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I. Òîæäåñòâåííûå ÷àñòèöû

Ðàññìîòðèì ôèçè÷åñêóþ ñèñòåìó, ñîñòîÿùóþ èç N îäèíàêîâûõ (òîæäåñòâåííûõ) ÷à-

ñòèö. Íàïåðâî íóæíî ïîÿñíèòü ñëîâà
”
îäèíàêîâûå“,

”
òîæäåñòâåííûå“. Ôèçè÷åñêàÿ ñè-

ñòåìà îïðåäåëÿåòñÿ ãàìèëüòîíèàíîì, â êîòîðîì êàæäàÿ ÷àñòèöà çàäàåòñÿ êàíîíè÷åñêè-

ìè ïåðåìåííûìè è âíóòðåííèìè ñòåïåíÿìè ñâîáîäû (ñïèí, íàïðèìåð) � ˆ⃗qα, ˆ⃗pα, ˆ⃗sα, α =

1, . . . , N . Êðîìå òîãî, ãàìèëüòîíèàí ñîäåðæèò íåêîòîðûå ïàðàìåòðû � ìàññû, çàðÿäû

è òîìó ïîäîáíîå. Òàê âîò: ôèçè÷åñêàÿ ñèñòåìà ñîñòîèò èç òîæäåñòâåííûõ ÷àñòèö, åñëè

ãàìèëüòîíèàí

Ĥ = H(ˆ⃗q1, ˆ⃗p1, ˆ⃗s1, . . . , ˆ⃗qα, ˆ⃗pα, ˆ⃗sα, . . . , ˆ⃗qβ, ˆ⃗pβ, ˆ⃗sβ, . . . , ˆ⃗qN , ˆ⃗pN , ˆ⃗sN)

ïðè ëþáîé çàìåíå ˆ⃗qα, ˆ⃗pα, ˆ⃗sα ⇐⇒ ˆ⃗qβ, ˆ⃗pβ, ˆ⃗sβ îñòàåòñÿ ïðåæíèì.

Ïîëíûé íàáîð äëÿ òàêîé ñèñòåìû âûáåðåì êàê îáúåäèíÿþùèé ïîëíûå íàáîðû äëÿ

êàæäîé ÷àñòèöû â îòäåëüíîñòè (η̂1, . . . , η̂N), ãäå, íàïðèìåð, η̂α = (ˆ⃗qα, ŝα,z), α = 1, . . . , N

.

Ñîñòîÿíèÿ íàøåé ôèçè÷åñêîé ñèñòåìû |ϕ⟩ áóäåì ïðåäñòàâëÿòü â âèäå êîìïëåêñíîçíà÷-

íîé ñ ñóììèðóåìûì êâàäðàòîì ôóíêöèè

ϕ(η1, . . . , ηN) = ⟨η1| ⊗ · · · ⊗ ⟨ηN |ϕ⟩,

ãäå |ηα⟩, α = 1, . . . , N, � ñîáñòâåííûå ñîñòîÿíèÿ ïîëíîãî íàáîðà íàáëþäàåìûõ η̂α îäíîé

÷àñòèöû.

Ïðèíöèï òîæäåñòâåííîñòè ÷àñòèö.

Ñîñòîÿíèå ϕ(η1, . . . , ηα, . . . , ηβ, . . . , ηN) ôèçè÷åñêîé ñèñòåìû òîæäåñòâåííûõ

÷àñòèö íå èçìåíÿåòñÿ ïðè ëþáîé çàìåíå ηα ⇔ ηβ (ñîñòîÿíèå ôèçè÷åñêîé

ñèñòåìû íå èçìåíÿåòñÿ ïðè ïåðåñòàíîâêè äâóõ òîæäåñòâåííûõ ÷àñòèö).

Ýòî îçíà÷àåò, ÷òî

ϕ(η1, . . . , ηβ, . . . , ηα, . . . , ηN) = C · ϕ(η1, . . . , ηα, . . . , ηβ, . . . , ηN), ïðè÷åì |C| = 1.

Ïðèìåíÿÿ îïåðàöèþ ïåðåñòàíîâêè ïîâòîðíî, ïîëó÷àåì C2 = 1 èëè C = ±1.
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So: ïðèíöèï òîæäåñòâåííîñòè ÷àñòèö òðåáóåò, ÷òîáû âîëíîâàÿ ôóíêöèÿ ñèñòåìû òàêèõ

÷àñòèö áûëà ëèáî ñèììåòðè÷íà

ϕ(η1, . . . , ηα, . . . , ηβ, . . . , ηN) = +ϕ(η1, . . . , ηβ, . . . , ηα, . . . , ηN), áîçîíû

ëèáî àíòèñèììåòðè÷íà

ϕ(η1, . . . , ηα, . . . , ηβ, . . . , ηN) = −ϕ(η1, . . . , ηβ, . . . , ηα, . . . , ηN), ôåðìèîíû

ïðè ïåðåñòàíîâêè ëþáûõ äâóõ àðãóìåíòîâ.

Â êâàíòîâîé òåîðèè ïîëÿ åñòü çàìå÷àòåëüíàÿ òåîðåìà, êîòîðàÿ óòâåðæäàåò, ÷òî áîçî-

íû � ýòî ÷àñòèöû ñ öåëûì ñïèíîì, à ôåðìèîíû � ÷àñòèöû ñ ïîëóöåëûì ñïèíîì (òåî-

ðåìà î ñâÿçè ñïèíà ñî ñòàòèñòèêîé). Èìååòñÿ â âèäó ëîêàëüíàÿ, ëîðåíö-èíâàðèàíòíàÿ,

ñ åäèíñòâåííûì âàêóóìîì òåîðèÿ ïîëÿ, â êîòîðîé âûïîëíåíî óñëîâèå ìèêðîïðè÷èííî-

ñòè.

Òî åñòü, ëîêàëüíûå ïëîòíîñòè íàáëþäàåìûõ Ô(t, x⃗)

Ô =

∫
dx⃗ Ô(t, x⃗)

äîëæíû êîììóòèðîâàòü äëÿ ïðîñòðàíñòâåííî-ïîäîáíûõ èíòåðâàëîâ

[Ô(t1, x⃗1), Ô(t2, x⃗2)] = 0, åñëè (t1 − t2)2 < (x⃗1 − x⃗2)2.

Ðàññìîòðèì äâå íåâçàèìîäåéñòâóþùèå òîæäåñòâåííûå ÷àñòèöû ñ ãàìèëüòîíèàíîì

Ĥ = h(ˆ⃗q1, ˆ⃗p1, ˆ⃗s1) + h(ˆ⃗q2, ˆ⃗p2, ˆ⃗s2).

Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ è ñîñòîÿíèÿ ãàìèëüòîíèàíà

ĤϕN(η1, η2) =
(
h(ˆ⃗q1, ˆ⃗p1, ˆ⃗s1) + h(ˆ⃗q2, ˆ⃗p2, ˆ⃗s2)

)
ϕN(η1, η2) = ENϕN(η1, η2).

Ýòà çàäà÷à äîïóñêàåò ðàçäåëåíèå ïåðåìåííûõ

ϕN(η1, η2) = ϕn1(η1) · ϕn2(η2),
ĥϕn1(η1)

ϕn1(η1)
+
ĥϕn2(η2)

ϕn2(η2)
= ϵn1 + ϵn2 = EN .

Îäíàêî, ïîëó÷åííàÿ ñîáñòâåííàÿ ôóíêöèÿ íå îáëàäàåò íóæíûìè ñâîéñòâàìè. Îíà íå

ñèììåòðè÷íà è íå àíòèñèììåòðè÷íà ïî îòíîøåíèþ ê ïåðåñòàíîâêå àðãóìåíòîâ. Ñèòóà-

öèþ ñïàñàåò òî îáñòîÿòåëüñòâî, ÷òî ñîñòîÿíèå ñ äàííûì çíà÷åíèåì ýíåðãèè, êàê ìèíè-

ìóì, äâóêðàòíî âûðîæäåíî. Äåéñòâèòåëüíî, ñîñòîÿíèå φN(η1, η2) = ϕn2(η1)ϕn1(η2) òîæå
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ñîáñòâåííîå ñ ýíåðãèåé ϵn2 + ϵn1 = EN . À óæå èñïîëüçóÿ ýòè äâà ñîñòîÿíèÿ, íåòðóäíî

ïîëó÷èòü ñîñòîÿíèå äëÿ áîçîíîâ

ϕB
N={n1,n2}(η1, η2) =

1√
2

[
ϕn1(η1)ϕn2(η2) + ϕn1(η2)ϕn2(η1)

]
, n1 ̸= n2,

ϕB
N={n,n}(η1, η2) = ϕn(η1)ϕn(η2) − áîçîíû

è ôåðìèîíîâ

ϕF
N={n1,n2}(η1, η2) =

1√
2

[
ϕn1(η1)ϕn2(η2)− ϕn1(η2)ϕn2(η1)

]
− ôåðìèîíû.

Èç ïîñëåäíåé ôîðìóëû ñëåäóåò øèðîêî èçâåñòíûé â óçêèõ êðóãàõ ïðèíöèï çàïðåòà Ïà-

óëè: äâà íåâçàèìîäåéñòâóþùèõ ôåðìèîíà (ýëåêòðîíà, íàïðèìåð) íå ìîãóò íàõîäèòüñÿ

â îäèíàêîâûõ îäíî÷àñòè÷íûõ ñîñòîÿíèÿõ (n1 ̸= n2). Ñîñòîÿíèå ñ n1 = n2 ïðîñòî íå

ñóùåñòâóåò ϕF = 0.

Îòìå÷åííûå îñîáåííîñòè ñèñòåì òîæäåñòâåííûõ íåâçàèìîäåéñòâóþùèõ ÷àñòèö ëåãêî

ðàñïðîñòðàíÿþòñÿ íà ÷èñëî ÷àñòèö áîëüøåå, ÷åì 2.

Ôîðìàëèçì òåîðèè ñ ëþáûì ÷èñëîì òîæäåñòâåííûõ ÷àñòèö.

Ïóñòü ïðîñòðàíñòâî ñîñòîÿíèé ñèñòåìû èç N ÷àñòèö � HN . Ñîñòîÿíèå ñèñòåìû � êîì-

ïëåêñíîçíà÷íàÿ ôóíêöèÿ ñ ñóììèðóåìûì êâàäðàòîì ϕ(η1, . . . , ηN) ∈ HN . Ñèñòåìà èç

N òîæäåñòâåííûõ ÷àñòèö îïèñûâàåòñÿ èëè ïîäïðîñòðàíñòâîì HN
B ⊂ HN , ñîñòîÿùåì èç

ñèììåòðè÷íûõ ôóíêöèé (áîçîíû), èëè ïîäïðîñòðàíñòâà HN
F ⊂ HN àíòèñèììåòðè÷íûõ

ôóíêöèé (ôåðìèîíû).

Ñèñòåìà æå, ñîñòîÿùàÿ èç ïåðåìåííîãî ÷èñëà áîçîíîâ èëè ôåðìèîíîâ, îïèñûâàåòñÿ ñ

ïîìîùüþ ïðîñòðàíñòâà ñîñòîÿíèé

HB =
∞⊕

N=0

HN
B , èëè HF =

∞⊕
N=0

HN
F .

Ñòðîèì áàçèñ òàêèõ ïðîñòðàíñòâ. Ïóñòü |ϕn⟩, n = 0, 1, . . . � ñîáñòâåííûå ñîñòîÿíèÿ ïîë-

íîãî îäíî÷àñòè÷íîãî íàáîðà íàáëþäàåìûõ, íå îáÿçàòåëüíî η̂. ϕn(η) = ⟨η|ϕn⟩ � ïîëíàÿ

îðòîíîðìèðîâàííàÿ ñèñòåìà ôóíêöèé. Òîãäà â HN ìîæíî çàäàòü áàçèñ

ϕn1(η1)ϕn2(η2) . . . ϕnN
(ηN) =

N∏
k=1

ϕnk
(ηk),

n1, n2, . . . , nN - âñå âîçìîæíûå âûáîðêè èç èíäåêñîâ ñîáñòâåííûõ ñîñòîÿíèé ϕn(η), n =

0, 1, . . . .
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Â ïðîñòðàíñòâàõ HN
B è HN

F áàçèñû (íåíîðìèðîâàííûå) ïîëó÷àþòñÿ äåéñòâèåì ñèììåò-

ðèçóþùåãî îïåðàòîðà ŜN èëè àíòèñèììåòðèçóþùåãî îïåðàòîðà ÂN ïî âñåì àðãóìåíòàì

η íà áàçèñ â HN

ŜN

N∏
k=1

ϕnk
(ηk), ÂN

N∏
k=1

n1<n2<···<nN

ϕnk
(ηk).

×òîáû ïîíÿòü êàê äåéñòâóþò âíîâü ââåäåííûå îïåðàòîðû, íóæåí íåáîëüøîé ýêñêóðñ â

ïðîñòûå ñâîéñòâà ïåðåñòàíîâîê.

- Ïåðåñòàíîâêà ñâÿçûâàåò ñîâîêóïíîñòü N óïîðÿäî÷åííûõ îáúåêòîâ η1, . . . , ηN ñ òîé æå ñîâîêóï-

íîñòüþ, ðàñïîëîæåííîé â äðóãîì ïîðÿäêå ηα1 , . . . , ηαN
, ãäå α1, . . . , αN - çà èñêëþ÷åíèåì ïîðÿäêà,

òî æå ñàìîå ìíîæåñòâî, ÷òî è 1, . . . , N .

- Ïåðåñòàíîâêó ìîæíî çàïèñûâàòü â âèäå

P =

 1 2 · · · N

α1 α2 · · · αN

 ,

ïðè÷åì Pη1 = ηα1 , . . . , PηN = ηαN .

- Ïåðåñòàíîâêà ñòîëáöîâ íå ìåíÿåò ïåðåñòàíîâêè.

Ïóñòü

Q =

α1 α2 · · · αN

β1 β2 · · · βN

 ,

òîãäà îïðåäåëåíî ïðîèçâåäåíèå

QP =

 1 2 · · · N

β1 β2 · · · βN

 .

Ëåãêî îïðåäåëèòü òîæäåñòâåííóþ ïåðåñòàíîâêó è îáðàòíóþ. Ñîâîêóïíîñòü âñåõ ïåðåñòàíîâîê

N îáúåêòîâ îáðàçóþò ãðóïïó (ñèììåòðè÷åñêàÿ ãðóïïà).

- Òðàíñïîçèöèÿ - ïåðåñòàíîâêà âèäà

PT =

1 2 · · · α · · · β · · · N

1 2 · · · β · · · α · · · N

 .
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- Êàæäàÿ ïåðåñòàíîâêà ìîæåò áûòü ðàçáèòà íà ïðîèçâåäåíèå òðàíñïîçèöèé. ×åòíîñòü ÷èñëà

òðàíñïîçèöèé, íà êîòîðûå ðàçáèòà ïåðåñòàíîâêà, îäíîçíà÷íà. Òàêèì îáðàçîì, ïåðåñòàíîâêó P

ìîæíî îõàðàêòåðèçîâàòü åå ÷åòíîñòüþ δP , ðàâíîé +1 äëÿ ÷åòíîé ïåðåñòàíîâêè, è −1 äëÿ íå÷åò-

íîé.

Òåïåðü ëåãêî îïðåäåëèòü

ŜNf(η1, . . . , ηN)
def
=

1

N !

∑
P

f(Pη1, . . . , PηN),

ÂNf(η1, . . . , ηN)
def
=

1

N !

∑
P

δPf(Pη1, . . . , PηN),

ãäå ñóììèðîâàíèå èäåò ïî N ! ýëåìåíòàì ñèììåòðè÷åñêîé ãðóïïû.

Ïîëó÷åííûå äåéñòâèåì îïåðàòîðîâ ŜN è ÂN áàçèñû ìîæíî çàïèñûâàòü â âèäå

|N0, N1, . . . , Nn, . . . ⟩ , (1)

â ýòîì âûðàæåíèè Nn, n = 0, 1, . . . , - ÷èñëî ôóíêöèé ϕn(η) â âûïèñàííûõ ïðîèçâåäå-

íèÿõ. Î÷åâèäíî, ÷òî Nn ìîæåò ïðèíèìàòü çíà÷åíèÿ 0, 1, 2, . . . äëÿ áîçîíîâ è 0, 1 äëÿ

ôåðìèîíîâ, òàê ÷òî ∑
n=0

Nn = N.

Ïîñëåäíåå îãðàíè÷åíèå ìîæíî ñíÿòü, åñëè ïåðåéòè â ïðîñòðàíñòâà ñîñòîÿíèé HB è HF .

Îïèñàííàÿ êîíñòðóêöèÿ � ïðåäñòàâëåíèå ÷èñåë çàïîëíåíèÿ.

Ââåäåì îïåðàòîðû, ïîçâîëÿþùèå ïóòåøåñòâîâàòü â ïðîñòðàíñòâå ñîñòîÿíèé. Ýòî îïå-

ðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ. Äëÿ ïðîñòðàíñòâà HB

â+n |N0, N1, . . . , Nn, . . . ⟩
def
=

√
Nn + 1 |N0, N1, . . . , Nn + 1, . . . ⟩ ,

ân |N0, N1, . . . , Nn, . . . ⟩
def
=

√
Nn |N0, N1, . . . , Nn − 1, . . . ⟩ .

Ìîæíî ïîêàçàòü, ÷òî ýòè îïåðàòîðû ïîä÷èíÿþòñÿ êîììóòàöèîííûì ñîîòíîøåíèÿì

[âm, â
+
n ] = δmn, [âm, ân] = [â+m, â

+
n ] = 0

è ñîïðÿæåíû äðóã äðóãó (âñïîìèíàåì ãàðìîíè÷åñêèé îñöèëëÿòîð).

Îïðåäåëèì âàêóóìíîå ñîñòîÿíèå ñëåäóþùåãî âèäà

|0⟩ = |0, 0, . . . , 0, . . . ⟩ ,
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òîãäà ñîñòîÿíèå (1) ïðåäñòàâèìî â âèäå

|N0, N1, . . . , Nn, . . . ⟩ = (â+0 )
N0(â+1 )

N1 . . . (â+n )
Nn . . . |0⟩ =

∏
n∈O

â+n |0⟩ ,

ãäå O = {n1, n2, . . . , nN} - ìíîæåñòâî çàíÿòûõ îäíî÷àñòè÷íûõ ñîñòîÿíèé ñ ó÷åòîì êðàò-

íîñòè èõ çàïîëíåíèÿ (òî åñòü â ìíîæåñòâå O ìîãóò áûòü îäèíàêîâûå ýëåìåíòû).

Ïóñòü ĥ = h(ˆ⃗q, ˆ⃗p, ˆ⃗s) - îäíî÷àñòè÷íûé ãàìèëüòîíèàí. Ïîñìîòðèì êàê íà N -÷àñòè÷íîå

ñîñòîÿíèå äåéñòâóåò ãàìèëüòîíèàí

Ĥ0 =
N∑

m=1

ĥm.

