûìè ïî ìîäóëþ çíàêà âû÷åòàìè â íèõ; ñîîòâåòñòâåííî,
Φ−1(z) - âñþäó îïðåäåëåííàÿ ïåðèîäè÷åñêàÿ ñ ïåðèîäîì 2 ôóíêöèÿ ñ ïðîñòûìè íóëÿìè â
öåëûõ òî÷êàõ.

3. a) Äîêàæèòå, ÷òî ôóíêöèÿ G(z) = 2zΓ( z
2
)Γ( z+1

2
) óäîâëåòâîðÿåò ôóíêöèîíàëüíîìó

óðàâíåíèþ G(z + 1) = zG(z)
á) Äîêàæèòå, âîñïîëüçîâàâøèñü ëþáîé èç èçâåñòíûõ Âàì êîíñòðóêöèé Γ(z), ôîðìóëó

óäâîåíèÿ

2zΓ
(z

2

)
Γ

(
z + 1

2

)
= 2
√
πΓ(z).

4. a) Ïîëüçóÿñü âûðàæåíèåì ýéëåðîâñêîãî èíòåãðàëà
∫ 1

0
tp−1(1− t)q−1dt ÷åðåç îòíîøå-

íèå Γ-ôóíêöèé,
∫ 1

0
tp−1(1− t)q−1dt = Γ(p)Γ(q)/Γ(p+ q), âû÷èñëèòå Γ(1

2
).

á) Âû÷èñëèòå îáúåì n-ìåðíîãî øàðà.

5. Ïîêàæèòå, ÷òî ïåðâàÿ è âòîðàÿ ëîãàðèôìè÷åñêèå ïðîèçâîäíûå Γ-ôóíêöèè ïðåäñòàâëÿ-
þòñÿ ñëåäóþùèìè ðÿäàìè, àáñîëþòíî ñõîäÿùèìèñÿ ïðè z 6= 0,−1, ...:

d log Γ(z)

dz
= −γ − 1

z
+ z

∞∑
n=1

1

n(z + n)
,

d2 log Γ(z)

dz2
=
∞∑
n=0

1

(z + n)2
.

6. a) Äîêàæèòå, ÷òî∫ π/2

0

cosm−1 x sinn−1 x dx =
Γ(m

2
)Γ(n

2
)

2Γ(m+n
2

)
, Rem > 0, Ren > 0,

á) Âû÷èñëèòå èíòåãðàë
∫ 1

0
dx

n√1−xm , ãäå m > 0.

â) Âû÷èñëèòå èíòåãðàë
∫∞

0
xmdx

(a+bxn)p
, ãäå a, b, n > 0.

ã) Âû÷èñëèòå I(n) =
∫∞
−∞ x

ne−x
2
dx, n ∈ R, n ≥ 0 ÷åðåç çíà÷åíèÿ Γ-ôóíêöèè. Äî-

êàæèòå, ÷òî I(2n + 1) = 0 ïðè è I(2n) = (2n+1)!!
2n

√
π äëÿ öåëûõ ïîëîæèòåëüíûõ

n = 0, 1, 2....

7. Èñïîëüçóÿ òîæäåñòâî 1
xm

= 1
Γ(m)

∫∞
0
tm−1e−xtdt, íàéäèòå èíòåãðàë∫ ∞

0

cos ax

xm
dx. (0 < m < 1)

8. à) Âû÷èñëèòå èíòåãðàë∫ 1

0

xα1−1
1 dx1

∫ 1−x1

0

xα2−1
2 dx2 · · ·

∫ 1−x1−···−xn−1

0

xαn−1
n dxn.

á) Ïóñòü p1, ..., pn - ïîëîæèòåëüíûå ÷èñëà .Âû÷èñëèòå îáúåì òåëà, çàêëþ÷åííîãî ìåæ-
äó ïîâåðõíîñòÿìè xi ≥ 0, i = 1, ..., n,

∑n
i=1(xi/ai)

pi ≤ 1.

9.* Äîêàæèòå, ÷òî èíòåãðàë Äèðèõëå∫∫
f(t1 + t2 + · · ·+ tn)tα1−1

1 · · · tαn−1
n dt1 · · · dtn, Reαj > 0

âçÿòûé ïî ñèìïëåêñó 0 ≤ t1 ≤ 1, 0 ≤ tn ≤ 1, t1 + · · · tn ≤ 1, ðàâåí

Γ(α1) · · ·Γ(αn)

Γ(α1 + · · ·+ αn)

∫ 1

0

f(τ)τα1+···αn−1dτ.


