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5�1 Ïîñòðîéòå ôóíêöèþ Ãðèíà îïåðàòîðà L = − d2

dx2 ñ ãðàíè÷íûìè óñëîâèÿìè
u(0) = u(l) = 0.

5�2 Ïîñòðîéòå ôóíêöèþ Ãðèíà îïåðàòîðà L = − d2

dx2 + 1 ñ ãðàíè÷íûìè
óñëîâèÿìè u′(0) = u′(l) = 0.

5�3 Ðåøèòå çàäà÷ó Êîøè:
à) ut = uxx + 3t2, u|t=0 = sinx;
á) ut = uxx + uyy + et, u|t=0 = cosx · sin y.

5�4 Ïðè êàêèõ óñëîâèÿõ íà ôóíêöèþ ϕ ∈ C∞0 ((0, 1)) ëþáîå ðåøåíèå u(x, t) â
ïîëóïîëîñå Q∞(0,1) çàäà÷è

à) ut = uxx, u|x=0 = ux|x=1 = 0, u|t=0 = ϕ(x);
á) ut = uxx, ux|x=0 = ux|x=1 = 0, t|t=0 = ϕ(x)
îáëàäàåò ñâîéñòâîì u(x, t)→ 0 ïðè t→ +∞?

5�5 Ïóñòü

ut = uxx + αu, u(0, t) = u(1, t) = 0, u(x, 0) = ϕ(x).

Íàéäèòå âñå òàêèå α ∈ R, ÷òî äëÿ ëþáîé íà÷àëüíîé ôóíêöèè ϕ ∈
C([0, 1]), ϕ(0) = ϕ(1) = 0, âûïîëíåíî

lim
t→+∞

u(x, t) = 0, ∀x ∈ [0, 1].

5�6 Ïóñòü ôóíêöèÿ u(x, t) � ðåøåíèå çàäà÷è

ut = uxx, ux(0, t) = ux(2, t) = 3, u(0, x) = x3 − 3x2 + 3x

ïðè 0 6 x 6 2, t > 0. Íàéäèòå limt→+∞ u(x, t).

5�7 Äîêàæèòå òåîðåìû î ñòàáèëèçàöèè:
Ïóñòü u(x, t) � îãðàíè÷åííîå ðåøåíèå çàäà÷è Êîøè

ut = uxx, u(x, 0) = ϕ(x), x ∈ R, t ∈ R+,

à ϕ(x) � îãðàíè÷åííàÿ íåïðåðûâíàÿ ôóíêöèÿ. Òîãäà

1. Åñëè limx→±∞ ϕ(x) = A±, òî limt→+∞ u(x, t) = A++A−
2

.

2. Åñëè liml→+∞
∫ l

−l ϕ(x)dx = A, òî limt→+∞ u(x, t) = A
2
.

3. Åñëè ϕ(x) � ïåðèîäè÷åñêàÿ ôóíêöèÿ, òî limt→+∞ u(x, t) = ϕ0, ãäå
ϕ0 � íóëåâîé êîýôôèöèåíò ðàçëîæåíèÿ ôóíêöèè ϕ(x) â ðÿä Ôóðüå,
ïðîñòðàíñòâåííîå ñðåäíåå.



5�8 Ïðèìåíÿÿ èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå, ðåøèòå êðàåâóþ çàäà÷ó
ut = a2uxx, 0 < x, t < +∞,
ux(0, t) = 0, 0 < t < +∞,
u(x, 0) = ϕ(x), 0 < x < +∞.

5�9 Ïóñòü ôóíêöèÿ u(x, t, t0) ïðèíàäëåæèò êëàññó C
2 ïðè x ∈ Rn, t > t0 > 0.

Äîêàæèòå, ÷òî ôóíêöèÿ u(x, t, t0) ïðè êàæäîì t0 > 0 ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è Êîøè

ut = a2∆u, u|t=0 = f(x, t0)

òîãäà è òîëüêî òîãäà, êîãäà ôóíêöèÿ

v(x, t, t0) =

∫ t

t0

u(x, t, τ)dτ

ïðè êàæäîì t0 > 0 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

vt = a2∆u+ f(x, t), u|t=0 = 0.

5�10 Äàí òîíêèé îäíîðîäíûé ïîëóîãðàíè÷åííûé ñòåðæåíü (0 6 x < ∞),
áîêîâàÿ ïîâåðõíîñòü êîòîðîãî òåïëîèçîëèðîâàíà. Íàéäèòå ðàñïðåäåëåíèå
òåìïåðàòóðû u(x, t) â ñòåðæíå, åñëè êîíåö ñòåðæíÿ ïîääåðæèâàåòñÿ ïðè
ïîñòîÿííîé òåìïåðàòóðå u|x=0 = 3, à íà÷àëüíàÿ òåìïåðàòóðà u|t=0 =
3e−x.