Î÷åâèäíî, ÷òî [Ĥ0, ŜN ] = 0, ïîýòîìó

Ĥ0 |. . . , Nn, . . . ⟩ ⇒ ŜN

N∑
m=1

ĥm

N∏
k=1

ϕnk
(ηk) = ŜN

N∑
m=1

ĥmϕnm(ηm)
N∏
k=1
k ̸=m

ϕnk
(ηk)

Âîñïîëüçóåìñÿ ñîîòíîøåíèåì

ĥ |ϕnm⟩ =
∑
α,β=0

|ϕα⟩ ⟨ϕα| ĥ |ϕβ⟩ ⟨ϕβ| ϕnm⟩ ⇒
∑
α,β=0

hαβδβ,nmϕα(ηm)

è íàéäåì, ÷òî

Ĥ0

∏
n∈O

â+n |0⟩ ⇐ Ĥ0 |. . . , Nn, . . . ⟩ ⇒
∑
α,β=0

hαβâ
+
α

N∑
m=1

δβ,nm

∏
n∈O
n ̸=nm

â+n |0⟩ . (2)

Èíòåðåñíàÿ öåïî÷êà ðàâåíñòâ

âβ
∏
n∈O

â+n = âβâ
+
n1
â+n2

. . . â+nN
= δβ,n1 â

+
n2
. . . â+nN

+ â+n1
âβâ

+
n2
. . . â+nN

=

=
N∑

m=1

δβ,nm

∏
n∈O
n ̸=nm

â+n +
(∏
n∈O

â+n

)
âβ.

Ñðàâíèâàÿ íàéäåííîå ñ (2) è èñïîëüçóÿ, ÷òî âβ |0⟩ = 0, ïîëó÷àåì

Ĥ0 |. . . , Nn, . . . ⟩ =
∑
α,β=0

hαβâ
+
α âβ |. . . , Nn, . . . ⟩ .

Îïåðàòîð äâóõ÷àñòè÷íîãî âçàèìîäåéñòâèÿ

V̂ =
N∑

l,m=1
l<m

ν̂lm =
1

2

N∑
l,m=1
l ̸=m

ν̂lm
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ïåðåïèñûâàåòñÿ â âèäå

V̂ =
1

2

∑
α1,α2=0
β1,β2=0

να2α1,β1β2 â
+
α2
â+α1

âβ1 âβ2 .

Âûâîä:

V̂ |. . . , Nn, . . . ⟩ ⇒ ŜN

N∑
l,m=1
l ̸=m

ν̂lm

N∏
k=1

ϕnk
(ηk) = ŜN

N∑
l,m=1
l ̸=m

ν̂lmϕnl
(ηl)ϕnm(ηm)

N∏
k=1

k ̸=l,m

ϕnk
(ηk),

ν̂lmϕnl
(ηl)ϕnm =

∑
α1,α2=0
β1,β2=0

να2α1,β1β2ϕα1(ηl)ϕα2(ηm)δnl,β1δnm,β2 ,

να2α1,β1β2 = ⟨α2| ⊗ ⟨α1| ν̂ |β1⟩ ⊗ |β2⟩ ,

V̂ |. . . , Nn, . . . ⟩ =
∑

α1,α2=0
β1,β2=0

να2α1,β1β2 â
+
α1
â+α2

N∑
l,m=1
l ̸=m

δnl,β1δnm,β2

∏
n∈O

n ̸=nl,nm

â+n |0⟩ .

âβ1 âβ2

∏
n∈O

â+n |0⟩ = âβ1

N∑
m=1

δnm,β2

∏
n∈O
n ̸=nm

â+n |0⟩ =
∑
l=1
l ̸=m

δnl,β1

N∑
m=1

δnm,β2

∏
n∈O

n ̸=nm,nl

â+n |0⟩ .

Äëÿ ôåðìèîíîâ HF ÷èñëà çàïîëíåíèÿ ìîãóò ïðèíèìàòü òîëüêî äâà çíà÷åíèÿ 0 èëè

1. Ïóñòü O = {n1, n2, . . . , nN} - óïîðÿäî÷åííîå (nk < nk+1) ìíîæåñòâî çàíÿòûõ îäíî-

÷àñòè÷íûõ ñîñòîÿíèé. Òîãäà îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ îïðåäåëÿþòñÿ âîò

òàê

ĉ+n | . . . , 1nk
, 0, . . . , 0︸ ︷︷ ︸

k åäèíèö

, Nn, . . . ⟩ = (−1)k(1−Nn) |. . . , 1nk
, 0, . . . , 0, Nn + 1, . . . ⟩ ,

ĉn| . . . , 1nk
, 0, . . . , 0︸ ︷︷ ︸

k åäèíèö

, Nn, . . . ⟩ = (−1)kNn |. . . , 1nk
, 0, . . . , 0, Nn − 1, . . . ⟩ .

Ýòè îïåðàòîðû òàêæå ñîïðÿæåíû äðóã äðóãó è ïîä÷èíÿþòñÿ àíòèêîììóòàöèîííûì ñî-

îòíîøåíèÿì

[ĉn, ĉ
+
m]+ = δnm, [ĉn, ĉm]+ = [ĉ+n , ĉ

+
m]+ = 0.

Áàçèñíîå N -÷àñòè÷íîå ñîñòîÿíèå

|. . . , 1n1 , . . . , 1nk
, . . . , 1nN

, . . . ⟩ = ĉ+n1
. . . ĉ+nk

. . . ĉ+nN
|0⟩ =

∏
n∈O

n1<n2<···<nN

ĉ+n |0⟩ ,

çäåñü |0⟩ = |0, . . . , 0, . . . ⟩ - âàêóóìíîå ñîñòîÿíèå.



8

Ãàìèëüòîíèàí ñ äâóõ÷àñòè÷íûì âçàèìîäåéñòâèåì

Ĥ =
∑
α,β=0

hαβ ĉ
+
α ĉβ +

1

2

∑
α1,α2=0
β1,β2=0

να2α1,β1β2 ĉ
+
α2
ĉ+α1
ĉβ1 ĉβ2 .

Ãðàôè÷åñêèé îáðàç âçàèìîäåéñòâèÿ â ôîêîâñêîì ïðîñòðàíñòâå

âçàèìîäåéñòâèå

r
να2α1,β1β2

�
�

�+

Q
Q

Qk�
�

�+

Q
Q

Qk
âβ1(ĉβ1)

âβ2(ĉβ2)

â+α1
(ĉ+α1

)

â+α2
(ĉ+α2

)

ïîñëå âçàèìîäåéñòâèÿ äî âçàèìîäåéñòâèÿ

Ïóñòü ON = n1, n2, . . . , nN � ïðîèçâîëüíàÿ âûáîðêà íîìåðîâ îäíî÷àñòè÷íûõ ñî-

ñòîÿíèé |ϕn⟩ (äëÿ áîçîíîâ íåêîòîðûå èëè âñå ni ìîãóò ñîâïàäàòü, à äëÿ ôåðìèîíîâ

n1 < n2 < · · · < nN). Òîãäà ïðîèçâîëüíîå ñîñòîÿíèå òîæäåñòâåííûõ ÷àñòèö â ôîêîâ-

ñêîì ïðîñòðàíñòâå ìîæíî çàïèñàòü â âèäå (çäåñü îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ

ôåðìèîíîâ îáîçíà÷àþòñÿ òàêæå, êàê è áîçîííûå)

|Φ⟩ =
∞∑

N=0

∑
ON

Cn1,n2,...,nN
â+n1

â+n2
. . . â+nN

|0⟩.

Åñëè îäíî÷àñòè÷íûé ãàìèëüòîíèàí ĥ êîììóòèðóåò ñ âûáðàííûì ïîëíûì íàáîðîì íà-

áëþäàåìûõ, òî hαβ = εαδαβ (εα � ýíåðãåòè÷åñêèé îäíî÷àñòè÷íûé ñïåêòð) è

Ĥ0 =
∑
α

εαâ
+
α âα,

à òàê êàê îïåðàòîð â+α âα ñ÷èòàåò ÷èñëî ÷àñòèö â ñîñòîÿíèè |ϕα⟩, òî âûáðàííûé ñïîñîá

îïèñàíèÿ ôèçè÷åñêè âïîëíå àäåêâàòåí.

II. Êîãåðåíòíûå ñîñòîÿíèÿ

So: îïðåäåëåíî ïðîñòðàíñòâî ñîñòîÿíèé ñèñòåìû ëþáîãî ÷èñëà òîæäåñòâåííûõ ÷à-

ñòèö (áîçîíîâ è ôåðìèîíîâ). Îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ, äåéñòâóþùèå â

ýòîì ïðîñòðàíñòâå, ïîä÷èíÿþòñÿ êàíîíè÷åñêèì êîììóòàöèîííûì (àíòèêîììóòàöèîí-

íûì) ñîîòíîøåíèÿì. Ïîñòðîèì ïðåäñòàâëåíèÿ ýòèõ ñîîòíîøåíèé, à äëÿ ýòîãî ñíà÷àëà

îïðåäåëèì îäíî÷àñòè÷íûå êîãåðåíòíûå ñîñòîÿíèÿ, êîòîðûå áóäóò èñïîëüçîâàòüñÿ äëÿ

ïîñòðîåíèÿ ïðåäñòàâëåíèÿ.



9

A. Áîçîíû

Îäíî÷àñòè÷íûå êîãåðåíòíûå ñîñòîÿíèÿ ìîæíî îïðåäåëèòü êàê ñîáñòâåííûå ñîñòîÿ-

íèÿ îïåðàòîðà óíè÷òîæåíèÿ

â|α⟩ = α|α⟩. (3)

Äëÿ èçó÷åíèÿ ñâîéñòâ òàêèõ ñîñòîÿíèé ïîñòðîèì áàçèñ îäíî÷àñòè÷íîãî ïðîñòðàíñòâà

èç ñîáñòâåííûõ ñîñòîÿíèé |n⟩, n = 0, 1, . . . , ñàìîñîïðÿæåííîãî îïåðàòîðà â+â

â+â|n⟩ = λn|n⟩.

Ýòî óðàâíåíèå óæå ðåøàëîñü ïðè èçó÷åíèè ãàðìîíè÷åñêîãî îñöèëëÿòîðà. Îïåðàòîðû

ðîæäåíèÿ è óíè÷òîæåíèÿ äëÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà ñòðîèëèñü ñîâåðøåííî äðó-

ãèì ñïîñîáîì, íî äëÿ íàõîæäåíèÿ ñîáñòâåííûõ ñîñòîÿíèé è çíà÷åíèé èñïîëüçîâàëèñü

òîëüêî äâà ñâîéñòâà òàêèõ îïåðàòîðîâ: èõ ñîïðÿæåííîñòü äðóã ê äðóãó è êîììóòàöè-

îííûå ñîîòíîøåíèÿ [â, â+] = 1. Ïîýòîìó îòâåò:

1. ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà λn = n, n = 0, 1, . . . ,

2. ñóùåñòâóåò íîðìèðîâàííîå âàêóóìíîå ñîñòîÿíèå |0⟩, êîòîðîå óäîâëåòâîðÿåò óðàâ-

íåíèþ â|0⟩ = 0,

3. ñîáñòâåííûå ñîñòîÿíèÿ

|n⟩ = 1√
n!
(â+)n|0⟩, n = 0, 1, . . . ,

4. ýòè ñîñòîÿíèÿ îðòîíîðìèðîâàíû ⟨n|m⟩ = δn,m

5. è äëÿ íèõ ñóùåñòâóåò ðàçëîæåíèå åäèíèöû∑
n=0

|n⟩ ⟨n| = Î.

Ðàçëîæèì êîãåðåíòíîå ñîñòîÿíèå ïî áàçèñó |α⟩ =
∑
n=0

cn|n⟩, òîãäà

â
∑
n=0

cn|n⟩ =
∑
n=1

cn
√
n|n− 1⟩ =

∑
n=0

cn+1

√
n+ 1|n⟩ = α

∑
n=0

cn|n⟩.
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Îòñþäà ñëåäóåò, ÷òî cn = c0
αn

√
n!
, à èç óñëîâèÿ íîðìèðîâêè íàõîäèì c0. Òàêèì îáðàçîì,

|α⟩ = exp
[
− ᾱα

2

]∑
n=0

αn

√
n!
|n⟩ = exp

[
− ᾱα

2
+ αâ+

]
|0⟩,

ïðè÷åì α � ëþáîå êîìïëåêñíîå ÷èñëî. Òàêàÿ ñèñòåìà ñîáñòâåííûõ ñîñòîÿíèé ïåðåïîë-

íåíà.

Ñêàëÿðíîå ïðîèçâåäåíèå êîãåðåíòíûõ ñîñòîÿíèé

⟨α1|α2⟩ = exp
[
−1

2
ᾱ1α1 −

1

2
ᾱ2α2 + ᾱ1α2

]
.

Äëÿ ïîñòðîåíèÿ ïðåäñòàâëåíèÿ ôîêîâñêîãî ïðîñòðàíñòâà êðàéíå âàæíî, ÷òî äëÿ êîãå-

ðåíòíûõ ñîñòîÿíèé åñòü ðàçëîæåíèå åäèíèöû∫
C

dᾱdα |α⟩ ⟨α| = Î, α = x+ iy, dᾱdα =
1

π
dxdy,

èíòåãðèðîâàíèå âåäåòñÿ ïî âñåé êîìïëåêñíîé ïëîñêîñòè.

Äåéñòâèòåëüíî: ∫
dxdy |α⟩ ⟨α| =

∑
m,n=0

|n⟩ ⟨m|√
n!m!

∫
dxdy e−ᾱααnᾱm =

=
∑

m,n=0

|n⟩ ⟨m|√
n!m!

∫ ∞
0

dϱ ϱϱn+me−ϱ
2

∫ 2π

0

dφeiφ(n−m) = π
∑

m,n=0

|n⟩ ⟨m|√
n!m!

∫ ∞
0

dϱ 2ϱϱn+me−ϱ
2

δnm =

= π
∑
n=0

|n⟩ ⟨n|
n!

∫ ∞
0

duune−u = π
∑
n=0

|n⟩ ⟨n| = πÎ.

B. Ôåðìèîíû

Òåïåðü ïîïûòàåìñÿ ðåàëèçîâàòü ïðèâåäåííóþ ïðîãðàììó ïîñòðîåíèÿ êîãåðåíòíûõ

ñîñòîÿíèé äëÿ ôåðìèîíîâ. Àíòèêîììóòàöèîííûå ñîîòíîøåíèÿ äëÿ îäíî÷àñòè÷íîãî ñî-

ñòîÿíèÿ

[ĉ, ĉ+]+ = ĉ ĉ+ + ĉ+ ĉ = 1, (ĉ+)2 = ĉ2 = 0.

Ìàòðè÷íîå ïðåäñòàâëåíèå ìèíèìàëüíîé ðàçìåðíîñòè

ĉ+ =

∥∥∥∥∥∥∥
0 0

1 0

∥∥∥∥∥∥∥ , ĉ =

∥∥∥∥∥∥∥
0 1

0 0

∥∥∥∥∥∥∥ .
Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ λn è ñîñòîÿíèÿ |n⟩ ñàìîñîïðÿæåííîãî îïåðàòîðà ĉ+ĉ:
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1. ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà λn = n, n = 0, 1,

2. ñóùåñòâóåò íîðìèðîâàííîå âàêóóìíîå ñîñòîÿíèå |0⟩, êîòîðîå óäîâëåòâîðÿåò óðàâ-

íåíèþ ĉ|0⟩ = 0,

3. ñîáñòâåííîå ñîñòîÿíèå |1⟩ = ĉ+|0⟩,

4. ýòè ñîñòîÿíèÿ îðòîíîðìèðîâàíû ⟨n|m⟩ = δn,m

5. è äëÿ íèõ ñóùåñòâóåò ðàçëîæåíèå åäèíèöû

1∑
n=0

|n⟩ ⟨n| = Î.

Îïðåäåëèì êîãåðåíòíûå ñîñòîÿíèÿ êàê ðåøåíèÿ óðàâíåíèÿ

ĉ |θ⟩ = θ |θ⟩,

ãäå (ïðåäâîñõèùàÿ áëèæàéøåå áóäóùåå) θ � íåêîòîðûé îáúåêò, èìåþùèé êîìïëåêñíóþ

ñòðóêòóðó θ = x + iy. Ðàçëàãàÿ êîãåðåíòíîå ñîñòîÿíèå ïî áàçèñó |θ⟩ = c0|0⟩ + c1|1⟩,

ïîëó÷èì

ĉ |θ⟩ = c1|0⟩ = θ(c0|0⟩+ c1|1⟩), c1 = θ c0, θ c1 = 0.

Ïðîñòåéøèé àíàëèç ïîêàçûâàåò, ÷òî íåòðèâèàëüíîå ðåøåíèå âîçìîæíî, åñëè

θ2 = x2 − y2 + i(xy + yx) = 0, x2 = y2 = 0, xy + yx = 0.

Êîíå÷íî æå x = y = 0, åñëè ýòî äåéñòâèòåëüíûå ÷èñëà, è, âìåñòî ñåìåéñòâà êîãåðåíòíûõ

ñîñòîÿíèé, åñòü òîëüêî îäíî � âàêóóìíîå. Îäíàêî, ñåìåéñòâî êîãåðåíòíûõ ñîñòîÿíèé,

êîòîðûå ïàðàìåòðèçóþòñÿ âåëè÷èíîé θ, ñóùåñòâóåò, åñëè ñ÷èòàòü ïåðåìåííûå x, y �

ãðàññìàíîâûìè. Òàêîé ïóòü, âîîáùå ãîâîðÿ, ìàòåìàòè÷åñêè íå ïðîñò: óìíîæåíèå íà

ãðàññìàíîâó ïåðåìåííóþ íå îïðåäåëåíî â ãèëüáåðòîâîì ïðîñòðàíñòâå. Íî, åñëè î÷åíü

íàäî, ìîæíî ïîïðîáîâàòü. Èòàê, x, y � äåéñòâèòåëüíûå îáðàçóþùèå àëãåáðû Ãðàññìàíà.

Åñëè ââåñòè ñîïðÿæåííóþ ïåðåìåííóþ θ̄ = x− iy, òî

θ2 = θ̄2 = 0, θθ̄ + θ̄θ = 0.

Çàïèøåì êîãåðåíòíûå ket- è bra- ñîñòîÿíèÿ

|θ⟩ = c0(|0⟩+ θ|1⟩), ⟨θ| = c̄0(⟨0|+ θ̄⟨1|),
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âîñïîëüçóåìñÿ óñëîâèåì íîðìèðîâêè

1 = ⟨θ|θ⟩ = c̄0c0(1 + θ̄θ) = c̄0c0e
θ̄θ.

Îòñþäà, âî-ïåðâûõ, ñëåäóåò ïðàâèëî ñîïðÿæåíèÿ ïðîèçâåäåíèÿ êîìïëåêñíûõ ãðàññìà-

íîâûõ ïåðåìåííûõ

θθ = θ̄θ,

à òàêæå îêîí÷àòåëüíîå âûðàæåíèå äëÿ ñåìåéñòâà êîãåðåíòíûõ îäíîôåðìèîííûõ ñîñòî-

ÿíèé

|θ⟩ = exp
[
− θ̄θ

2

] 1∑
n=0

θn√
n!
|n⟩ = exp

[
− θ̄θ

2
+ θĉ+

]
|0⟩,

ãäå θ � êîìïëåêñíàÿ ãðàññìàíîâà ïåðåìåííàÿ (ñðàâíèòü ñ áîçîííûì ñëó÷àåì).

Ñêàëÿðíîå ïðîèçâåäåíèå êîãåðåíòíûõ ñîñòîÿíèé

⟨θ1|θ2⟩ = exp
[
−1

2
θ̄1θ1 −

1

2
θ̄2θ2 + θ̄1θ2

]
.

