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I. ÎÁÙÀß ×ÀÑÒÜ

1. Íàïîìíèì, ÷òî èíâåðñèåé ïåðåñòàíîâêè σ ∈ Sn íàçûâàåòñÿ ïàðà (i, j), i, j ∈ {1, . . . , n},
òàêàÿ, ÷òî i < j, íî σ(i) > σ(j). Íàéäèòå ñóììàðíîå ÷èñëî èíâåðñèé ó âñåõ ïåðåñòàíîâîê
èç Sn, ò.å. ñóììó ∑

σ∈Sn

i(σ),

ãäå i(σ) � ÷èñëî èíâåðñèé ïåðåñòàíîâêè σ.

1. Recall that an inversion of a permutation σ ∈ Sn is by de�nition a pair (i, j), i,
j ∈ {1, . . . , n} such that i < j but σ(i) > σ(j). Find the total number of inversions of
all permutations in Sn, i.e. the sum ∑

σ∈Sn

i(σ),

where i(σ) is the number of inversions in the permutation σ.

2. Ïóñòü A � ëèíåéíûé îïåðàòîð íà êîíå÷íîìåðíîì êîìïëåêñíîì âåêòîðíîì ïðîñòðàí-
ñòâå V , òàêîé, ÷òî A2013 = E, ãäå E � åäèíè÷íûé îïåðàòîð. Äîêàæèòå, ÷òî îïåðàòîð A
äèàãîíàëèçóåì.

2. Let A be a linear operator on a �nite dimensional complex vector space V such that
A2013 = E, where E is the identity operator. Prove that the operator A is diagonalizable.

3. Ïóñòü Q � ìíîæåñòâî âñåõ ðàöèîíàëüíûõ ÷èñåë. Âåðíî ëè, ÷òî ïðîñòðàíñòâî Q \ {0}
ãîìåîìîðôíî ïðîñòðàíñòâó Q? Ñòðîãî îáîñíóéòå îòâåò.

3. Let Q be the set of all rational numbers. Is it true that the space Q \ {0} is homeomorphic
to the space Q? Rigorously justify your answer.

4. Äîêàæèòå ñëåäóþùåå íåðàâåíñòâî∫ 2π

0

exp(2
√
t cosϕ) dϕ < 2πet

äëÿ âñåõ t > 0.

4. Prove the following inequality:∫ 2π

0

exp(2
√
t cosϕ) dϕ < 2πet

for all t > 0.
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II. ÑÏÅÖÈÀËÜÍÀß ×ÀÑÒÜ

Â ñîîòâåòñòâèè ñî ñâîèì âûáîðîì ïðîãðàììû ìàãèñòåðñêîé ïîäãîòîâêè

âûáåðèòå è âûïîëíèòå òîëüêî îäèí èç ñëåäóþùèõ áëîêîâ çàäàíèé ñïåöè-

àëüíîé ÷àñòè.

Áëîê 1. ¾Ìàòåìàòèêà¿

1. Ïóñòü yt(x) � ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ y′ = y(1 + ye−x2−y2), óäîâëå-
òâîðÿþùåå íà÷àëüíîìó óñëîâèþ yt(0) = t. Äîêàæèòå, ÷òî yt(1) îïðåäåëåíî ïðè âñåõ t, è
íàéäèòå d

dt
yt(1) ïðè t = 0.

1. Let yt(x) be the solution of the di�erential equation y′ = y(1 + ye−x2−y2) satisfying the
initial condition yt(0) = t. Prove that yt(1) is de�ned for all t, and �nd d

dt
yt(1) at t = 0.

2. Íàéäèòå ÷èñëî âñåõ íîðìàëüíûõ ïîäãðóïï â ãðóïïå âñåõ ñèììåòðèé ïðàâèëüíîãî âîñü-
ìèóãîëüíèêà (âêëþ÷àÿ ñàìó ãðóïïó è òðèâèàëüíóþ ïîäãðóïïó). Ñòðîãî îáîñíóéòå îòâåò.

2. Find the number of all normal subgroups in the group of all symmetries of a regular 8-gon
(including the group itself and its trivial subgroup). Rigorously justify your answer.

Áëîê 2. ¾Ìàòåìàòè÷åñêàÿ ôèçèêà¿

1. Èç òî÷êè A áðîñàþò êàìåíü â ñòîðîíó öåëè, êîòîðàÿ íàõîäèòñÿ íà ðàññòîÿíèè S ïî
ãîðèçîíòàëè è h ïî âåðòèêàëè îò òî÷êè A. Íàéäèòå ìèíèìàëüíóþ âåëè÷èíó íà÷àëüíîé
ñêîðîñòè êàìíÿ, ïðè êîòîðîé ìîæíî ïîïàñòü â öåëü. Ñèëà òÿæåñòè íàïðàâëåíà âåðòè-
êàëüíî âíèç.

1. A stone is shot from a point A towards a target that is at horizontal distance S and vertical
distance h from the point A. Find the minimal value of the initial speed of the stone, with
which the stone can hit the target. The force of gravity is directed vertically downwards.

A S

h

2. Â ïëîñêîñòè xOy ìîæåò áåç òðåíèÿ äâèãàòüñÿ ìàòåðèàëüíàÿ òî÷êà ìàññû m è çàðÿ-
äà q. Íà ìàòåðèàëüíóþ òî÷êó äåéñòâóåò ïîòåíöèàëüíàÿ ñèëà ñ ïîòåíöèàëüíîé ýíåðãèåé
U(x, y) = mω2

0(x
2 + y2)/2 (äâóìåðíûé ãàðìîíè÷åñêèé îñöèëëÿòîð). Íàéäèòå îáùåå ðå-

øåíèå óðàâíåíèé äâèæåíèÿ îñöèëëÿòîðà â ñëó÷àå, êîãäà îí ïîìåùåí â ïîñòîÿííîå è
îäíîðîäíîå ìàãíèòíîå ïîëå, íàïðàâëåííîå âäîëü îñè Oz: H⃗ = (0, 0, H).

2. A material point of mass m and of electric charge q can move in the plane xOy without
friction. The point m is under the action of a potential force with the potential energy
U(x, y) = mω2

0(x
2 + y2)/2 (a two dimensional harmonic oscillator). Solve the equations of

motion for the oscillator in the case when there is a constant homogeneous magnetic �eld
directed along the Oz axis: H⃗ = (0, 0, H).
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