
1. Ïðèêëàäíûå ìåòîäû àíàëèçà. Ëèñòîê 5. Àñèìïòîòè÷åñêèå ðàçëîæåíèÿ

Îáÿçàòåëüíûå çàäà÷è: 1a,á 2à,3,5à, 5á èëè 6,7à èëè 8á, 8a, 9a. Ñðîê ñäà÷è - 29 íîÿáðÿ.

Ïóñòü L � êðèâàÿ íà ïëîñêîñòè, çàäàííàÿ óðàâíåíèåì f(x, y) = 0 (ñ÷èòàåì, ÷òî grad f
âñþäó îòëè÷åí îò íóëÿ). Îïðåäåëèì îáîáùåííóþ ôóíêöèþ δ(f(x, y)) ∈ D′(R2) ïðàâèëîì

(δ(f), ϕ(x, y)) = lim
ε→0

1

ε

∫∫
0<f(x,y)<ε

ϕ(x, y)dxdy.

Ýêâèâàëåíòíî, δ(f) = d
dε
χ{f≤ε}

∣∣
ε=0

, ãäå χM � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà M .

1. a) Äîêàæèòå, ÷òî (δ(f), ϕ) =
∫
L
ϕω äëÿ ëþáîé ïðîáíîé ôóíêöèè ϕ(x, y), ãäå ω � ïðî-

èçâîëüíàÿ 1-ôîðìà â îêðåñòíîñòè L òàêàÿ, ÷òî df ∧ ω = dx ∧ dy. Âûðàçèòå ω ÷åðåç
dx è(èëè) dy. Ïîêàæèòå, ÷òî îãðàíè÷åíèå ω|L îäíîçíà÷íî îïðåäåëåíî.

á) Çàâèñèò ëè δ(f) îò ôóíêöèè f èëè òîëüêî îò êðèâîé L? Âûïèøèòå (δ(x2+y2−R2), ϕ)
è (δ(4x2 + 4y2 − 4R2), ϕ) â âèäå îäíîêðàòíûõ èíòåãðàëîâ.

â) Ïîêàæèòå, ÷òî
∫∞
−∞ δ(f − c)dc = 1 â ñìûñëå îáîáùåííûõ ôóíêöèé.

2. a) Ïóñòü δ � ïîëîæèòåëüíîå ÷èñëî. Ïîêàæèòå, ÷òî ch z ∼ ez/2 ïðè z → ∞ â ñåêòîðå
| arg z| < π/2− δ, è ÷òî ýòî íå òàê â ñåêòîðå | arg z| < π/2.

á) Ïîêàæèòå, ÷òî e− sh z = o(1) ïðè z →∞ â ïîëóïîëîñå Re z ≥ 0, | Im z| ≤ π/2− δ.

3. Ïîêàæèòå, ÷òî ôóíêöèè zn logm z, n ≤ N , 0 ≤ m ≤ M îáðàçóþò àñèìïòîòè÷åñêóþ ïî-
ñëåäîâàòåëüíîñòü ïðè z →∞, | arg z| < π. Ïðåäúÿâèòå ñîîòâåòñòâóþùåå àñèìïòîòè÷åñêîå
ðàçëîæåíèå äëÿ ôóíêöèè log2(1 + z). Ñõîäèòñÿ ëè îíî?

4. Ïóñòü f(z) � îäíîçíà÷íàÿ ãîëîìîðôíàÿ â îêðåñòíîñòè z = ∞ ôóíêöèÿ, äîïóñêàþùàÿ
â ýòîé îêðåñòíîñòè àñèìïòîòè÷åñêîå ðàçëîæåíèå f(z) ∼

∑+∞
k=m akz

−k, z → ∞. Äîêàæèòå,

÷òî äëÿ äîñòàòî÷íî áîëüøèõ z ðÿä
∑+∞

k=m akz
−k ñõîäèòñÿ ê f(z).

5. Íàéäèòå àñèìïòîòèêó n-ãî ïîëîæèòåëüíîãî êîðíÿ óðàâíåíèÿ

a) πx = tg x á) sinx = e−x

Äëÿ êàæäîãî èç óðàâíåíèé ïðåäëîæèòå àñèìïòîòè÷åñêóþ ïîñëåäîâàòåëüíîñòü èç ýëåìåí-
òàðíûõ ôóíêöèé àðãóìåíòà n, äëÿ êîòîðîé âîçìîæíî ðåêêóðåíòíîå íàõîæäåíèå êîýôôè-
öèåíòîâ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ êîðíÿ. Íàéäèòå 3 ïåðâûõ ÷ëåíà àñèìïòîòè÷åñêîãî
ðàçëîæåíèÿ (ìîæíî ðåøèòü óïðîùåííûé âàðèàíò óðàâíåíèÿ 5à: x = tg x).

6. Èññëåäóéòå àñèìïòîòèêó(ïðè áîëüøîì ïîëîæèòåëüíîì t) êîðíÿ óðàâíåíèÿ x2 = t+log x.

7. Íàéäèòå àñèìïòîòèêó èíòåãðàëîâ ïðè áîëüøèõ ïîëîæèòåëüíûõ x. Ñõîäÿòñÿ ëè ñîîò-
âåòñòâóþùèå àñèìïòîòè÷åñêèå ðàçëîæåíèÿ? Ïðåäëîæèòå êàêóþ-ëèáî îöåíêó îñòàòî÷íîãî
÷ëåíà.

a)

∫ +∞

x

eint

ta
dt, a > 1, n ∈ N á)

∫ +∞

x

e−t
2

dt

8. Èíòåãðèðóÿ ïî ÷àñòÿì, íàéäèòå àñèìïòîòè÷åñêîå ðàçëîæåíèå ïðè z →∞, | arg z| < π

2
−δ

èíòåãðàëîâ

a)

∫ +∞

0

e−t

t2 + z2
dt, á)

∫ +∞

0

sin t

t2 + z2
dt

9. Ñäåëàâ çàìåíó ïåðåìåííûõ â èíòåãðàëå, ïîêàæèòå, ÷òî ïðè Re z → +∞

a)

∞∫
0

e−z sh tdt ∼
∞∑
k=0

(−1)k ((2k − 1)!!)2

z2k+1
, á)

∞∫
1

dt

t2(z + log t)1/3
∼ z−1/3

∞∑
k=0

1 · 4 · . . . · (3k − 2)

(−3z)k