Ðàçëîæåíèå åäèíèöû. Ïî àíàëîãèè ñ áîçîííûì ðàçëîæåíèåì åäèíèöû çàïèøåì ôîð-

ìàëüíîå âûðàæåíèå ∫
dxdy |θ⟩ ⟨θ|

ñ èíòåãðèðîâàíèåì ïî ãðàññìàíîâûì ïåðåìåííûì è îïðåäåëèì ïðîöåäóðó èíòåãðèðî-

âàíèÿ òàê, ÷òîáû ðàçëîæåíèå åäèíèöû ñóùåñòâîâàëî è â ýòîì ñëó÷àå.

Òàêèì îáðàçîì, ∫
dxdy |θ⟩ ⟨θ| =

= |0⟩ ⟨0|
∫

dxdy e−θ̄θ + |0⟩ ⟨1|
∫

dxdy e−θ̄θ θ̄ + |1⟩ ⟨0|
∫

dxdy e−θ̄θθ + |1⟩ ⟨1|
∫

dxdy e−θ̄θ θ̄θ =

= |0⟩ ⟨0|
∫

dxdy (1 + 2iyx) + |0⟩ ⟨1|
∫

dxdy (x− iy) + |1⟩ ⟨0|
∫

dxdy (x+ iy) + |1⟩ ⟨1|
∫

dxdy 2iyx

Ýòî âûðàæåíèå ñâîäèòñÿ ê ðàçëîæåíèþ åäèíèöû, åñëè∫
dxdy (1 + 2iyx) =

∫
dxdy 2iyx ̸= 0,

∫
dxdy (x+ iy) =

∫
dxdy (x− iy) = 0.

Áóäåì ñ÷èòàòü, ÷òî ñèìâîëû dx, dy � òîæå ãðàññìàíîâû ïåðåìåííûå, òî åñòü

dx2 = dy2 = 0, dxdy + dydx = 0, xdx+ dxx = xdy + dyx = ydx+ dxy = ydy + dyy = 0.

Òîãäà ïîñòàâëåííûå óñëîâèÿ áóäóò âûïîëíåíû, åñëè êðàòíûå èíòåãðàëû ïîíèìàòü êàê ïîâòîðíûå è

ñ÷èòàòü, ÷òî (Ô.À.Áåðåçèí) ∫
dx =

∫
dy = 0,

∫
dxx =

∫
dy y = 1.
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Â ýòîì ñëó÷àå ∫
dxdy

2i
|θ⟩ ⟨θ| = Î.

Òàê êàê θ, θ̄ � òîæå ãðàññìàíîâû ïåðåìåííûå, òî

1 =

∫
dθ̄dθ θθ̄ = 2i

∫
dθ̄dθ yx =

∫
dxdy yx,

ñëåäîâàòåëüíî,

dθ̄dθ =
dxdy

2i
.

Òàêèì îáðàçîì, ðàçëîæåíèå åäèíèöû ïî ôåðìèîííûì êîãåðåíòíûì ñîñòîÿíèÿì ìîæíî

îïðåäåëèòü è îíî èìååò âèä ∫
dθ̄dθ |θ⟩ ⟨θ| = Î.

So: ïóòåì ââåäåíèÿ ãðàññìàíîâûõ ïåðåìåííûõ è ïðàâèë èíòåãðèðîâàíèÿ ïî íèì,

óäàëîñü äîáèòüñÿ ïîëíîé ôîðìàëüíîé àíàëîãèè ìåæäó îäíî÷àñò÷íûìè êîãåðåíòíûìè

ñîñòîÿíèÿìè áîçîíîâ è ôåðìèîíîâ.

Ýëåìåíòàðíûé àíàëèç íà ãðàññìàíîâîé àëãåáðå.

Ïóñòü xi, i = 0, 1, . . . , � ãðàññìàíîâû ïåðåìåííûå

xixk + xkxi = 0.

Ôóíêöèè îò ãðàññìàíîâûõ ïåðåìåííûõ

f(x) = f0 +
∑
n

f1(n)xn +
∑

n1<n2

f2(n1, n2)xn1xn2 + · · ·+
∑

n1<···<nN

fN (n1, . . . , nN )xn1 . . . xnN
+ . . .

Îïðåäåëèì ïðîèçâîäíûå (ëåâûå è ïðàâûå)

→
∂

∂xnk

xn1 . . . xnk−1
xnk

xnk+1
. . . xnN = (−1)k−1xn1 . . . xnk−1

xnk+1
. . . xnN ,

xn1 . . . xnk−1
xnk

xnk+1
. . . xnN

←
∂

∂xnk

= (−1)N−kxn1 . . . xnk−1
xnk+1

. . . xnN

Èíòåãðàë.

Ãðàññìàíîâû ñèìâîëû äèôôåðåíöèàëîâ dxi

dxidxk + dxkdxi = xidxk + dxkxi = 0.

Îäíîêðàòíûå èíòåãðàëû ∫
dxi = 0,

∫
dxi xi = 1, ñóììèðîâàíèÿ ïî i íåò.
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Êðàòíûå èíòåãðàëû ïîíèìàþòñÿ êàê ïîâòîðíûå.

Ëèíåéíàÿ çàìåíà ïåðåìåííûõ. Îïðåäåëèì yi = aikxk. Ïåðåìåííûå yi � ãðàññìàíîâû. Íàéäåì, ÷òî ïðè

òàêîé çàìåíå ïðîèñõîäèò ñ äèôôåðåíöèàëàìè dyi. Ïóñòü dyi = dxk bki, òîãäà

δki =

∫
dyi yk =

∫
dxm xn bmiakn = akmbmi, bik = (a)−1ik .

Ñëåäîâàòåëüíî, ïðè ëèíåéíîé çàìåíå

yi = aikxk, dyi = dxk (a)
−1
ki .

Îòñþäà ñëåäóåò, ÷òî

dy1 dy2 . . . dyN =
1

det(aik)
dx1 dx2 . . .dxN .

III. Ïðåäñòàâëåíèÿ êîììóòàöèîííûõ è àíòèêîììóòàöèîííûõ ñîîòíîøåíèé

Ïîâòîðèìñÿ. Ïóñòü ON = n1, n2, . . . , nN � ïðîèçâîëüíàÿ âûáîðêà íîìåðîâ îäíî÷à-

ñòè÷íûõ ñîñòîÿíèé |ϕn⟩ (äëÿ áîçîíîâ íåêîòîðûå èëè âñå ni ìîãóò ñîâïàäàòü, à äëÿ

ôåðìèîíîâ n1 < n2 < · · · < nN). Òîãäà ïðîèçâîëüíîå ñîñòîÿíèå òîæäåñòâåííûõ ÷à-

ñòèö â ôîêîâñêîì ïðîñòðàíñòâå ìîæíî çàïèñàòü â âèäå (çäåñü îïåðàòîðû ðîæäåíèÿ è

óíè÷òîæåíèÿ ôåðìèîíîâ îáîçíà÷àþòñÿ òàêæå, êàê è áîçîííûå)

|Φ⟩ =
∞∑

N=0

∑
ON

Cn1,n2,...,nN
â+n1

â+n2
. . . â+nN

|0⟩.

Ðàññìîòðèì êîãåðåíòíîå ñîñòîÿíèå

|α⟩ ≡ |α0, α1, . . . , αi, . . . ⟩ = |α0⟩ ⊗ |α1⟩ ⊗ · · · ⊗ |αi⟩ ⊗ . . . ,

Äàëåå, åñëè ýòî íå îãîâîðåíî ñïåöèàëüíî, α � êîìïëåêñíàÿ ïåðåìåííàÿ äëÿ áîçîíîâ è

ãðàññìàíîâà äëÿ ôåðìèîíîâ.

Ïðåäñòàâëåíèå ket-ñîñòîÿíèÿ îïðåäåëèì âîò òàê

|Φ⟩ =⇒ Φ(ᾱ) = exp
[1
2
ᾱα

]
⟨α|Φ⟩, ᾱα =

∑
i=0

ᾱiαi.

Èç ýòîãî îïðåäåëåíèÿ íàõîäèì

Φ(ᾱ) =
∞∑

N=0

∑
ON

Cn1,n2,...,nN
ᾱn1ᾱn2 . . . ᾱnN

,
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è ïðîèçâîëüíîå ñîñòîÿíèå ïðåäñòàâëÿåòñÿ àíòèãîëîìîðôíîé ôóíêöèåé ìíîãèõ ïåðå-

ìåííûõ (ãîëîìîðôíîå ïðåäñòàâëåíèå).

Bra-ñîñòîÿíèå, êàê îáû÷íî, ïîëó÷àåòñÿ ñîïðÿæåíèåì ýòîé ôóíêöèè. Îäíàêî, îáîçíà-

÷àòü òàêóþ ôóíêöèþ áóäåì íåñêîëüêî èíà÷å, èìåÿ â âèäó ñëåäóþùåå

Φ(ᾱ) ≡ Φ̄(α) =
∞∑

N=0

∑
ON

C̄n1,n2,...,nN
αn1αn2 . . . αnN

.

Ñêàëÿðíîå ïðîèçâåäåíèå â òàêîì ïðåäñòàâëåíèè

⟨Φ1|Φ2⟩ =
∫

dᾱdα ⟨Φ1|α⟩⟨α|Φ2⟩ =
∫

dᾱdα e−ᾱαΦ̄1(α)Φ2(ᾱ), dᾱdα =
∏
i=0

dᾱidαi.

Íàéäåì êàê ïðåäñòàâëÿåòñÿ ñîñòîÿíèå, ïîëó÷àþùååñÿ â ðåçóëüòàòå äåéñòâèÿ íîðìàëüíî

óïîðÿäî÷åííîãî îïåðàòîðà N(. . . , â+i , . . . | . . . , âk, . . . ) (îïåðàòîðà, â êîòîðîì âñå îïåðà-

òîðû ðîæäåíèÿ ñòîÿò ñëåâà, à âñå îïåðàòîðû óíè÷òîæåíèÿ - ñïðàâà) íà ñîñòîÿíèå |Φ⟩

N̂(. . . , â+i , . . . | . . . , âk, . . . )|Φ⟩ =⇒ eᾱα/2
∫

dᾱ0dα0 ⟨α|N̂ |α0⟩ ⟨α0|Φ⟩ =

=

∫
dᾱ0dα0 eᾱα/2−ᾱ0α0/2N(ᾱ|α0)⟨α|α0⟩Φ(ᾱ0) =

∫
dᾱ0dα0 e(ᾱ−ᾱ0)α0

N(ᾱ|α0) Φ(ᾱ0)

IV. Êîíòèíóàëüíûé èíòåãðàë

Ýâîëþöèÿ íà÷àëüíîãî ñîñòîÿíèÿ |Φ0⟩ â êâàíòîâîé òåîðèè óïðàâëÿåòñÿ ãàìèëüòîíè-

àíîì ôèçè÷åñêîé ñèñòåìû Ĥ = H(â+, â) è îïèñûâàåòñÿ óðàâíåíèåì Øðåäèíãåðà

i
d

dt
|Φ(t)⟩ = Ĥ|Φ(t)⟩, |Φ(t0)⟩ = |Φ0⟩.

Ðàçîáüåì ýâîëþöèþ íà K, ðàâíûõ ϵ = (t − t0)/K, ïðîìåæóòêà âðåìåíè (ðåøåòî÷íàÿ

àïïðîêñèìàöèÿ ýâîëþöèè). Óñòðåìèì K →∞, ϵ→ 0.

�r r r r r r r r r r r r r r r
k = K k = 0k

t t0

Òîãäà ñîñòîÿíèå â íà÷àëüíûé ìîìåíò âðåìåíè |Φ(t0)⟩ = |Φk=0⟩ ñâÿçàíî ñ êîíå÷íûì

|Φ(t)⟩ = |Φk=K⟩ ñîîòíîøåíèåì

|Φk=K⟩ = exp
[
−iϵĤK−1

]
exp

[
−iϵĤK−2

]
. . . exp

[
−iϵĤk

]
. . . exp

[
−iϵĤ0

]
|Φk=0⟩.

Âñòàâèì ðàçëîæåíèÿ åäèíèöû

Î =

∫
dᾱkdαk |α⟩ ⟨α|, k = 0, . . . , K − 1,

ïî ïðèâåäåííîé íèæå ñõåìå è ïåðåéäåì â ãîëîìîðôíîå ïðåäñòàâëåíèå:
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exp
[1
2
(ᾱKαK − ᾱK−1αK−1)

]
exp

[1
2
(ᾱK−1αK−1 − ᾱK−2αK−2)

]
⟨αK | exp

[
−iϵĤK−1

]
|αK−1⟩ ⟨αK−1| exp

[
−iϵĤK−2

]
|αK−2⟩

exp
[1
2
(ᾱkαk − ᾱk−1αk−1)

]
exp

[1
2
(ᾱ1α1 − ᾱ0α0)

]
⟨αk| exp

[
−iϵĤk−1

]
|αk−1⟩ ⟨α1| exp

[
−iϵĤ0

]
|α0⟩

dᾱK−1dαK−1 dᾱK−2dαK−2

dᾱkdαk dᾱk−1dαk−1 dᾱ1dα1 dᾱ0dα0

� r
k = 0

r
k = 1

r
k

r
k − 1 . . .. . .

�r
k = K

r
k = K − 1

r
k = K − 2 . . .

ΦK(ᾱK) =

Φ0(ᾱ0)

Ðåçóëüòàò ýâîëþöèè ïî íà÷àëüíîìó ñîñòîÿíèþ ìîæíî ïðåäñòàâèòü â âèäå

Φt(ᾱ
K) =

∫
dᾱ0dα0e−ᾱ0α0

Ut,t0(ᾱ
K , α0)Φ0(ᾱ0).

Çäåñü îïðåäåëåíà êëþ÷åâàÿ äëÿ äèíàìèêè ôèçè÷åñêîé ñèñòåìû âåëè÷èíà � ÿäðî îïåðà-

òîðà ýâîëþöèè Ut,t0(ᾱ
K , α0), àíòèãîëîìîðôíîå ïî ïåðâîìó è ãîëîìîðôíîå ïî âòîðîìó

àðãóìåíòó:

Ut,t0(ᾱ
K , α0) = eᾱ

0α0
(K−1∏

k=1

∫
dᾱkdαk

) K∏
k=1

exp
[1
2
(ᾱkαk− ᾱk−1αk−1)

]
⟨αk| exp[−iϵĤk−1]|αk−1⟩.

Äëÿ âû÷èñëåíèÿ ìàòðè÷íîãî ýëåìåíòà ïî êîãåðåíòíûì ñîñòîÿíèÿì ïðîäåëàåì ñëåäóþ-

ùóþ ïðîöåäóðó (ãàìèëüòîíèàí Ĥ = H(. . . , â+i , . . . | . . . , âk, . . . ) ïðåäïîëàãàåòñÿ íîðìàëü-

íî óïîðÿäî÷åííûì):

⟨αk| exp[−iϵĤk−1]|αk−1⟩ = ⟨αk|[1− iϵĤk−1]|αk−1⟩+O(ϵ2) =

= ⟨αk|αk−1⟩[1− iϵHk−1(ᾱ
k, αk−1)] +O(ϵ2) = ⟨αk|αk−1⟩ exp[−iϵHk−1(ᾱ

k|αk−1)] +O(ϵ2).

Òåïåðü ÿäðî îïåðàòîðà ýâîëþöèè ïðåäñòàâèìî â âèäå (åñòü íàä ÷åì ïîäóìàòü)

Ut,t0(ᾱ
K , α0) = eᾱ

0α0
(K−1∏

k=1

∫
dᾱkdαk

) K∏
k=1

exp
[
(ᾱk − ᾱk−1)αk−1 − iϵHk−1(ᾱ

k|αk−1)
]∣∣∣∣∣

K→∞

.

(4)

Ïðåäñòàâèì èíòåãðàëû ïî dᾱkdαk, k = 1, . . . , K − 1, â âèäå ñóìì Ðèìàíà. Äëÿ ýòîãî

ðàçîáüåì êîìïëåêñíîå ïðîñòðàíñòâî C(k)
0 ⊗ · · · ⊗ C(k)

n ⊗ . . . , k = 1, . . . , K − 1, (èíäåêñ

n íóìåðóåò îäíî÷àñòè÷íûå ñîñòîÿíèÿ, ïî êîòîðûì ïîñòðîåíî ôîêîâñêîå ïðîñòðàíñòâî,

à èíäåêñ k óêàçûâàåò íà ìîìåíò âðåìåíè, êîãäà áåðåòñÿ èíòåãðàë) íà ýëåìåíòàðíûå

ÿ÷åéêè ∆ak îáúåìà vol(∆ak)→ 0. Ýòè ÿ÷åéêè ïðîíóìåðóåì èíäåêñîì ak. Îïðåäåëèì

Y ak

ak−1 ≡ exp
[
(ᾱk − ᾱk−1)αk−1 − iϵHk−1(ᾱ

k|αk−1)
]
αk∈∆

ak
,αk−1∈∆

ak−1

.
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Òîãäà

Ut,t0(ᾱ
K , α0) =

= eᾱ
0α0

∑
aK−1

vol(∆aK−1) · · ·
∑
ak

vol(∆ak) · · ·
∑
a1

vol(∆a1)Y
aK

aK−1 . . . Y
ak+1

ak Y ak

ak−1 . . . Y
a1

a0 =

= eᾱ
0α0

∑
γ={a1,...,ak,...,aK−1}

volγ exp
[ K∑
k=1

[
(ᾱk − ᾱk−1)αk−1 − iϵHk−1(ᾱ

k|αk−1)
]]

αk∈∆
ak

,ak∈γ
,

çäåñü volγ =
K−1∏
k=1

vol(∆ak)ak∈γ. Â ïðèâåäåííûõ âûðàæåíèÿõ ïðîâåäåíî ïåðåñóììèðîâàíèå

(ñì. ðèñóíîê): âìåñòî ïîñëåäîâàòåëüíîãî ñóììèðîâàíèÿ ïî a1, . . . , ak, . . . , aK−1 âçÿòà

ïðîèçâîëüíàÿ âûáîðêà (ïóòü) γ = {a1, . . . , ak, . . . , aK−1} (êàæäûé èíäåêñ ak ïðè äàííîì

k âñòðå÷àåòñÿ òîëüêî îäèí ðàç), âäîëü ýòîé âûáîðêè (ïóòè) ïðîâåäåíî ñóììèðîâàíèå,

à çàòåì ïðîâåäåíî ñóììèðîâàíèå ïî âñåì âîçìîæíûì âûáîðêàì γ (ïóòÿì).

k�

ak
6

a a a a a a a a a
a a a a a a a a a
a a a a a a a a a
a a a a a a a a a
a a a a a a a a a
a a a a a a a a a
a a a a a a a a a

a
a

�
�
�
�
�
�
��A

A
A
A
A
B
B
B
B
B
B
BB�

��
�
�
�
�
�@

@@�
�
�
�
�
�
��CC
C
C
C
C
C
C
C
C�
�
�
�
�

ᾱK

. . .

α0

∆ak+1

∆ak

∆ak−1

. . .

