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I. OBIIAA YACTDb

1. Hamomuuwm, 910 uneepcued nepectanoBku o € S, Ha3biBaeTcs napa (i,7), 4, j € {1,...,n},
Takast, 9To i < j, HO 0 (i) > o(j). Haiiaure cymMMapHOe YHCIO0 HHBEPCHUil Y BCEX MEPECTAHOBOK

u3 Sy, T.e. CyMMy
> ilo),

0ESh
rje i(0) — YucjI0 MHBEPCUil epecTaHOBKY O.

1. Recall that an inversion of a permutation o € S, is by definition a pair (i,7), 1,
j € {1,...,n} such that i« < j but o(i) > o(j). Find the total number of inversions of
all permutations in .S, i.e. the sum

> i),

o€Sn
where i(o) is the number of inversions in the permutation o.

2. Ilycrh A — JuHelHBIH oniepaTop HA KOHEYHOMEPHOM KOMIIJIEKCHOM BEKTOPHOM MPOCTPaH-
cree V, takoit, uro A?3 = E, rne E — eaunnunniit oneparop. JokaxknTe, aTo oneparop A
JIHATOHAJIA3YEM.

2. Let A be a linear operator on a finite dimensional complex vector space V such that
A?13 — B where E is the identity operator. Prove that the operator A is diagonalizable.

3. Mycrs Q — MHOKECTBO BCEX pAlMOHAIBHBIX uuces1. Bepuo siu, uro npocrpancrso Q \ {0}
romeomopduo upocrpancrsy Q7 Crporo obocHyiiTe oTBer.

3. Let Q be the set of all rational numbers. Is it true that the space Q\ {0} is homeomorphic
to the space Q7 Rigorously justify your answer.

4. JlokaxKuTe cjeayroliee HepaBeHCTBO

2m
/ exp(2V/t cos ¢) dp < 2me!
0

nuist Becex t > 0.

4. Prove the following inequality:

2m
/ exp(2v/t cos ¢) dp < 2met
0

for all t > 0.
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II. CIIEIINMAJIbBHAA YACTDb

B coomseemcmeuu co c80uM 8blOOPOM NPO2PAMMBL. MA2UCNMEPCKOU NOJ20MOBKU
svibepume u 8bHINOAHUME MOABbKO 00UH U3 caedyrwuxr b640K08 3adaHul cnevu-
anvbHoU wacmu.

Buok 1. «Maremaruka»

1. Tlycrb y(x) — pemenne auddepenuuanbioro ypasuenns y' = y(1 4+ ye ™ ¥, yaosie-
TBOpsIomee HadaabHoMy yeaosuio ¥ (0) = t. Jokaxwure, uro y;(1) onpeneneno npu Beex t, n
naitanre Ly,(1) upn ¢t = 0.

1. Let y(x) be the solution of the differential equation 3" = y(1 + ye_””Q_yg) satisfying the
initial condition y,(0) = ¢. Prove that y(1) is defined for all ¢, and find Lv,(1) at ¢ = 0.

2. Haitjiure 4nciio BceX HOPMaJIbHBIX HOJIPYIIT B IPYIIE BCEX CUMMETPUil IPABUJIbHOI'O BOCh-
MHYTOJIbHUKA (BKJIIOYAsi caMy IPYIILY ¥ TPUBHAIBHYO noarpymiy). Crporo obocHyiiTe OTBerT.

2. Find the number of all normal subgroups in the group of all symmetries of a regular 8-gon
(including the group itself and its trivial subgroup). Rigorously justify your answer.

Baok 2. «MaremaTtnueckas pusnka»

1. 13 Touku A OGpocaroT KaMeHb B CTOPOHY e/, KOTOpas HAXOAUTCS Ha PACCTOSHHH S I10
ropu3oHTa d U h o Beprukaaun or Touku A. Haiijure MUHEMAIBHYIO BeIUUNHY HAYAJTHHON
CKOPOCTH KaMH$, IPH KOTOPOl MOXKHO IONACThb B Iejb. CHila TSKeCTH HallpaB/ieHa BEPTH-
KaJbHO BHU3.

1. A stone is shot from a point A towards a target that is at horizontal distance S and vertical
distance h from the point A. Find the minimal value of the initial speed of the stone, with
which the stone can hit the target. The force of gravity is directed vertically downwards.

h

i

/

A S

2. B mnockoctu xOy moxker 6e3 TpeHHs JIBUTATHCS MATEePUATbHAS TOYKA MACChl M W 3apsi-
J1a q. Ha marepua/ibHyo TOYKY JefiCTBYeT MOTEHIMaAbHAasT CUJIa C MOTEHIINAJIbHONW dHepruei
Uz,y) = mwi(z* + y*)/2 (aBymepubiii rapmonuyeckuii ocuuisatop). Haiigure obuiee pe-
Immenune ypaBHeHI/Iﬁ JABU?KEeHUA OCHUJIJIIATOPa B C/Iy4dae, KOTr'Ja OH IMOMEIIE€H B IMOCTOAHHOE U
OJIHOPOJIHOE MArHUTHOE I10Jie, HalpaBIeHHoe B1ob ocu Oz: H= (0,0, H).

2. A material point of mass m and of electric charge ¢ can move in the plane xOy without
friction. The point m is under the action of a potential force with the potential energy
Uz,y) = mwi(z* + y*)/2 (a two dimensional harmonic oscillator). Solve the equations of
motion for the oscillator in the case when there is a constant homogeneous magnetic field

—

directed along the Oz axis: H = (0,0, H).
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