∆aK−1

∆a1

γ

γ = {a1, . . . , ak, . . . , aK−1}

Ïîýòîìó â ïðåäåëå volγ → 0, K → ∞, ÿäðî îïåðàòîðà ýâîëþöèè ìîæíî ïðåäñòàâëÿòü

ñåáå êàê èíòåãðàë ïî âñåì âîçìîæíûì òðàåêòîðèÿì γ = {ᾱ(τ), α(τ)} â ïðîñòðàíñòâå

C0 ⊗ · · · ⊗ Cn ⊗ . . . , êîòîðûå íà÷èíàþòñÿ â α0 ïðè τ = t0 è çàêàí÷èâàþòñÿ â ᾱK ïðè

τ = t:

Ut,t0(ᾱ
K , α0) =

∫
γ: ᾱ(t)=ᾱK ,α(t0)=α0

Dᾱ(τ)Dα(τ) eiS[γ],

iS[γ] = ᾱ(t0)α
0 +

∫
γ

dτ
[(
∂τ ᾱ(τ)

)
α(τ)− iHτ

(
ᾱ(τ)|α(τ)

)]
. (5)
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Ïðèâåäåííóþ êîíñòðóêöèþ íè â êîåé ìåðå íåëüçÿ ðàññìàòðèâàòü êàê êîððåêòíîå ìà-

òåìàòè÷åñêîå îïðåäåëåíèå. Ýòî ñêîðåå ýâðèñòè÷åñêèé ñïîñîá ðàññóæäåíèé, êîòîðûé,

ïðàâäà, íå ðàç óæå äîêàçàë ñâîþ ýôôåêòèâíîñòü.

Âû÷èñëèì êîíòèíóàëüíûé èíòåãðàë, îïðåäåëÿþùèé ÿäðî îïåðàòîðà ýâîëþöèè â ãî-

ëîìîðôíîì ïðåäñòàâëåíèè ñâîáîäíîé òåîðèè, òî åñòü òåîðèè ñ ãàìèëüòîíèàíîì

Ĥ =
∑
m

εmâ
+
mâm.

0. Èñïîëüçóÿ ñîîòíîøåíèå

Ut,t0(ᾱ
K , α0) = exp

[1
2
(ᾱKαK + ᾱ0α0)

]
⟨αK |e−i(t−t0)Ĥ |α0⟩,

ïðÿìûå âû÷èñëåíèÿ äàþò

Ut,t0(ᾱ
K , α0) = exp

[∑
m

ᾱK
mα

0
me

−iεm(t−t0)
]
.

1. Ïðîâåäåì âû÷èñëåíèÿ, èñïîëüçóÿ ðåøåòî÷íóþ àïïðîêñèìàöèþ (4). Îáîçíà÷åíèå:

λm = 1− iϵεm.

Ut,t0(ᾱ
K , α0) =

∏
m

(K−1∏
k=1

dᾱk
mdαk

m

)
exp

[K−1∑
k=0

(λmᾱ
k+1
m αk

m − ᾱk
mα

k
m) + ᾱ0

mα
0
m

]
=

∏
m

(K−1∏
k=2

dᾱk
mdαk

m

)
exp

[K−1∑
k=2

(λmᾱ
k+1
m αk

m − ᾱk
mα

k
m)

] ∫
dᾱ1

mdα1
me−ᾱ1

mα1
m+λmᾱ2

mα1
m+λmᾱ1

mα0
m =

∏
m

(K−1∏
k=3

dᾱk
mdαk

m

)
exp

[K−1∑
k=3

(λmᾱ
k+1
m αk

m − ᾱk
mα

k
m)

] ∫
dᾱ2

mdα2
me−ᾱ2

mα2
m+λmᾱ3

mα2
m+λ2

mᾱ2
mα0

m =

· · · =
∏
m

∫
dᾱK−1

m dαK−1
m e−ᾱK−1

m αK−1
m +λmᾱK

mαK−1
m +λK−1

m ᾱK−1
m α0

m =
∏
m

eᾱ
K
mα0

mλK
m

∣∣∣∣∣
K→∞

Îòâåò:

Ut,t0(ᾱ
K , α0) = exp

[∑
m

ᾱK
mα

0
me−iεm(t−t0)

]
.

2. Âû÷èñëèì ýòî æå ÿäðî ýâîëþöèè, èñïîëüçóÿ êîíòèíóàëüíóþ âåðñèþ.

Ut,t0(ᾱ
K , α0) =

∏
m

∫
ᾱm(t)=ᾱK

m

αm(t0)=α0
m

Dᾱm(τ)Dαm(τ)

exp
[
ᾱm(t0)α

0
m +

∫ t

t0

dτ
[(
∂τ ᾱm(τ)

)
αm(τ)− iϵmᾱm(τ)αm(τ)

]]
.
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Íàéäåì ýêñòðåìàëüíóþ (êëàññè÷åñêóþ) òðàåêòîðèþ ïîêàçàòåëÿ ýêñïîíåíòû (ñ òî÷íî-

ñòüþ äî ìíèìîé åäèíèöû äåéñòâèÿ)

i δSm = δᾱm(t0)α
0
m+∫ t

t0

dτ
[(
∂τδᾱm(τ)

)
αm(τ) +

(
∂τ ᾱm(τ)

)
δαm(τ)− iϵmδᾱm(τ)αm(τ)− iϵmᾱm(τ) δαm(τ)

]
=

=

∫ t

t0

dτ
(
∂τ ᾱm(τ)− iϵmᾱm(τ)

)
δαm(τ)−

∫ t

t0

dτ δᾱ(τ)
(
∂ταm(τ) + iϵmαm(τ)

)
= 0.

Óðàâíåíèÿ äâèæåíèÿ

(∂τ − iεm)ᾱm(τ) = 0, ᾱm(t) = ᾱK
m,

(∂τ + iεm)αm(τ) = 0, αm(t0) = α0
m,

èõ ðåøåíèÿ

ᾱcl
m(τ) = ᾱK

me−iεm(t−τ), αcl
m(τ) = α0

me−iεm(τ−t0).

Ñäåëàåì â êîíòèíóàëüíîì èíòåãðàëå çàìåíó òðàåêòîðèé

{ᾱm(τ), αm(τ) : ᾱm(t) = ᾱK
m, αm(t0) = α0

m} → {q̄m(τ), qm(τ) : q̄m(t) = qm(t0) = 0}

ïî ôîðìóëå

ᾱm(τ) = ᾱcl
m(τ) + q̄m(τ), αm(τ) = αcl

m(τ) + qm(τ).

Ïðè òàêîé çàìåíå

Dᾱm(τ)Dαm(τ) = Dq̄m(τ)Dqm(τ),

iSm = ᾱcl
m(t0)α

0
m +

∫ t

t0

dτ
[(
∂τ q̄m(τ)

)
qm(τ)− iϵmq̄m(τ)qm(τ)

]
.

Òàêèì îáðàçîì,

Ut,t0(ᾱ
K , α0) = N exp

[∑
m

ᾱK
mα

0
me−iεm(t−t0)

]
,

ãäå âåëè÷èíó

N =
∏
m

∫
q̄m(t)=0
qm(t0)=0

Dq̄m(τ)Dqm(τ) exp
[∫ t

t0

dτ
[(
∂τ q̄m(τ)

)
qm(τ)− iϵmq̄m(τ)qm(τ)

]]
ìîæíî ðàññìàòðèâàòü êàê íåêèé íîðìèðîâî÷íûé ìíîæèòåëü, êîòîðûé ïî ïîñòðîåíèþ

íå çàâèñèò îò ᾱK , α0 è ðàâåí (ñì. âûøå) åäèíèöå N = 1.
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V. Ñêàëÿðíîå ïîëå

A. ×àñòèöà áåç âíóòðåííèõ ñòåïåíåé ñâîáîäû

Ñâîáîäíàÿ ÷àñòèöà â êâàíòîâîé òåîðèè - ÷àñòèöà, ó êîòîðîé ñîõðàíÿåòñÿ èìïóëüñ:

[p̂ , ĥ ] = 0,

ĥ - ãàìèëüòîíèàí ÷àñòèöû.

Ðàññìîòðèì ñèñòåìó íà îãðàíè÷åííîé îáëàñòè ïðîñòðàíñòâà (−L 6 x 6 L). Çàäà÷à íà

ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ñîñòîÿíèÿ èìïóëüñà:

p̂ |ϕp⟩ = p |ϕp⟩. (6)

Â êîîðäèíàòíîì ïðåäñòàâëåíèè |ϕp⟩ ⇒ ϕp(x) ∈ L2(x ∈ [−L,L], dx); p̂ |ϕp⟩ ⇒ −i∂xϕp(x),

ϕp(x) - àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ èç L2(x ∈ [−L,L], dx), òàêàÿ ÷òî ∂xϕp(x) ∈

L2(x ∈ [−L,L], dx) è, êðîìå òîãî, ϕp(−L) = ϕp(L) (âûáðàíî îäíî èç âîçìîæíûõ ñàìî-

ñîïðÿæåííûõ ðàñøèðåíèé).

Ñîáñòâåííûå ñîñòîÿíèÿ è ñîáñòâåííûå çíà÷åíèÿ

ϕp(x) =
eipx√
V
, pL = πn, n = 0,±1,±2, . . . , V = 2L. (7)

Òàê êàê ãàìèëüòîíèàí ĥ êîììóòèðóåò ñ p̂, ó ýòèõ îïåðàòîðîâ ñóùåñòâóåò îáùèé ïîëíûé

íàáîð ñîáñòâåííûõ ñîñòîÿíèé, ïîýòîìó

⟨p1|ĥ|p2⟩ = εp1 δp1,p2 .

Çäåñü εp - ýíåðãèÿ ÷àñòèöû ñ èìïóëüñîì p. Â ðåëÿòèâèñòñêîé òåîðèè

εp =
√
p2 +m2,

ãäå m - ìàññà ðàññìàòðèâàåìîé ÷àñòèöû.

Åñëè ó ðàññìàòðèâàåìûõ ÷àñòèö íåò íèêàêèõ âíóòðåííèõ ñòåïåíåé ñâîáîäû, òî êâàí-

òîâàÿ òåîðèÿ òàêèõ íåâçàèìîäåéñòâóþùèõ ÷àñòèö â ôîêîâñêîì ïðîñòðàíñòâå îïèñûâà-

åòñÿ ãàìèëüòîíèàíîì âèäà

Ĥ =
∑
p

εpâ
+
p âp, (8)

ïðè÷åì â êà÷åñòâå îäíî÷àñòè÷íîãî îïåðàòîðà, íåîáõîäèìîãî äëÿ ïîñòðîåíèÿ ôîêîâñêîãî

ïðîñòðàíñòâà, âûáðàí îïåðàòîð èìïóëüñà ÷àñòèöû íà îòðåçêå −L 6 x 6 L.
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B. Êâàíòîâàíèå êëàññè÷åñêîãî ñêàëÿðíîãî ïîëÿ.

Ñâîáîäíîå ìàññèâíîå ñêàëÿðíîå ïîëå îïðåäåëÿåòñÿ ëàãðàíæèàíîì

L =

∫
V

dx
1

2

[
∂µϕ(t, x)∂

µϕ(t, x)−m2ϕ2(t, x)
]
. (9)

Ðàññìîòðèì ïîëå â áîëüøîé, íî êîíå÷íîé îáëàñòè ïðîñòðàíñòâà x ∈ [−L,L]. Â ýòîé

îáëàñòè ðàçëîæèì ïîëå â ðÿä ïî ïîëíîé îðòîíîðìèðîâàííîé ñèñòåìå ñîáñòâåííûõ ñî-

ñòîÿíèé îïåðàòîðà èìïóëüñà ϕp(x) (ñì. 7). Íà ýòî ìîæíî ñìîòðåòü, êàê íà òî÷å÷íóþ

çàìåíó ïåðåìåííûõ.

ϕ(t, x) =
∑
k

ϕk(x)ck(t).

Âåùåñòâåííîñòü ïîëÿ íàêëàäûâàåò ñâÿçü c−k = c̄k.

Â íîâûõ ïåðåìåííûõ

L =
∑
k

1

2

[
ċk(t)ċ−k(t)− ω2

kck(t)c−k(t)
]
, ω2

k = k2 +m2.

Ìíîæåñòâî âñåõ k, k ̸= 0, ìîæíî ðàçáèòü íà ïàðû k,−k. Ìíîæåñòâî òàêèõ k, ÷òî k > 0,

îáîçíà÷èì K+, à ìíîæåñòâî âñåõ îñòàâøèõñÿ k ̸= 0 � K−. Òîãäà

L =
1

2

[
ċ20(t)− ω2

0c
2
0(t)

]
+

∑
k∈K+

[
ċk(t) ˙̄ck(t)− ω2

kck(t)c̄k(t)
]
,

ïðè÷åì òåïåðü ck ñ k ∈ K+ � íåçàâèñèìûå ïåðåìåííûå, à c0 � äåéñòâèòåëüíàÿ.

Îïðåäåëèì äåéñòâèòåëüíûå qk, Qk

ck =
1√
2
(qk + iQk), k ∈ K+

è ïåðåîïðåäåëèì c0 ≡ q0. Òîãäà ëàãðàíæèàí ïðèìåò âèä

L =
1

2

[
q̇20(t)− ω2

0q
2
0(t)

]
+

1

2

∑
k∈K+

[
q̇2k + Q̇2

k − ω2
k(q

2
k +Q2

k)
]
.

Îòñþäà ñëåäóåò, ÷òî ñêàëÿðíîå ïîëå - íàáîð ãàðìîíè÷åñêèõ îñöèëëÿòîðîâ.

Ãàìèëüòîíèçàöèÿ î÷åâèäíà:

H =
1

2

[
p20 + ω2

0q
2
0

]
+

1

2

∑
k∈K+

[
p2k + P 2

k + ω2
k(q

2
k +Q2

k)
]
.

Êâàíòîâàíèå.
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Ãàìèëüòîíèàí

Ĥ =
1

2

[
p̂20 + ω2

0 q̂
2
0

]
+

1

2

∑
k∈K+

[
p̂2k + P̂ 2

k + ω2
k(q̂

2
k + Q̂2

k)
]
.

Êàíîíè÷åñêèå êîììóòàöèîííûå ñîîòíîøåíèÿ (Q̂α = (q̂0, q̂i, Q̂i), P̂α = (p̂0, p̂i, P̂i), i ∈ K+)

[Q̂α, P̂β] = iδαβ Î, [Q̂α, Q̂β] = [P̂α, P̂β] = 0.

Îïðåäåëèì îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ

Âα = (α̂0, âi, Âi), Â+
α = (α̂+

0 , â
+
i , Â

+
i ), i ∈ K+

ñëåäóþùèì îáðàçîì

Âα =
1√
2ωα

(
iP̂α + ωαQ̂α

)
, Â+

α =
1√
2ωα

(
−iP̂α + ωαQ̂α

)
.

Òîãäà

[Âα, Â+
β ] = δαβ Î, [Âα, Âβ] = [Â+

α , Â+
β ] = 0,

Ĥ = ω0

[
α̂+
0 α̂0 +

1

2

]
+

∑
k∈K+

ωk

[
â+k âk + Â+

k Âk + 1
]
.

Ââåäåì îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ, îïðåäåëåííûå ïðè ëþáûõ k:

k ∈ K+ : α̂k =
1√
2
(âk + iÂk), α̂+

k =
1√
2
(â+k − iÂ+

k )

k ∈ K− : α̂k =
1√
2
(â−k − iÂ−k), α̂+

k =
1√
2
(â+−k + iÂ+

−k).

Íîâûå ïåðåìåííûå ïîä÷èíÿþòñÿ ñòàíäàðòíûì êîììóòàöèîííûì ñîîòíîøåíèÿì

[α̂i, α̂
+
k ] = δik Î, [α̂

+
i , α̂

+
k ] = [α̂i, α̂k] = 0, i, k ∈ K+ ∪K− ∪K0,

è ãàìèëüòîíèàí ïðèíèìàåò âèä

Ĥ =
∑
k

ωkα̂
+
k α̂k +

1

2

∑
k

ωk. (10)

Òàêèì îáðàçîì, êâàíòîâàÿ òåîðèÿ ðåëÿòèâèñòñêèõ ÷àñòèö ñ íóëåâûì ñïèíîì (ñì. (8))

ýêâèâàëåíòíà êâàíòîâîé òåîðèè ñêàëÿðíîãî ïîëÿ. Åñòü åäèíñòâåííîå îòëè÷èå: ãàìèëü-

òîíèàíû ýòèõ òåîðèé îòëè÷àþòñÿ íà ïîñòîÿííóþ âåëè÷èíó (íà÷àëî îòñ÷åòà), ñì. (10),

ïðàâäà, ðàâíóþ áåñêîíå÷íîñòè. Â ðàññìîòðåííîé ñèòóàöèè ýòî è íå òàê óæ è ñòðàøíî

� ê ëàãðàíæèàíó (9) ñêàëÿðíîãî ïîëÿ, íå íàðóøàÿ Ïóàíêàðå-èíâàðèàíòíîñòè, ìîæíî
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ïðèáàâèòü êîíñòàíòó. À òî, ÷òî îíà äàåò áåñêîíå÷íûé âêëàä â ýíåðãèþ, òî â êâàíòîâîé

òåîðèè ïîëÿ ê ýòîìó íóæíî ïðèâûêàòü.

Âûïîëíèâ âû÷èñëåíèÿ, ïðèâåäåííûå íèæå, äëÿ îïåðàòîðà ïîëÿ ïîëó÷èì ñëåäóþùåå

âûðàæåíèå

ϕ̂(x) =
∑
k

1√
2ωkV

(eikxα̂k + e−ikxα̂+
k ). (11)

Ïðîñòûå âû÷èñëåíèÿ äëÿ ãàìèëüòîíèàíà∑
k

ωkα̂
+
k α̂k =

∑
k∈K+

ωkα̂
+
k α̂k +

∑
k∈K−

ωkα̂
+
k α̂k =

=
1

2

∑
k∈K+

ωk(â
+
k âk + Â+

k Âk − i(Â+
k âk − â

+
k Âk))+

+
1

2

∑
k∈K−

ωk(â
+
−kâ−k + Â+

−kÂ−k + i(Â+
−kâ−k − â+−kÂ−k)) =

=
∑
k∈K+

ωk(â
+
k âk + Â+

k Âk).

Âûðàæåíèå äëÿ ïîëÿ

ϕ(x) =
1√
V

∑
k

cke
ikx =

1√
V

∑
k∈K+

cke
ikx +

1√
V

∑
k∈K−

cke
ikx +

1√
V
c0 =

=
1√
V

∑
k∈K+

(cke
ikx + c̄ke

−ikx) +
1√
V
c0 =

=
1√
2V

∑
k∈K+

[
eikx(qk + iQk) + e−ikx(qk − iQk)

]
+

1√
V
q0 =

=
∑
k∈K+

[
eikx

a+k + ak + i(A+
k +Ak)

2
√
V ωk

+ e−ikxa
+
k + ak − i(A+

k +Ak)

2
√
V ωk

]
+
α+
0 + α0√
2ω0V

=

=
∑
k∈K−

e−ikx
a+−k + iA+

−k

2
√
V ωk

+
∑
k∈K+

eikx
i(ak + iAk)

2
√
V ωk

+
∑
k∈K+

e−ikxa
+
k − iA+

k

2
√
V ωk

+

+
∑
k∈K−

eikx
i(a−k − iA−k)

2V ωk
+
α+
0 + α0√
2V ω0

=

=
∑
k∈K−

e−ikxα+
k√

2ωkV
+

∑
k∈K+

eikxαk√
2ωkV

+
∑
k∈K+

e−ikxα+
k√

2ωkV
+

∑
k∈K−

eikxαk√
2ωkV

+
α+
0 + α0√
2V ω0

=

=
∑
k

1√
2ωkV

(eikxαk + e−ikxα+
k ).
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Âàæíî, ÷òî äåéñòâèå, çàïèñàííîå â ôîðìå (9), èíâàðèàíòíî îòíîñèòåëüíî ïðåîáðà-

çîâàíèé Ïóàíêàðå. Îòñþäà ñëåäóåò âîçìîæíîñòü ïîñòðîåíèÿ âçàèìîäåéñòâèÿ ðàññìàò-

ðèâàåìûõ ÷àñòèö, êîòîðîå çàâåäîìî èíâàðèàíòíî îòíîñèòåëüíî äåéñòâèÿ òàêèõ ïðåîá-

ðàçîâàíèé. Ïðîñòåéøèé âàðèàíò äâóõ÷àñòè÷íîãî âçàèìîäåéñòâèÿ

Sint = −
λ

4

∫
dtdxϕ4(t, x).

Âàæíûå âåùè, íà êîòîðûå ñëåäóåò îáðàòèòü âíèìàíèå.

• Âçàèìîäåéñòâèå ïðèîáðåòàåò íîâûé, ïî ñðàâíåíèþ ñ íåðåëÿòèâèñòñêèì

â+p1 â
+
p2 âp3 âp4

õàðàêòåð, íàïðèìåð,

â+p1 â
+
p2 â

+
p3 â

+
p4 + âp1 âp2 âp3 âp4 .

• Èíâàðèàíòíîñòü äåéñòâèÿ îòíîñèòåëüíî ãðóïïû ïðåîáðàçîâàíèé Ïóàíêàðå.

Ïðåäñòàâëåíèÿ ýòîé ãðóïïû. Ñïèí ÷àñòèöû.

C. Êîìïëåêñíîå ñêàëÿðíîå ïîëå

Ðàññìîòðèì äâà ñâîáîäíûõ âåùåñòâåííûõ ñêàëÿðíûõ ïîëÿ ñ îäèíàêîâîé ìàññîé

L =

∫
dx

1

2

[
∂µϕ1(t, x)∂

µϕ1(t, x)−m2ϕ2
1(t, x)

]
+

∫
dx

1

2

[
∂µϕ2(t, x)∂

µϕ2(t, x)−m2ϕ2
2(t, x)

]
.

Êâàíòîâàíèå

Ĥ =
∑
p

[εpα̂
+
p α̂p + εpβ̂

+
p β̂p], εp =

√
p2 +m2;

[α̂p1 , α̂
+
p2
] = δp1,p2 , [α̂

+
p1
, α̂+

p2
] = [α̂p1 , α̂p2 ] = 0,

[β̂p1 , β̂
+
p2
] = δp1,p2 , [β̂

+
p1
, β̂+

p2
] = [β̂p1 , β̂p2 ] = 0,

[α̂+
p1
, β̂+

p2
] = [α̂+

p1
, β̂p2 ] = [α̂p1 , β̂

+
p2
] = [α̂p1 , β̂p2 ] = 0;

ϕ̂1(x) =
∑
p

1√
2εpV

(eipxα̂p + e−ipxα̂+
p ), ϕ̂2(x) =

∑
p

1√
2εpV

(eipxβ̂p + e−ipxβ̂+
p )

Îïðåäåëèì êîìïëåêñíîå ñêàëÿðíîå ïîëå

ϕ =
1√
2
(ϕ1 + iϕ2).
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Ëàãðàíæèàí ñâîáîäíîãî êîìïëåêñíîãî ñêàëÿðíîãî ïîëÿ

L =

∫
ddx [∂µϕ̄(x, t)∂

µϕ(x, t)−m2ϕ̄(x, t)ϕ(x, t)]. (12)

Îïðåäåëèì íîâûå îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ

â+p =
1√
2
[α̂+

p − iβ̂+
p ], âp =

1√
2
[α̂p + iβ̂p], b̂+p =

1√
2
[α̂+

p + iβ̂+
p ], b̂p =

1√
2
[α̂p − iβ̂p].

Êîììóòàöèîííûå ñîîòíîøåíèÿ òå æå

[âp1 , â
+
p2
] = δp1,p2 , [â

+
p1
, â+p2 ] = [âp1 , âp2 ] = 0,

[b̂p1 , b̂
+
p2
] = δp1,p2 , [b̂

+
p1
, b̂+p2 ] = [b̂p1 , b̂p2 ] = 0,

[â+p1 , b̂
+
p2
] = [â+p1 , b̂p2 ] = [âp1 , b̂

+
p2
] = [âp1 , b̂p2 ] = 0,

êàê è ãàìèëüòîíèàí

Ĥ =
∑
p

εp[â
+
p âp + b̂+p b̂p].

Îïåðàòîð ïîëÿ (íåýðìèòîâ) ïðèíèìàåò âèä

ϕ̂(x) =
∑
p

1√
2εpV

(eipxâp + e−ipxb̂+p ), ϕ̂+(x) =
∑
p

1√
2εpV

(eipxb̂p + e−ipxâ+p ).

Ïðåäñòàâëåíèå Øðåäèíãåðà äèíàìèêè â êâàíòîâîé òåîðèè.

Íàáëþäàåìûå Ô = O(p̂, q̂) îïðåäåëÿþòñÿ â ïðîöåññå èçìåðåíèÿ è íå çàâèñÿò îò âðå-

ìåíè. Âñÿ äèíàìèêà ñâÿçàíà ñ ýâîëþöèåé ñîñòîÿíèÿ, êîòîðàÿ îïèñûâàåòñÿ óðàâ-

íåíèåì Øðåäèíãåðà

i
d

dt
|ϕ(t)⟩ = Ĥ|ϕ(t)⟩, |ϕ(t = 0)⟩ = |ϕ0⟩,

èëè

|ϕ(t)⟩ = e−itĤ |ϕ0⟩.

Ñðåäíèå çíà÷åíèÿ íàáëþäàåìûõ

⟨ϕ(t)|Ô|ϕ(t)⟩ = ⟨ϕ0|eitĤÔ e−itĤ |ϕ0⟩.

Îòñþäà ñëåäóåò âîçìîæíîñòü ïðåäñòàâëåíèÿ Ãàéçåíáåðãà äèíàìèêè â êâàíòîâîé

òåîðèè:
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çàäàíî íå çàâèñÿùåå îò âðåìåíè ñîñòîÿíèå ôèçè÷åñêîé ñèñòåìû |ϕ0⟩. Íàáëþäàåìûå

ôèçè÷åñêîé ñèñòåìû ýâîëþöèîíèðóþò ñîãëàñíî ñîîòíîøåíèþ

Ô(t) = eitĤÔ e−itĤ ,

èëè

d

dt
Ô(t) = i[Ĥ, Ô(t)], Ô(t = 0) = Ô.

Îïåðàòîð ïîëÿ â ïðåäñòàâëåíèè Ãàéçåíáåðãà

ϕ̂(x, t) = eitĤ
∑
p

1√
2εpV

(eipxâp + e−ipxb̂+p )e
−itĤ =

∑
p

1√
2εpV

(e−iεpt+ipxâp + eiεpt−ipxb̂+p ).

Îïðåäåëåíèå: åñëè â îïåðàòîðå ïîëÿ ñòîèò

• îïåðàòîð óíè÷òîæåíèÿ âp, ïðîñòðàíñòâåííî-âðåìåííîé ôàêòîð exp(−iεpt + ipx) -

÷àñòèöà,

• îïåðàòîð ðîæäåíèÿ b̂+p , ïðîñòðàíñòâåííî-âðåìåííîé ôàêòîð exp(+iεpt − ipx) -

àíòè÷àñòèöà.

Òðàêòîâêà. Àíòè÷àñòèöà - ÷àñòèöà, æèâóùàÿ â îáðàòíîì âðåìåíè: óíè÷òîæåíèå çàìå-

íÿåòñÿ íà ðîæäåíèå, âðåìÿ t→ −t è, ñëåäîâàòåëüíî, èìïóëüñ p→ −p.

Ó âåùåñòâåííîãî ñêàëÿðíîãî ïîëÿ ÷àñòèöà ñîâïàäàåò ñ àíòè÷àñòèöåé.

Ïðîñòûå âû÷èñëåíèÿ

eiεtâ
+â =

∑
k=1

(iεt)k

k!
(â+â)k,

â+â â = (ââ+ − 1)â = â(â+â− 1),

(â+â)2â = â+â â(â+â− 1) = â(â+â− 1)2,

(â+â)kâ = â(â+â− 1)k,

eiεtâ
+â â = â eiεt(â

+â−1).

Ëàãðàíæèàí ñâîáîäíîãî êîìïëåêñíîãî ñêàëÿðíîãî ïîëÿ (12) èíâàðèàíòåí íå òîëüêî

îòíîñèòåëüíî ïðåîáðàçîâàíèé ãðóïïû Ïóàíêàðå, íî è îòíîñèòåëüíî ãëîáàëüíûõ êàëèá-

ðîâî÷íûõ ïðåîáðàçîâàíèé

ϕ(x, t)→ eiωϕ(x, t), ω = const.
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Ëîêàëèçîâàâ ýòè ïðåîáðàçîâàíèÿ, ïîëó÷èì ëàãðàíæèàí êîìïëåêñíîãî ñêàëÿðíîãî ïîëÿ,

âçàèìîäåéñòâóþùåãî ñ ïîëåì êàëèáðîâî÷íûì (Aµ(x, t)):

L =

∫
ddx

(
[∂µ + iAµ(x, t)]ϕ̄(x, t) [∂

µ − iAµ(x, t)]ϕ(x, t)−m2ϕ̄(x, t)ϕ(x, t)
)
.

Äåéñòâèòåëüíî, ïóñòü ϕ(x, t)→ eiω(x,t)ϕ(x, t), òîãäà

∂µϕ→ eiω(x,t)(∂µϕ+ iϕ∂µω),

è óñëîâèå ñîõðàíåíèÿ èíâàðèàíòíîñòè òðåáóåò ââåäåíèÿ ïîëÿ Aµ(x, t), êîòîðîå

èçìåíÿåò âèä ïðîèçâîäíîé

∂µ → Dµ = ∂µ − iAµ,

è ïðè êàëèáðîâî÷íûõ ïðåîáðàçîâàíèÿõ âåäåò ñåáÿ ñëåäóþùèì îáðàçîì

Aµ → Aµ + ∂µω.

Òàêàÿ ìîäèôèêàöèÿ ëàãðàíæèàíà íå ñîäåðæèò ïðîèçâîäíûõ ïî âðåìåíè îò ïîëÿ

Aµ(x, t). Òî åñòü, òàê ââåäåííîå ïîëå ìîæíî ðàññìàòðèâàòü òîëüêî êàê âíåøíåå. ×òîáû

çàìêíóòü ñèñòåìó, äîáàâèì ê ëàãðàíæèàíó ïðîñòåéøèé äèíàìè÷åñêèé ÷ëåí, êîòîðûé

äîëæåí áûòü èíâàðèàíòåí îòíîñèòåëüíî ïðåîáðàçîâàíèé êàê êàëèáðîâî÷íûõ, òàê è Ïó-

àíêàðå:

Lfield =
1

4e2
FµνF

µν , Fµν = ∂µAν − ∂νAµ.

VI. Ñïèíîðíîå ïîëå

Ðàññìîòðèì êâàíòîâóþ òåîðèþ â ôîêîâñêîì ïðîñòðàíñòâå ñâîáîäíûõ ÷àñòèö ñ ìàñ-

ñîé m è ñïèíîì s = 1/2. Â êà÷åñòâå ïîëíîãî íàáîðà îäíî÷àñòè÷íûõ îïåðàòîðîâ, íåîá-

õîäèìîãî äëÿ ïîñòðîåíèÿ ôîêîâñêîãî ïðîñòðàíñòâà, âûáåðåì îïåðàòîðû p̂x, p̂y, p̂z, σ̂z.

Ãàìèëüòîíèàí òàêîé òåîðèè

Ĥ =
∑
p,σ

εpâ
+
p,σâp,σ, εp =

√
p2x + p2y + p2z +m2, p = {px, py, pz}, σ =↑, ↓ .

Çàäà÷à - èçáàâèòüñÿ îò êîðíÿ
√
p2x + p2y + p2z +m2:

• äëÿ ñêàëÿðíîãî ïîëÿ - ãàìèëüòîíèàí îñöèëëÿòîðà (âîçâåäåíèå êîðíÿ â êâàä-

ðàò)

ĥosc = εpâ
+
p âp ≡

1

2
(p̂2p + ε2pq̂

2
p),
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• ñåé÷àñ - òåîðèÿ Äèðàêà (èçâëå÷åíèå êîðíÿ êâàäðàòíîãî)

±εp|ϕ⟩ = (α̂ip̂i +mβ̂)|ϕ⟩,

ãäå

α̂i =

∥∥∥∥∥∥ 0 σi

σi 0

∥∥∥∥∥∥ , i = 1, 2, 3 β̂ =

∥∥∥∥∥∥1 0

0 −1

∥∥∥∥∥∥ .
Äèðàêîâñêàÿ êàðòèíà êâàíòîâîé ìåõàíèêè ðåëÿòèâèñòñêîãî ýëåêòðîíà íàìåêàåò, ÷òî

íàáîð ÷àñòèö íóæíî óäâîèòü

Ĥ =
∑
p,σ

εp
[
â+p,σâp,σ + b̂+p,σ b̂p,σ

]
.

Äëÿ âëîæåíèÿ ýòîé òåîðèè â ïðîñòðàíñòâî åñòü äâà ïîëíûõ íàáîðà ñîáñòâåííûõ ñîñòî-

ÿíèé óêàçàííûõ îäíî÷àñòè÷íûõ îïåðàòîðîâ

eipx√
V

∥∥∥∥∥∥10
∥∥∥∥∥∥ , eipx√

V

∥∥∥∥∥∥01
∥∥∥∥∥∥ ,

çäåñü px = pxx + pyy + pzz. Îáúåäèíèì èõ â îäèí, ïðîñòî óäâîèâ ÷èñëî êîìïîíåíò â

ñòîëáöàõ

u0p,↑(x) =
eipx√
V

∥∥∥∥∥∥∥∥∥∥∥

1

0

0

0

∥∥∥∥∥∥∥∥∥∥∥
, u0p,↓(x) =

eipx√
V

∥∥∥∥∥∥∥∥∥∥∥

0

1

0

0

∥∥∥∥∥∥∥∥∥∥∥
, v0p,↑(x) =

eipx√
V

∥∥∥∥∥∥∥∥∥∥∥

0

0

1

0

∥∥∥∥∥∥∥∥∥∥∥
, v0p,↓(x) =

eipx√
V

∥∥∥∥∥∥∥∥∥∥∥

0

0

0

1

∥∥∥∥∥∥∥∥∥∥∥
.

Ñòîëáöû â ïðèâåäåííûõ âûðàæåíèÿõ - ñîáñòâåííûå ñîñòîÿíèÿ ãàìèëüòîíèàíà Äèðàêà

ñ ñîáñòâåííûìè çíà÷åíèÿìè ýíåðãèè ±m. Âûïîëíèì óíèòàðíîå ïðåîáðàçîâàíèå, ïåðå-

âîäÿùåå ýòè ñòîëáöû â ñîáñòâåííûå ñîñòîÿíèÿ ãàìèëüòîíèàíà Äèðàêà ñ ñîáñòâåííûìè

çíà÷åíèÿìè ±εp. Òåì æå ïðåîáðàçîâàíèåì ïîäêðóòèì è îïåðàòîðû ðîæäåíèÿ è óíè-

÷òîæåíèÿ (ãàìèëüòîíèàí è êàíîíè÷åñêèå êîììóòàöèîííûå (èëè àíòèêîììóòàöèîííûå)

ñîîòíîøåíèÿ ñîõðàíÿò ïðè ýòîì ñâîé âèä).∥∥∥∥∥∥up,s(x)vp,s(x)

∥∥∥∥∥∥ = U

∥∥∥∥∥∥u
0
p,σ(x)

v0p,σ(x)

∥∥∥∥∥∥ ,
∥∥∥∥∥∥âp,sb̂p,s

∥∥∥∥∥∥ = U

∥∥∥∥∥∥âp,σb̂p,σ

∥∥∥∥∥∥U−1,

ãäå óíèòàðíàÿ ìàòðèöà U ðàçìåðîì 4× 4 èìååò âèä

U =
1√

2εp(εp +m)

∥∥∥∥∥∥εp +m −piσ̂i
piσ̂i εp +m

∥∥∥∥∥∥ .
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Ñîñòîÿíèÿ up,s(x), vp,s(x) îðòîíîðìèðîâàííûå∫
d3xu+p1,s1(x)up2,s2(x) = δp1,p2δs1,s2 ,

∫
d3x v+p1,s1(x)vp2,s2(x) = δp1,p2δs1,s2 . (13)

Äåéñòâèå, îïðåäåëÿþùåå ïîêàçàòåëü ýêñïîíåíòû â êîíòèíóàëüíîì èíòåãðàëå äëÿ ÿä-

ðà îïåðàòîðà ýâîëþöèè ïðè íóëåâûõ ãðàíè÷íûõ çíà÷åíèÿõ ãîëîìîðôíûõ ïåðåìåííûõ,

èìååò âèä

iS =

∫ tf

ti

dτ
∑
p,s

[
˙̄αp,s(τ)αp,s(τ) +

˙̄βp,s(τ)βp,s(τ)− iεp(ᾱp,s(τ)αp,s(τ) + β̄p,s(τ)βp,s(τ))
]
.

Ïåðâûé ÷ëåí ïðîèíòåãðèðóåì ïî ÷àñòÿì è âîñïîëüçóåìñÿ óñëîâèÿìè îðòîíîðìèðîâàí-

íîñòè (13), ïðî÷èòàâ èõ ñïðàâà íàëåâî,

S =

∫ tf

ti

dτ

∫
V

d3x∑
p1,p2,s1,s2

[
iᾱp2,s2u

+
p2,s2

(x)up1,s1(x)α̇p1,s1 − i ˙̄βp1,s1v
+
−p2,s2

(x)v−p1,s1(x)βp2,s2−

− ᾱp2,s2u
+
p2,s2

(x)εp1up1,s1(x)αp1,s1 + β̄p1,s1v
+
−p2,s2

(x)εp1v−p1,s1(x)βp2,s2
]
.

Âîñïîëüçóåìñÿ òåì, ÷òî εpup,s(x) = (α̂ip̂i+mβ̂)up,s(x), εpv−p,s(x) = −(α̂ip̂i+mβ̂)v−p,s(x):

S =

∫ tf

ti

dτ

∫
V

d3x
∑

p1,p2,s1,s2

[
ᾱp2,s2u

+
p2,s2

(x)
[
i

−→
∂

∂τ
− α̂ip̂i −mβ̂

]
up1,s1(x)αp1,s1−

− β̄p1,s1v+−p2,s2
(x)

[
i

←−
∂

∂τ
− α̂ip̂i −mβ̂

]
v−p1,s1(x)βp2,s2

]
.

Åñëè ïðåäïîëîæèòü, ÷òî èíòåãðèðîâàíèå âåäåòñÿ ïî ãðàññìàíîâûì ïåðåìåííûì (ôåð-

ìèîíû), òî ìåíÿÿ ìåñòàìè β̄p1,s1 è βp2,s2 , ïîëó÷àåì

S =

∫ tf

ti

dτ

∫
V

d3xψ+(τ, x)[i
∂

∂τ
− α̂ip̂i −mβ̂

]
ψ(τ, x),

ψ(τ, x) =
∑
p,s

(
αp,s(τ)up,s(x) + β̄p,s(τ)v−p,s(x)

)
,

èñïîëüçîâàíî, ÷òî

∫
d3xu+p1,s1(x)vp2,s2(x) = 0.

Äëÿ ïðèäàíèÿ ðåëÿòèâèñòñêè èíâàðèàíòíîãî âèäà ââîäÿòñÿ íîâûå ïåðåìåííûå

γ0 ≡ β̂, γi ≡ β̂α̂i, γµ = (γ0, γi), γµγν + γνγµ = 2gµν ,

ψ̄(τ, x) ≡ ψ+(τ, x)γ0.
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Äåéñòâèå ñïèíîðíîãî ïîëÿ ïðèíèìàåò âèä

S =

∫ tf

ti

dτ

∫
V

d3x ψ̄(τ, x)
(
iγµ∂µ −m

)
ψ(τ, x),

ïðè ýòîì âàæíî ïîíèìàòü, ÷òî ñïèíîðíîå ïîëå ψ̄(τ, x), ψ(τ, x) � ãðàññìàíîâî.

Âûðàæåíèå äëÿ ïîëÿ òàêæå ïåðåïèñûâàåòñÿ â äðóãîì âèäå èç-çà ââåäåíèÿ "ðåëÿòèâèñò-

ñêè êîâàðèàíòíîé íîðìèðîâêè":

up,s =

√
εpV

m
up,s(0), vp,s =

√
εpV

m
v−p,s(0), ūp,s = u+

p,sγ
0, v̄p,s = v+p,sγ

0,

ūp,s1up,s2 = δs1,s2 , v̄p,s1vp,s2 = −δs1,s2 , ūp,s1vp,s2 = 0.

Îïåðàòîðû ñïèíîðíîãî ïîëÿ

ψ̂(x) =
∑
p,s

√
m

εpV

(
âp,sup,se

ipx + b̂+p,svp,se
−ipx

)
, ˆ̄ψ(x) =

∑
p,s

√
m

εpV

(
â+p,sūp,se

−ipx + b̂p,sv̄p,se
ipx
)
.

Çàäà÷à: ïîñòðîèòü äëÿ ñïèíîðíîãî ïîëÿ ãåíåðàòîðû ãðóïïû Ïóàíêàðå è óáåäèòüñÿ,

÷òî òåîðèÿ ñâîáîäíîãî ñïèíîðíîãî ïîëÿ Ïóàíêàðå-êîâàðèàíòíà.

Äåéñòâèå ñïèíîðíîãî ïîëÿ èíâàðèàíòíî îòíîñèòåëüíî êàëèáðîâî÷íûõ ïðåîáðàçîâà-

íèé

ψ(τ, x)→ eiωψ(τ, x), ψ̄(τ, x)→ e−iωψ̄(τ, x).

Òàêèì îáðàçîì, âîçìîæíî âçàèìîäåéñòâèå ñïèíîðíîãî ïîëÿ ñ ýëåêòðîìàãíèòíûì. Êâàí-

òîâàÿ òåîðèÿ âçàèìîäåéñòâóþùèõ ñïèíîðíîãî è ýëåêòðîìàãíèòíîãî ïîëåé íàçûâàåòñÿ

êâàíòîâîé ýëåêòðîäèíàìèêîé (QED). Äåéñòâèå êâàíòîâîé ýëåêòðîäèíàìèêè

S =

∫ tf

ti

dτ

∫
V

d3x
[
ψ̄
(
iγµ(∂µ − iAµ)−m

)
ψ − 1

4e2
(∂µAν − ∂νAµ)(∂

µAν − ∂νAµ)
]
. (14)

VII. Êâàíòîâàíèå ýëåêòðîìàãíèòíîãî ñåêòîðà QED

Ëàãðàíæèàí ýëåêòðîìàãíèòíîãî ñåêòîðà

L =

∫
V

d3x
[
jµAµ −

1

4
(∂µAν − ∂νAµ)(∂

µAν − ∂νAµ)
]
,

çäåñü jµ = eψ̄γµψ � 4-ïëîòíîñòü òîêà, ïðè÷åì èç óðàâíåíèé äâèæåíèÿ ñïèíîðíîãî ïîëÿ

ñëåäóåò, ÷òî ∂µj
µ = 0. Êðîìå òîãî, ïåðåîïðåäåëåí 4-âåêòîð-ïîòåíöèàë Aµ → eAµ.
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Îãðàíè÷èì îáëàñòü èññëåäóåìîãî ïîëÿ îáúåìîì V (−Lx < x < Lx, −Ly < y <

Ly, −Lz < z < Lz) è ïåðåéäåì ê ðÿäàì Ôóðüå ïî ïðîñòðàíñòâåííûì êîîðäèíàòàì (ñì.

êâàíòîâàíèå ñêàëÿðíîãî ïîëÿ):

Aµ(τ, x) =
1√
V

∑
k

eikxAµ
k(τ), j

µ(τ, x) =
1√
V

∑
k

eikxjµk (τ), kx = kxx+ kyy + kzz.

Â ýòîì ñëó÷àå ëàãðàíæèàí ìîæíî ïåðåïèñàòü â âèäå

L =
∑
k

[1
2

[
(Ȧi

k+ikiA0
k)(Ȧ

i
−k−ikiA0

−k)−(δijk2−kikj)Ai
kA

j
−k

]
+j0kA

0
−k−jikAi

−k

]
, i, j = 1, 2, 3.

Ìíîæåñòâî âñåõ k ìîæíî ðàçáèòü íà ïàðû k,−k. Âûáåðåì èç ïàðû òîëüêî îäíîãî ïðåä-

ñòàâèòåëÿ. Ìíîæåñòâî òàêèõ k îáîçíà÷èì K+, à ìíîæåñòâî âñåõ îñòàâøèõñÿ k - K−, ñì.

êâàíòîâàíèå ñêàëÿðíîãî ïîëÿ. È ó÷èòûâàÿ, ÷òî 4-âåêòîð-ïîòåíöèàë è ïëîòíîñòü òîêà

âåëè÷èíû äåéñòâèòåëüíûå, ïîëó÷èì

L =
∑
k∈K+

[
( ˙̄Ai

k − ikiĀ0
k)(Ȧ

i
k + ikiA0

k)− (δijk2 − kikj)Āi
kA

j
k + j0kĀ

0
k + j̄0kA

0
k − jikĀi

k − j̄ikAi
k

]
.

Êàê è ðàíüøå ïîëîæèì Aµ
k = (Qµ

k + iqµk )/
√
2, òîãäà

L =
∑
k∈K+

[1
2

[
(Q̇i

k−kiq0k)(Q̇
i
k−kiq0k)+(q̇ik+kiQ0

k)(q̇
i
k+kiQ0

k)−(δijk2−kikj)(Qi
kQ

j
k+q

i
kq

j
k)
]
+

+
√
2
[
Q0

kℜj0k + q0kℑj0k −Qi
kℜjik − qikℑjik

]]
.

Êðîìå òîãî, ðàçëîæèì âåêòîðà Qi
k, q

i
k, i = 1, 2, 3, ïî áàçèñó eil, e

i
kλ, λ = 1, 2. Åäèíè÷íûé

âåêòîð eil íàïðàâëåí âäîëü âåêòîðà ki, à âåêòîðà eikλ ëåæàò â ïëîñêîñòè, ïåðïåíäèêó-

ëÿðíîé ki, è âçàèìíî ïåðïåíäèêóëÿðíû.

Qi
k = eilQ

l
k + eikλQ

λ
k, qik = eilq

l
k + eikλq

λ
k ,

(ïî ïîâòîðÿþùèìñÿ èíäåêñàì λ � ñóììèðîâàíèå). Â ýòèõ ïåðåìåííûõ ëàãðàíæèàí ïðè-

ìåò âèä

L =
∑
k∈K+

[
Lℜ(Q

l
k, Q̇

l
k;Q

λ
k, Q̇

λ
k; q

0
k) + Lℑ(q

l
k, q̇

l
k; q

λ
k , q̇

λ
k ;Q

0
k)
]
, (15)

Lℜ =
1

2
(Q̇λ

kQ̇
λ
k − k2Qλ

kQ
λ
k) +

1

2
(Q̇l

k − kq0k)
2 +
√
2(q0kℑj0k −Ql

kℜjlk −Qλ
kℜjλk ),

Lℑ =
1

2
(q̇λk q̇

λ
k − k2qλkq

λ
k ) +

1

2
(q̇lk + kQ0

k)
2 +
√
2(Q0

kℜj0k − qlkℑjlk − qλkℑjλk ).
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Óðàâíåíèå íåïðåðûâíîñòè äëÿ ïëîòíîñòè òîêà

ℜj̇0k − kℑjlk = 0, ℑj̇0k + kℜjlk = 0.

Ëàãðàíæèàí ðàçáèëñÿ íà äâå íåçàâèñèìûå ÷àñòè, ïîýòîìó äàëüíåéøåå ðàññìîòðåíèå

ïðîâåäåì äëÿ îäíîé èç íèõ (äðóãàÿ àíàëèçèðóåòñÿ àíàëîãè÷íî).

Ïåðåéäåì ê ãàìèëüòîíîâó ôîðìàëèçìó, íåîáõîäèìîìó äëÿ êàíîíè÷åñêîãî êâàíòî-

âàíèÿ. Íî: ëàãðàíæèàí âîîáùå íå çàâèñèò îò ïåðåìåííîé q̇0k, è ñîîòâåòñòâóþùèé åé

îáîáùåííûé èìïóëüñ îáðàùàåòñÿ â íóëü. Òåîðèÿ îñîáåííàÿ. Ïåðåéäåì ê îáîáùåííûì

èìïóëüñàì äëÿ òåõ ïåðåìåííûõ, äëÿ êîòîðûõ ýòî âîçìîæíî:

P λ
k =

∂Lℜ

∂Q̇λ
k

= Q̇λ
k, P l

k =
∂Lℜ

∂Q̇l
k

= Q̇l
k − kq0k,

âûïèøåì äåéñòâèå â ãàìèëüòîíîâîì ôîðìàëèçìå.

• Èòàê,

Sℜ =

∫ tf

ti

dτ
∑
k∈K+

[
P l
kQ̇

l
k + P λ

k Q̇
λ
k −Hℜ(P

l
k, Q

l
k;P

λ
k , Q

λ
k) + λℜfℜ(P

l
k, Q

l
k)
]
.

• Ãàìèëüòîíèàí

Hℜ =
1

2

(
P λ
k P

λ
k + k2Qλ

kQ
λ
k

)
+
√
2Qλ

kℜjλk +
1

2
(P l

k)
2 +
√
2Ql

kℜjlk.

• Ìíîæèòåëü Ëàãðàíæà

λℜ = −q0k.

• Ñâÿçü (ïåðâîãî ðîäà)

fℜ = kP l
k −
√
2ℑj0k.

Òåîðèÿ ñî ñâÿçÿìè íå ïðèãîäíà äëÿ íåïîñðåäñòâåííîãî êàíîíè÷åñêîãî êâàíòîâàíèÿ. Â

íåé íóæíî âûäåëèòü íåçàâèñèìûå êàíîíè÷åñêèå ïåðåìåííûå è èìåííî íà íèõ íàëîæèòü

êàíîíè÷åñêèå êîììóòàöèîííûå ñîîòíîøåíèÿ. Äëÿ ýòîãî ðàññìîòðèì êëàññè÷åñêèå óðàâ-

íåíèÿ äâèæåíèÿ ðàññìàòðèâàåìîé òåîðèè.

×åòûðå óðàâíåíèÿ äâèæåíèÿ íà ïîïåðå÷íûå êîìïîíåíòû

Q̇λ
k = P λ

k , Ṗ λ
k = −k2Qλ

k −
√
2ℜjλk .
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Äâà óðàâíåíèÿ íà ïðîäîëüíûå êîìïîíåíòû

Q̇l
k = P l

k + q0kk, Ṗ l
k = −

√
2ℜjlk,

è óðàâíåíèå ñâÿçè

kP l
k −
√
2ℑj0k = 0.

Ïåðåìåííûå ðàçäåëèëèñü: åñòü ÷åòûðå óðàâíåíèÿ íà ÷åòûðå ïåðåìåííûå P λ
k , Q

λ
k, λ =

1, 2, è òðè óðàâíåíèÿ íà òðè ïåðåìåííûå P l
k, Q

l
k, q

0
k.

Ïðîäèôôåðåíöèðóåì ïî âðåìåíè óðàâíåíèå ñâÿçè è âîñïîëüçóåìñÿ óðàâíåíèåì íåïðå-

ðûâíîñòè íà ïëîòíîñòü òîêà

0 = kṖ l
k −
√
2ℑj̇0k = k(Ṗ l

k +
√
2ℜjlk).

Îòñþäà ñëåäóåò, ÷òî èç òðåõ óðàâíåíèé íà P l
k, Q

l
k, q

0
k íå çàâèñèìû ëèøü äâà

kP l
k −
√
2ℑj0k = 0, Q̇l

k = P l
k + q0kk.

Òàêèì îáðàçîì, ÷èñëî íåçàâèñèìûõ óðàâíåíèé ìåíüøå, ÷åì ÷èñëî îïðåäåëÿåìûõ ïå-

ðåìåííûõ. Ñëåäîâàòåëüíî, êàêóþ-íèáóäü îäíó ïåðåìåííóþ (èëè ôóíêöèþ îò ïåðåìåí-

íûõ) ìîæíî ïðîèçâîëüíûì îáðàçîì çàôèêñèðîâàòü � íàëîæèòü êàëèáðîâêó. Òðåáîâà-

íèå ê òàêîé ôèêñàöèè òîëüêî îäíî � ðåøåíèå íåçàâèñèìûõ óðàâíåíèé äëÿ îñòàâøèõñÿ

ïåðåìåííûõ äîëæíî áûòü åäèíñòâåííûì (óñëîâèå äîïóñòèìîñòè êàëèáðîâêè).

Â ðàññìàòðèâàåìîì ñëó÷àå âñå äîñòàòî÷íî ïðîñòî. Èç ïåðâîãî óðàâíåíèÿ íàõîäèì ïðî-

äîëüíûé îáîáùåííûé èìïóëüñ

P l
k =

1

k

√
2ℑj0k.

Åñëè âûáðàòü êàëèáðîâêó â âèäå

Ql
k = 0,

òî ïåðåìåííàÿ q0k îïðåäåëÿåòñÿ îäíîçíà÷íî è ðàâíà

q0k = −1

k
P l
k = −

1

k2

√
2ℑj0k.

Òàêèì îáðàçîì, èçíà÷àëüíîå 6-ìåðíîå ôàçîâîå ïðîñòðàíñòâà (P i
k, Q

i
k) òåîðèè ïîñëå íà-

ëîæåíèÿ ñâÿçè è êàëèáðîâêè ïðåâðàùàåòñÿ â 4-ìåðíîå ôàçîâîå ïðîñòðàíñòâî ñ íåçàâè-

ñèìûìè ïåðåìåííûìè (P λ
k , Q

λ
k) áåç êàêèõ-ëèáî ñâÿçåé ñ ãàìèëüòîíèàíîì

Hℜ =
1

2

[
P λ
k P

λ
k + k2Qλ

kQ
λ
k

]
+
√
2Qλ

kℜjλk +
1

k2
(ℑj0k)2.
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Àíàëîãè÷íûå ðàññóæäåíèÿ äëÿ äðóãîãî ñåêòîðà

plk = −
1

k

√
2ℜj0k, qlk = 0, Q0

k = −
1

k2

√
2ℜj0k, Hℑ =

1

2

[
pλkp

λ
k +k2qλkq

λ
k

]
+
√
2qλkℑjλk +

1

k2
(ℜj0k)2.

Äàëüíåéøåå êâàíòîâàíèå òåïåðü íå ñîñòàâèò òðóäà (ñì. ñêàëÿðíîå ïîëå). ×àñòèöû

ýëåêòðîìàãíèòíîãî ïîëÿ (ôîòîíû) õàðàêòåðèçóþòñÿ èìïóëüñîì k = (kx, ky, kz) è ïîëÿ-

ðèçàöèåé (λ = 1, 2), èõ ìàññû ðàâíû íóëþ. Îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ òàêèõ

÷àñòèö ïîä÷èíÿþòñÿ êàíîíè÷åñêèì êîììóòàöèîííûì ñîîòíîøåíèÿì

[ĉk1,λ1 , ĉ
+
k2,λ2

] = δk1,k2δλ1,λ2 , [ĉk1,λ1 , ĉk2,λ2 ] = [ĉ+k1,λ1
, ĉ+k2,λ2

] = 0.

Ãàìèëüòîíèàí

Ĥ =
∑
k,λ

ωkĉ
+
k,λĉk,λ +

∑
k,λ

eikλ√
2ωk

(
ĉ+k,λ − ĉ−k,λ

)
ĵik +

∑
k

1

2k2
ĵ0k ĵ

0
−k, ωk =

√
k2x + k2y + k2z ,

(èñïîëüçîâàíî, ÷òî ïðè k→ −k âåêòîð ïîëÿðèçàöèè eikλ → −eikλ).

Âûðàæåíèÿ äëÿ ïîëÿ

Â0(x) = −
∑
k

1√
V k2

ĵ0ke
ikx, Âi(x) =

∑
k,λ

eikλ√
2V ωk

[
ĉk,λe

ikx + ĉ+k,λe
−ikx

]
.

VIII. ßäðî îïåðàòîðà ýâîëþöèè â QED

Êëàññè÷åñêîå äåéñòâèå ýëåêòðîäèíàìèêè

S =

∫ tf

ti

dτ

∫
V

d3x
[
ψ̄
(
iγµ(∂µ − ieAµ)−m

)
ψ − 1

4
(∂µAν − ∂νAµ)(∂

µAν − ∂νAµ)
]
.

Ýòî äåéñòâèå èíâàðèàíòíî îòíîñèòåëüíî êàëèáðîâî÷íûõ ïðåîáðàçîâàíèé

ψ → eiω(τ,x)ψ, ψ̄ → e−iω(τ,x)ψ̄, Aµ → Aµ − ie−iω(τ,x)∂µe
iω(τ,x).

Îíî áûëî ïðåäñòàâëåíî â âèäå

S =

∫ tf

ti

dτ

∫
V

d3x ψ̄(iγµ∂µ −m)ψ +

∫ tf

ti

dτ L,

ãäå L � ëàãðàíæèàí ýëåêòðîìàãíèòíîãî ñåêòîðà QED (15).

Ðåçóëüòàòû êâàíòîâàíèÿ.

• QED ïðåäñòàâëÿåò ñîáîé ñ òî÷êè çðåíèÿ êâàíòîâîé òåîðèè ñëåäóþùèé íàáîð ÷à-

ñòèö � ôîòîíû, ýëåêòðîíû è ïîçèòðîíû.
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• Ýëåêòðîíû è ïîçèòðîíû � ÷àñòèöû ñî ñïèíîì, ðàâíûì 1/2, ìàññîé m è çàðÿäà-

ìè, ðàâíûìè ïî âåëè÷èíå e, íî ñ ïðîòèâîïîëîæíûìè çíàêàìè (÷àñòèöà - àíòè-

÷àñòèöà). Èõ îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ ïîä÷èíÿþòñÿ êàíîíè÷åñêèì

àíòèêîììóòàöèîííûì ñîîòíîøåíèÿì

[âp1,s1 , â
+
p2,s2

]+ = [b̂p1,s1 , b̂
+
p2,s2

]+ = δp1,p2δs1,s2 ,

[âp1,s1 , âp2,s2 ]+ = [â+p1,s1 , â
+
p2,s2

]+ = [b̂p1,s1 , b̂p2,s2 ]+ = [b̂+p1,s1 , b̂
+
p2,s2

]+ = 0,

[âp1,s1 , b̂p2,s2 ]+ = [âp1,s1 , b̂
+
p2,s2

]+ = [â+p1,s1 , b̂p2,s2 ]+ = [â+p1,s1 , b̂
+
p2,s2

]+ = 0.

Ýëåêòðîí-ïîçèòðîííîå ïîëå

ψ̂(x) =
∑
p,s

√
m

εpV

(
âp,sup,se

ipx + b̂+p,svp,se
−ipx

)
.

• Ôîòîíû � ÷àñòèöû ñ ìàññîé, ðàâíîé íóëþ, è äâóìÿ íåçàâèñèìûìè ïîëÿðèçàöèÿìè

eikλ, λ = 1, 2, ïåðïåíäèêóëÿðíûìè íàïðàâëåíèþ èìïóëüñà (kieikλ = 0), ýëåêòðè÷å-

ñêè íåéòðàëüíû. Îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ ïîä÷èíÿþòñÿ êàíîíè÷å-

ñêèì êîììóòàöèîííûì ñîîòíîøåíèÿì

[ĉk1,λ1 , ĉ
+
k2,λ2

] = δk1,k2δλ1,λ2 , [ĉk1,λ1 , ĉk2,λ2 ] = [ĉ+k1,λ1
, ĉ+k2,λ2

] = 0.

Îïåðàòîðû ðîæäåíèÿ (óíè÷òîæåíèÿ) ôîòîíà, ýëåêòðîíà è ïîçèòðîíà êîììóòèðó-

þò (èëè àíòèêîììóòèðóþò - áåç ðàçíèöû) ìåæäó ñîáîé.

Îïåðàòîð ýëåêòðîìàãíèòíîãî ïîëÿ

Â0(x) = −
∑
k

1√
V k2

ĵ0ke
ikx, Âi(x) =

∑
k,λ

eikλ√
2V ωk

[
ĉk,λe

ikx + ĉ+k,λe
−ikx

]
,

çäåñü ĵ0k � îïåðàòîð, çàâèñÿùèé îò îïåðàòîðîâ ðîæäåíèÿ è óíè÷òîæåíèÿ ýëåêòðî-

íîâ è ïîçèòðîíîâ, ïîëó÷åííûé ñëåäóþùèì îáðàçîì

ĵ0k =
1√
V

∫
V

dx e−ikxĵ0(x), ĵ0(x) = : ˆ̄ψ(x)γ0ψ̂(x) :,

äâîåòî÷èå ñïðàâà è ñëåâà îçíà÷àåò âçÿòèå íîðìàëüíîãî ïðîèçâåäåíèÿ (ýòî îïðå-

äåëÿåò çàðÿä âàêóóìíîãî ñîñòîÿíèÿ â ïðîñòðàíñòâå Ôîêà, ðàâíûì íóëþ).
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• Ãàìèëüòîíèàí QED

Ĥ = Ĥep + Ĥph + Ĥint,

çäåñü ãàìèëüòîíèàí ñâîáîäíûõ ýëåêòðîíîâ è ïîçèòðîíîâ

Ĥep =
∑
p,s

εp
(
â+p,sâp,s + b̂+p,sb̂p,s

)
, εp =

√
p2 +m2,

ãàìèëüòîíèàí ñâîáîäíûõ ôîòîíîâ

Ĥph =
∑
k,λ

ωkĉ
+
k,λĉk,λ, ωk =

√
k2,

ãàìèëüòîíèàí âçàèìîäåéñòâèÿ

V̂int =
∑
k,λ

eikλ√
2ωk

(
ĉ+k,λ − ĉ−k,λ

)
ĵik +

∑
k

1

2k2
ĵ0k ĵ

0
−k,

îïåðàòîð ĵik ïîñòðîåí àíàëîãè÷íî îïåðàòîðó ĵ0k èç îïåðàòîðà ïëîòíîñòè òîêà

ĵi(x) = : ˆ̄ψ(x)γiψ̂(x) :.

Äëÿ âû÷èñëåíèÿ ôèçè÷åñêèõ âåëè÷èí â êâàíòîâîé òåîðèè ïîëÿ íåîáõîäèìî çíàòü êàê

èçìåíÿåòñÿ ñîñòîÿíèå èññëåäóåìîé ñèñòåìû ñ òå÷åíèåì âðåìåíè. Ýòîò ïðîöåññ îïèñûâà-

åòñÿ ÿäðîì îïåðàòîðà ýâîëþöèè. Â íàøåé ñõåìå ÿäðî îïåðàòîðà ýâîëþöèè ïðåäñòàâëåíî

â âèäå êîíòèíóàëüíîãî èíòåãðàëà (ñì. (IV))

U(āp,s, b̄p,s, c̄k,λ; ap,s, bp,s, ck,λ|tf − ti) =
∫
γ

Dā(τ)Da(τ)Db̄(τ)Db(τ)Dc̄(τ)Dc(τ) eiS[γ],

òðàåêòîðèè γ

γ : āp,s(tf ) = āp,s, b̄p,s(tf ) = b̄p,s, c̄k,λ(tf ) = c̄k,λ; ap,s(ti) = ap,s, bp,s(ti) = bp,s, ck,λ(ti) = ck,λ,

äåéñòâèå, çàäàííîå íà òðàåêòîðèÿõ γ,

S[γ] = Sep[γ] + Sph[γ] + Sint[γ],

äåéñòâèå ñâîáîäíîãî ýëåêòðîí-ïîçèòðîííîãî ïîëÿ

iSep[γ] =
∑
p,s

(
āp,s(ti)ap,s + b̄p,s(ti)bp,s

)
+

+

∫
γ

dτ
∑
p,s

[
(∂τ āp,s(τ))ap,s(τ) + (∂τ b̄p,s(τ))bp,s(τ)− iεp

(
āp,s(τ)ap,s(τ) + b̄p,s(τ)bp,s(τ)

)]
,
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äåéñòâèå ýëåêòðîìàãíèòíîé âîëíû

iSph[γ] =
∑
k,λ

c̄k,λ(ti)ck,λ +

∫
γ

dτ
∑
k,λ

[
(∂τ c̄k,λ(τ))ck,λ(τ)− iωkc̄k,λ(τ)ck,λ(τ)

]
,

âçàèìîäåéñòâèå îïèñûâàåòñÿ äåéñòâèåì âèäà

iSint[γ] = −i
∫
γ

dτ
∑
k

[
Ai

kj
i
−k +

1

2k2
j0kj

0
−k

]
,

ïðè÷åì ôóðüå-êîìïîíåíòà âåêòîð-ïîòåíöèàëà Ai
k âûðàæàåòñÿ ÷åðåç êîìïëåêñíûå ïåðå-

ìåííûå c̄k,λ(τ), ck,λ(τ), êîòîðûå ïîäñòàâëåíû âìåñòî îïåðàòîðîâ ðîæäåíèÿ è óíè÷òîæå-

íèÿ, ñîîòâåòñòâåííî. Àíàëîãè÷íî ôóðüå-êîìïîíåíòà 4-ïëîòíîñòè òîêà jµk âûðàæàþòñÿ

÷åðåç ãðàññìàíîâû ïåðåìåííûå āp,s(τ), ap,s(τ), b̄p,s(τ), bp,s(τ).

Êîíòèíóàëüíûé èíòåãðàë îïðåäåëÿåòñÿ ñâîåé ðåøåòî÷íîé àïïðîêñèìàöèåé, ñì. IV.

Èòàê, âçàèìîäåéñòâèå â ïðåäñòàâëåííîé ñõåìå ïðåäñòàâëÿåò ñîáîé âçàèìíîå âëèÿíèå

òîêà ýëåêòðîíîâ (ïîçèòðîíîâ) è ýëåêòðîìàãíèòíîãî ïîëÿ è êóëîíîâñêîå âçàèìîäåéñòâèå

ïëîòíîñòåé çàðÿäîâ ýëåêòðîíîâ (ïîçèòðîíîâ). Òàêîé âèä âçàèìîäåéñòâèÿ
”
íàðóøàåò“

ÿâíóþ ëîðåíö-èíâàðèàíòíîñòü (íàïðèìåð, êóëîíîâñêîå âçàèìîäåéñòâèå ìãíîâåííî). Ïî-

ýòîìó âûïîëíèì ðÿä ìàòåìàòè÷åñêèõ ïðåîáðàçîâàíèé âîññòàíàâëèâàþùèõ óêàçàííóþ

ñèììåòðèþ â ÿâíîì âèäå.

Äëÿ ýòîãî íóæíî êàêèì-òî îáðàçîì âîññòàíîâèòü ïåðåìåííûå P l
k, Q

l
k, q

0
k è äð., êîòîðûå

áûëè óòåðÿíû â ïðîöåäóðå êàíîíè÷åñêîãî êâàíòîâàíèÿ. Èòàê, íà÷íåì ñ âåëè÷èíû

eiSℜ,int = exp
[
−iϵ

K−1∑
k=1

∑
k∈K+

[√
2(Qλ

k)
k(ℜjλk )k +

1

k2
(
(ℑj0k)k

)2]]
.

Ââåäåì ðàçðåøåííóþ ñâÿçü

1 =
∏

k∈K+

K−1∏
k=1

∫
d(P l

k)
kk δ

(
k(P l

k)
k −
√
2(ℑj0k)k

)
,

òîãäà

eiSℜ,int =
∏

k∈K+

K−1∏
k=1

∫
d(P l

k)
kk δ

(
k(P l

k)
k −
√
2(ℑj0k)k

)
exp

[
−iϵ

[√
2(Qλ

k)
k(ℜjλk )k +

1

2

(
(P l

k)
k
)2]]

.

Ââåäåì ìíîæèòåëü Ëàãðàíæà, ïðåäñòàâèâ δ-ôóíêöèþ â âèäå

δ
(
k(P l

k)
k −
√
2(ℑj0k)k

)
=

∫
d(q0k)

k ϵ

2π
exp

[
−iϵ(q0k)k

(
k(P l

k)
k −
√
2(ℑj0k)k

)]
.
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Â ðåçóëüòàòå ïîëó÷àåòñÿ ñëåäóþùåå âûðàæåíèå

eiSℜ,int =
∏

k∈K+

K−1∏
k=1

∫
d(q0k)

kd(P l
k)

k ϵk

2π
exp

[
−iϵk(q0k)k(P l

k)
k − iϵ

1

2

(
(P l

k)
k
)2]

exp
[
iϵ
√
2
[
(q0k)

k(ℑj0k)k − (Qλ
k)

k(ℜjλk )k
]]
.

Âûïîëíèì èíòåãðèðîâàíèå ïî (P l
k)

k (ïåðåõîä îò ãàìèëüòîíîâà ê ëàãðàíæåâó ôîðìàëèç-

ìó)

eiSℜ,int =
∏

k∈K+

K−1∏
k=1

∫
d(q0k)

k k
√
ϵ√

2πi
exp

[
iϵ
1

2

(
k(q0k)

k
)2

+ iϵ
√
2
[
(q0k)

k(ℑj0k)k − (Qλ
k)

k(ℜjλk )k
]]
.

(16)

Îñòàåòñÿ ââåñòè óòåðÿííóþ êîîðäèíàòó Ql
k. Ñäåëàåì ýòî â íåñêîëüêî ýòàïîâ. Âî ïåðâûõ,

îïðåäåëèì ïðîèçâîäíóþ ïî âðåìåíè íà ðåøåòêå

d

dt
q0k

∣∣∣k = (q̇0k)
k ≡ 1

ϵ

[
(q0k)

k+1 − (q0k)
k
]
, (q0k)

K = 0.

Ðàññìîòðèì èíòåãðàë ñëåäóþùåãî âèäà

1 =
∏

k∈K+

K−1∏
k=1

d(fk)
k

√
iϵ√
2π

exp
[
−iϵ1

2

(
(fk)

k + (q̇0k)
k
)2]

.

Â èíòåãðàëå ñäåëàåì ëèíåéíóþ çàìåíó ïåðåìåííûõ

(fk)
k =

1

kϵ2
[
(Ql

k)
k+1−2(Ql

k)
k+(Ql

k)
k−1+ϵ2k2(Ql

k)
k
]
, k = 1, . . . , K−1, (Ql

k)
K = (Ql

k)
0 = 0,

òîãäà

1 =
∏

k∈K+

detDk

K−1∏
k=1

d(Ql
k)

k

√
iϵ

kϵ2
√
2π

exp
[
−iϵ1

2

[ d
dt

(
(q0k)

k +
1

k
(Q̇l

k)
k−1

)∣∣∣k + k(Ql
k)

k
]2]

,

çäåñü Di,k
k = δi,k+1 + δi+1,k − δi,k(2− ϵ2k2), i, k = 1, . . . , K − 1.

Ïîäñòàâèì ýòó åäèíèöó â (16) è âûïîëíèì â ïîëó÷èâøåìñÿ âûðàæåíèè çàìåíó ïåðå-

ìåííûõ (q0k)
k +

1

k
(Q̇l

k)
k−1 → (q0k)

k:

eiSℜ,int =
∏

k∈K+

detDk

K−1∏
k=1

∫
d(q0k)

k

√
2πϵ

d(Ql
k)

k

√
2πϵ

exp
[
iϵ
√
2
(
(q0k)

k − 1

k
(Q̇l

k)
k−1

)
(ℑj0k)k − iϵ

√
2(Qλ

k)
k(ℜjλk )k

]
exp

[
−iϵ1

2

[(
(q̇0k)

k + k(Ql
k)

k
)2 − (

k(q0k)
k − (Q̇l

k)
k−1

)2]]
.
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Ñäåëàåì åùå îäèí øàã. Â âûðàæåíèè äëÿ äåéñòâèÿ ñâîáîäíîãî ýëåêòðîí-ïîçèòðîííîãî

ïîëÿ Sep ïðîâåäåì çàìåíó ψ → eiω(τ,x)ψ, ω(tf , x) = ω(ti, x) = 0 (âàæíî, ÷òî òàêîå óíè-

òàðíîå ïðåîáðàçîâàíèå íå èçìåíÿåò ìåðó èíòåãðèðîâàíèÿ â êîíòèíóàëüíîì èíòåãðàëå).

Â ýòîì ñëó÷àå

Sep → Sep −
∫ tf

ti

dτ

∫
V

dx ∂µω(τ, x)j
µ(τ, x) = Sep + δS.

δS = δSℜ + δSℑ, δSℑ = −2ϵ
∑
k∈K+

K−1∑
k=1

[
(ℑω̇k)

k(ℑj0k)k − k(ℑωk)
k(ℜjlk)k

]
.

Òåïåðü ñëåäóåò âûáðàòü

(ℑωk)
k = − 1

k
√
2
(Ql

k)
k−1,

èìåííî â ýòîì ñëó÷àå

eiSℜ,int+iδSℑ =
∏

k∈K+

detDk

K−1∏
k=1

∫
d(q0k)

k

√
2πϵ

d(Ql
k)

k

√
2πϵ

exp
[
iϵ
√
2
(
(q0k)

k(ℑj0k)k − (Ql
k)

k−1(ℜjlk)k − (Qλ
k)

k(ℜjλk )k
)]

exp
[
−iϵ1

2

[
(q̇0k

)k]2
+ iϵ

1

2
k2
[
(q0k

)k]2]
exp

[
iϵ
1

2

[
(Q̇l

k

)k]2 − iϵ
1

2
k2
[
(Ql

k

)k]2]
.

Àíàëîãè÷íûå ðàññóæäåíèÿ íóæíî ïðîâåñòè äëÿ äðóãîãî ñåêòîðà, òî åñòü äëÿ ïåðåìåí-

íûõ plk, Q
0
k, q

l
k.

Â ðåçóëüòàòå ÿäðî îïåðàòîðà ýâîëþöèè äëÿ QED â îáîáùåííîé ëîðåíöåâîé êàëèá-

ðîâêå ïðåäñòàâèìî â âèäå

U(āp,s, b̄p,s, c̄k,λ; ap,s, bp,s, ck,λ|tf − ti) =
∫
Γ

Dψ̄DψDAµ

exp
[
i

∫ tf

ti

dτ

∫
V

dx
[
ψ̄(iγµ∂µ −m)ψ − 1

4
F µνFµν −

1

2
(∂µA

µ)2 + eψ̄γµψAµ

]]
. (17)

Áåçóñëîâíî, ýòî âûðàæåíèå íå áîëåå, ÷åì ñèìâîë, èìåþùèé, ïðàâäà, áîëüøîå ýâðèñòè-

÷åñêîå çíà÷åíèå. Ðàñøèôðóåì.

•

Dψ̄Dψ =
∏
p,s

K−1∏
k=1

d(āp,s)
kd(ap,s)

kd(b̄p,s)
kd(bp,s)

k,

èíòåãðèðîâàíèå âåäåòñÿ ïî ãðàññìàíîâûì ïåðåìåííûì.
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•

DAµ =
[ ∏
k∈K+

(detDk)
2

K−1∏
k=1

d(Q0
k)

k

√
2πϵ

d(q0k)
k

√
2πϵ

d(Ql
k)

k

√
2πϵ

d(qlk)
k

√
2πϵ

] [∏
k,λ

K−1∏
k=1

d(c̄k,λ)
kd(ck,λ)

k
]
,

èíòåãðèðîâàíèå âåäåòñÿ ïî ôèçè÷åñêèì êîìïëåêñíûì ïåðåìåííûì c̄k,λ, ck,λ è ïî

äåéñòâèòåëüíûì êàëèáðîâî÷íûì Q0
k, q

0
k, Q

l
k, q

l
k.

• Ðåøåòî÷íàÿ âåðñèÿ ñâîáîäíîãî ýëåêòðîí-ïîçèòðîííîãî ïîëÿ∫ tf

ti

dτ

∫
V

dx ψ̄(iγµ∂µ −m)ψ =
1

i

∑
p,s

[
ā0p,sap,s + b̄0p,sbp,s+

+ ϵ
K−1∑
k=0

[
( ˙̄ap,s)

k(ap,s)
k + (˙̄bp,s)

k(bp,s)
k − iεp

(
(āp,s)

k+1(ap,s)
k + (b̄p,s)

k+1(bp,s)
k
)]]

,

ãðàíè÷íûå òî÷êè òðàåêòîðèè Γ

(āp,s)
K = āp,s, (ap,s)

0 = ap,s, (b̄p,s)
K = b̄p,s, (bp,s)

0 = bp,s.

• Äåéñòâèå ýëåêòðîìàãíèòíîãî ïîëÿ â îáîáùåííîé ëîðåíöåâîé êàëèáðîâêå

−
∫ tf

ti

dτ

∫
V
dx

[1
4
FµνFµν +

1

2
(∂µA

µ)2
]
=

∑
k∈K+

ϵ

K−1∑
k=1

[1
2

[∣∣(Q̇l
k + iq̇lk)

k
∣∣2 − ω2

k

∣∣(Ql
k + iqlk)

k
∣∣2]− 1

2

[∣∣(Q̇0
k + iq̇0k)

k
∣∣2 − ω2

k

∣∣(Q0
k + iq0k)

k
∣∣2]]+

+
1

i

∑
k,λ

[
c̄0k,λck,λ + ϵ

K−1∑
k=0

[
( ˙̄ck,λ)

k(ck,λ)
k − iωk(c̄k,λ)

k+1(ck,λ)
k
]]
,

ãðàíè÷íûå òî÷êè òðàåêòîðèè äëÿ ïåðåìåííûõ ôèçè÷åñêèõ

(c̄k,λ)
K = c̄k,λ, (ck,λ)

0 = ck,λ,

è âñïîìîãàòåëüíûõ

(Ql
k)

K = (qlk)
K = (Ql

k)
0 = (qlk)

0 = 0, (Q0
k)

K = (q0k)
K = (Q0

k)
0 = (q0k)

0 = 0.

Èòàê, â ðàññìîòðåííîé êàëèáðîâêå ÿâíàÿ ëîðåíö-èíâàðèàíòíîñòü âîññòàíàâëèâà-

åòñÿ çà ñ÷åò ââåäåíèÿ âñïîìîãàòåëüíûõ ïåðåìåííûõ, äåéñòâèå êîòîðûõ ïðåäñòàâ-

ëÿåò ñîáîé äåéñòâèå íàáîðà îñöèëëÿòîðîâ. Èíòåðåñíî, ÷òî ïîëîâèíà îñöèëëÿòîðîâ

(Q0
k, q

0
k) èìåþò îòðèöàòåëüíóþ ìàññó, ÷òî íå òàê óæ è ñòðàøíî, òàê êàê ðåàëüíî
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îíè íå ñóùåñòâóþò. Åñòü è ôîðìàëüíàÿ ðàçíèöà: èíòåãðàë ïî ôèçè÷åñêèì ïåðå-

ìåííûì âû÷èñëÿåòñÿ â ãîëîìîðôíîì ïðåäñòàâëåíèè êîíòèíóàëüíîãî èíòåãðàëà,

à ïî âñïîìîãàòåëüíûì ïåðåìåííûì èíòåãðàë ôåéíìàíîâñêèé, ïî òðàåêòîðèÿì â

êîíôèãóðàöèîííîì ïðîñòðàíñòâå.

• Âçàèìîäåéñòâèå ∫ tf

ti

dτ

∫
V

dx eψ̄γµψAµ,

ïîëÿ ôåðìèîííûå

ψ =
∑
p,s

√
m

εpV

(
(ap,s)

kup,se
ipx + (b̄p,s)

k+1vp,se
−ipx

)
,

ïîëÿ ýëåêòðîìàãíèòíûå: ñêàëÿðíûé ïîòåíöèàë

A0 =
∑
k∈K+

1√
2V

(
(Q0

k + iq0k)
keikx + (Q0

k − iq0k)
ke−ikx

)
,

âåêòîðíûé ïîòåíöèàë (i = 1, 2, 3)

Ai =
∑
k∈K+

1√
2V

[
(Ql

k + iqlk)
k−1eikx + (Ql

k − iqlk)
k−1e−ikx

]
+

+
∑
k,λ

eikλ√
2V ωk

[
(ck,λ)

keikx + (c̄k,λ)
k+1e−ikx

]
.

IX. S - ìàòðèöà. Ñêàëÿðíîå ïîëå

Ðàññìîòðèì òåîðèþ âåùåñòâåííîãî ñêàëÿðíîãî ïîëÿ ñî âçàèìîäåéñòâèåì

S =

∫
dd+1x

[1
2
∂µϕ ∂µϕ−

1

2
m2

0ϕ
2 − 1

4
λϕ4

]
, x = (τ, xi), i = 1, . . . , d.

Âûäåëèì ñâîáîäíóþ òåîðèþ äëÿ êàíîíè÷åñêîãî êâàíòîâàíèÿ

S = S0 + Sint,

S0 =
1

2

∫
dd+1x

[
∂µϕ ∂µϕ−m2ϕ2

]
, Sint =

∫
dd+1x

[1
2
δm2ϕ2 − 1

4
λϕ4

]
,

ãäå ó÷òåíà âîçìîæíîñòü ïåðåíîðìèðîâêè ìàññû ñâîáîäíîé òåîðèè èç-çà âçàèìîäåéñòâèÿ

m2 = m2
0 + δm2.

Ãàìèëüòîíèàí ñîîòâåòñòâóþùåé êâàíòîâîé òåîðèè ïîëÿ èìååò ñëåäóþùèé âèä

Ĥ = Ĥ0 + V̂ , Ĥ0 =
∑
p

εpâ
+
p âp,
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à âçàèìîäåéñòâèå, ïðèâåäåííîå ê íîðìàëüíîé ôîðìå, ìîæíî çàïèñàòü ñëåäóþùèì îá-

ðàçîì

V̂ = V0 +
( 3λ

4V

∑
q

1

εq
− 1

2
δm2

)
V
∑
p

1

2V εp
(â+p â

+
−p + âpâ−p + 2â+p âp)+

λ

4

∑
p1,p2,p3,p4

V δp1+p2+p3+p4,0√
2V εp1

√
2V εp2

√
2V εp3

√
2V εp4

(âp1 âp2 âp3 âp4 + â+p1 â
+
p2
â+p3 â

+
p4
)+

λ

4

∑
p1,p2,p3,p4

4V δp1,p2+p3+p4√
2V εp1

√
2V εp2

√
2V εp3

√
2V εp4

(â+p1 âp2 âp3 âp4 + â+p2 â
+
p3
â+p4 âp1)+

λ

4

∑
p1,p2,p3,p4

6V δp1+p2,p3+p4√
2V εp1

√
2V εp2

√
2V εp3

√
2V εp4

â+p1 â
+
p2
âp3 âp4 ,

ãäå îïåðàòîðû â+p , âp ïîä÷èíÿþòñÿ êàíîíè÷åñêèì êîììóòàöèîííûì ñîîòíîøåíèÿì, εp =√
m2 + p2, V0 - íåêîòîðàÿ, ïîêà íå çàôèêñèðîâàííàÿ, êîíñòàíòà.

Ïðåäìåò âû÷èñëåíèÿ - S-ìàòðèöà. Îïðåäåëåíèå îïåðàòîðà:

Ŝ = lim
tf→+∞
ti→−∞

eitf Ĥ0e−i(tf−ti)Ĥe−itiĤ0 .

Ñèìâîë íîðìàëüíî óïîðÿäî÷åííîé S-ìàòðèöû

S(ᾱ, α) ≡ ⟨α|Ŝ|α⟩ = lim
tf→+∞
ti→−∞

∫
dᾱfdαfdᾱidαi⟨α|eitf Ĥ0 |αf⟩ ⟨αf |e−i(tf−ti)Ĥ |αi⟩ ⟨αi|e−itiĤ0 |α⟩.

Èñïîëüçóÿ ñâÿçü ìàòðè÷íîãî ýëåìåíòà ïî êîãåðåíòíûì ñîñòîÿíèÿì ñ ÿäðîì îïåðàòîðà

ýâîëþöèè

⟨αf |e−itĤ |αi⟩ = e−
1
2
ᾱfαfU(ᾱf , αi|t)e−

1
2
ᾱiαi ,

ñèìâîë S-ìàòðèöû ìîæíî ïåðåïèñàòü â âèäå

S(ᾱ, α) = lim
tf→+∞
ti→−∞

e−ᾱα

∫
dᾱfdαfdᾱidαie

−ᾱfαfU0(ᾱ, αf |−tf )U(ᾱf , αi|tf−ti)U0(ᾱi, α|t)e−ᾱiαi .

ßäðî îïåðàòîðà ýâîëþöèè îïðåäåëÿåòñÿ êîíòèíóàëüíûì èíòåãðàëîì

U(ᾱf , αi|t) =
∫
ᾱ(tf )=ᾱf

α(ti)=αi

Dᾱ(τ)Dα(τ) exp
[
ᾱ(ti)α(ti) +

∫ tf

ti

dτ
(
˙̄α(τ)α(τ)− iH(ᾱ(τ)α(τ))

)]
.

Ìîæíî ïîêàçàòü, ÷òî

U0(ᾱf , αi|t) = exp
[∑

p

ᾱp,fαp,ie
−itεp

]
,
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êðîìå òîãî∫
dᾱidαi f(αi)e

−ᾱiαi+ᾱiαe
−itε

= f(αe−itε),

∫
dᾱfdαf g(ᾱf )e

−ᾱfαf+ᾱαf e
itε

= g(ᾱeitε).

Îòñþäà íàõîäèì

S(ᾱp, αp) = lim
tf→+∞
ti→−∞

e−ᾱpαpU(ᾱpe
itf εp , αpe

−itiεp |tf − ti).

Ñèìâîë S-ìàòðèöû â ðàññìàòðèâàåìîé òåîðèè ïðèíèìàåò âèä

S(ᾱp, αp) = lim
tf→+∞
ti→−∞

∏
p

∫
ᾱp(tf )=ᾱpe

itf εp

αp(ti)=αpe
−itiεp

Dᾱp(τ)Dαp(τ)e
−ᾱpαp

exp
[
ᾱp(ti)αp(ti) +

∫ tf

ti

dτ
(
˙̄αp(τ)αp(τ)− iεpᾱp(τ)αp(τ)

)]
exp

[
−i

∫ tf

ti

dτ

∫
ddxV [ϕ(τ, x)]

]
,

â ýòîé ôîðìóëå

V [ϕ(τ, x)] =
λ

4

[
ϕ4(τ, x) + C2ϕ

2(τ, x) + C0

]
,

ϕ(τ, x) =
∑
p

1√
2V εp

(
αp(τ)e

ipx + ᾱp(τ)e
−ipx

)
,

C2 = −
2δm2

λ
− 6iDc(0), C0 =

4V0
λV

.

Òåîðèÿ âîçìóùåíèé:

exp
[
−i

∫ tf

ti

dτ

∫
ddxV [ϕ(τ, x)]

]
= 1− i

∫ tf

ti

dτ

∫
ddxV [ϕ(τ, x)] + · · · =[

1− i

∫ tf

ti

dτ

∫
ddxV

[ δ

iδj(τ, x)

]
+ . . .

]
exp

[
i

∫ tf

ti

dτ

∫
ddxϕ(τ, x)j(τ, x)

]∣∣∣∣
j=0

≡

exp
[
−i

∫ tf

ti

dτ

∫
ddxV

[ δ

iδj(τ, x)

]]
exp

[
i

∫ tf

ti

dτ

∫
ddxϕ(τ, x)j(τ, x)

]∣∣∣∣
j=0

.

Òàêèì îáðàçîì, â ðàìêàõ òåîðèè âîçìóùåíèé

S(ᾱp, αp) = exp
[
−i

∫ tf

ti

dτ

∫
ddxV

[ δ

iδj(τ, x)

]
S0(ᾱp, αp|j)

∣∣∣∣
j=0

,

ïðè÷åì

S0(ᾱp, αp|j) = lim
tf→+∞
ti→−∞

∏
p

∫
ᾱp(tf )=ᾱpe

itf εp

αp(ti)=αpe
−itiεp

Dᾱp(τ)Dαp(τ)e
−ᾱpαp

exp
[
ᾱp(ti)αp(ti) +

∫ tf

ti

dτ
(
˙̄αp(τ)αp(τ)− iεpᾱp(τ)αp(τ) + iᾱp(τ)ηp(τ) + iη̄p(τ)αp(τ)

)]
,

ηp(τ) =
1√
2V εp

∫
ddxe−ipxj(τ, x).

Èíòåãðàë êâàäðàòè÷íûé, âû÷èñëÿåòñÿ ñòàíäàðòíûì îáðàçîì
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i. ïåðåâàëüíàÿ òðàåêòîðèÿ

˙̄αp(τ)− iεpᾱp(τ) + iη̄p(τ) = 0, ᾱp(tf ) = ᾱpe
itf εp ,

ii. ðåøåíèå

ᾱp(τ) = eiτεp
(
ᾱp +

∫ tf

τ

dτ1 iη̄p(τ1)e
−iτ1εp

)
,

iii. ïîêàçàòåëü ýêñïîíåíòû

ᾱp(ti)αp(ti) +

∫ tf

ti

dτ iᾱp(τ)ηp(τ) = ᾱpαp+

i

∫ tf

ti

dτ
(
ᾱp(τ)e

iτεpηp(τ) + η̄p(τ)αp(τ)e
−iτεp

)
−

∫ tf

ti

dτ2

∫ tf

τ2

dτ1 e
i(τ2−τ1)εp η̄p(τ1)ηp(τ2),

iv. êîíòèíóàëüíûé èíòåãðàë∫
ᾱp(tf )=0
αp(ti)=0

Dᾱp(τ)Dαp(τ) exp
[∫ tf

ti

dτ
(
˙̄αp(τ)αp(τ)− iεpᾱp(τ)αp(τ)

)]
= 1,

v.

S0(ᾱp, αp|j) = exp
[
i

∫
dτddxϕ0(τ, x)j(τ, x)+

i

∫
dτ2dτ1d

dx2d
dx1

1

2
j(τ2, x2)Dc(τ2 − τ1, x2 − x1)j(τ1, x1)

]
,

ãäå ââåäåíû íîâàÿ ïåðåìåííàÿ

ϕ0(τ, x) =
∑
p

1√
2V εp

(
αpe

−iτεp+ipx + ᾱpe
+iτεp−ipx

)
,

è ïðè÷èííàÿ ôóíêöèÿ Ãðèíà

Dc(τ, x) = i
∑
p

1

2V εp
e−i|τ |εp+ipx.

Îòâåò äëÿ S-ìàòðèöû â òåîðèè âîçìóùåíèé

S[ϕ0(x)] = exp
[
−iλ

4

∫
dd+1x

[ δ4

(iδj(x))4
+ C2

δ2

(iδj(x))2
+ C0

]]
exp

[
i

∫
dd+1x1 ϕ0(x1)j(x1) + i

∫
dd+1x2d

d+1x1
1

2
j(x2)Dc(x2 − x1)j(x1)

]∣∣∣∣
j=0

.

0. Íóëåâîé ïîðÿäîê òåîðèè âîçìóùåíèé

S0[ϕ0(x)] = 1.
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1. Ïåðâûé ïîðÿäîê òåîðèè âîçìóùåíèé

Ïðîñòûå íóæíûå ôîðìóëû (îáîçíà÷åíèå S0(j) ≡ S0(ᾱp, αp|j)):

δ

iδj(x)
S0(j) = Φ(x)S0(j), Φ(x) = ϕ0(x) +

∫
dd+1x1Dc(x− x1)j(x1),

δ

iδj(y)
Φ(x) =

1

i
Dc(x− y).

Âàðèàöèîííûå ïðîèçâîäíûå

δ2

(iδj(x))2
S0(j) =

1

i
Dc(0)S0(j) + Φ2(x)S0(j),

δ3

(iδj(x))3
S0(j) = 3

1

i
Dc(0)Φ(x)S0(j) + Φ3(x)S0(j),

δ4

(iδj(x))4
S0(j) = 3

(1
i
Dc(0)

)2

S0(j) + 6
1

i
Dc(0)Φ

2(x)S0(j) + Φ4(x)S0(j).

Îòñþäà íàõîäèì

S1[ϕ0(x)] = −i
λ

4

∫
dd+1x

[
ϕ4
0(x) + ϕ2

0(x)
(
C2 − 6iDc(0)

)
+
(
C0 − iDc(0)C2 − 3D2

c (0)
)]
.

Âðåìÿ âûáèðàòü êîíñòàíòû

C2 = 6iDc(0), C0 = −3D2
c (0).

Ïîñòîÿííûå C2, C0 âûáðàíû òàê, ÷òîáû ïåðâûé ïîðÿäîê òåîðèè âîçìóùåíèé

îïèñûâàë ýëåìåíòàðíûé ïðîöåññ ðàññåÿíèÿ ÷àñòèö äðóã íà äðóãå.

Çíà÷åíèåì C2 îïðåäåëÿåòñÿ âåëè÷èíà ïåðåíîðìèðîâêè ìàññû

δm2 = −6iλDc(0) =
3λ

V

∑
p

1

εp
= 3λ

∫
ddp

(2π)d
1√

p2 +m2
.

Âûïèñàííûé èíòåãðàë ðàñõîäèòñÿ íà âåðõíåì ïðåäåëå ïðè d > 1. Ñëåäîâà-

òåëüíî, äëÿ òîãî ÷òîáû ìàññà m áûëà êîíå÷íîé è äåéñòâèòåëüíîé, êâàäðàò

"çàòðàâî÷íîé ìàññû"m2
0 äîëæåí áûòü îòðèöàòåëüíûì è áåñêîíå÷íî áîëüøèì.

Â ýòîì ñëó÷àå ïåðâûé ïîðÿäîê òåîðèè âîçìóùåíèé ïðèíèìàåò âèä, êîòîðûé ìîæ-

íî ïðåäñòàâèòü ãðàôè÷åñêè (äèàãðàììà Ôàéíìàíà)

S1[ϕ0(x)] = −iλ4
∫
dd+1xϕ4

0(x) =

�
�
�

�@
@
@

@

t � −iλ4
∫
dd+1x

ϕ0(x) ϕ0(x)

ϕ0(x) ϕ0(x)

Ïðàâèëà äèàãðàììíîé òåõíèêè:
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� âíåøíèì êîíöàì ñîïîñòàâëÿåòñÿ ïîëå ϕ0,

� â êàæäóþ âåðøèíó âõîäÿò ÷åòûðå ëèíèè,

� âåðøèíå ñîïîñòàâëÿåòñÿ 4-êîîðäèíàòà x è èíòåãðèðîâàíèå ïî ýòîé êîîðäèíà-

òå ñ âåñîì −iλ
4

∫
dd+1x.

2. Âòîðîé ïîðÿäîê òåîðèè âîçìóùåíèé

Âàðèàöèîííûå ïðîèçâîäíûå

δ4

(iδj(y))4
Φ4(x)S0(j) = S0(j)

δ4Φ4(x)

(iδj(y))4
+ 4

δS0(j)

(iδj(y))

δ3Φ4(x)

(iδj(y))3
+

6
δ2S0(j)

(iδj(y))2
δ2Φ4(x)

(iδj(y))2
+ 4

δ3S0(j)

(iδj(y))3
δΦ4(x)

(iδj(y))
+ Φ4(x)

δ4S0(j)

(iδj(y))4
=

S0(j)24D
4
c (x− y)+

4S0(j)Φ(x)24D
3
c (x− y)Φ(y)+

6S0(j)Φ
2(x)12D2

c (x− y)
(1
i
Dc(0) + Φ2(y)

)
+

4S0(j)Φ
3(x)4Dc(x− y)

(
3
1

i
Dc(0)Φ(y) + Φ3(y)

)
+

S0(j)Φ
4(x)

(
3
(1
i
Dc(0)

)2

+ 6
1

i
Dc(0)Φ

2(y) + Φ4(y)
)
.

δ2

(iδj(y))2
Φ4(x)S0(j) = S0(j)

δ2Φ4(x)

(iδj(y))2
+ 2

δS0(j)

(iδj(y))

δΦ4(x)

(iδj(y))
+ Φ4(x)

δ2S0(j)

(iδj(y))2
=

S0(j)Φ
2(x)12D2

c (x− y)+

2S0(j)Φ
3(x)4Dc(x− y)Φ(y)+

S0(j)Φ
4(x)

(1
i
Dc(0) + Φ2(y)

)
.

Èñïîëüçóÿ ýòè âûðàæåíèÿ, íàõîäèì, ÷òî[ δ4

(iδj(y))4
+ 6iDc(0)

δ2

(iδj(y))2
− 3D2

c (0)
]
Φ(x)S0(j)

∣∣∣∣
j=0

=

ϕ4
0(x)ϕ

4
0(y) + ϕ3

0(x)16Dc(x− y)ϕ3
0(y) + ϕ2

0(x)72D
2
c (x− y)ϕ2

0(y)+

ϕ0(x)96Dc(x− y)ϕ0(y) + 24D4
c (x− y).

Àíàëèòè÷åñêîå âûðàæåíèå äëÿ íîðìàëüíîãî ñèìâîëà S-ìàòðèöû âî âòîðîì ïî-

ðÿäêå òåîðèè âîçìóùåíèé



47

S2[ϕ(x)] =
1

2

[
−iλ

4

∫
dd+1xϕ4

0(x)
]2
+

1

2

(
−iλ

4

)2
∫

dd+1xdd+1y
[
ϕ3
0(x)16Dc(x− y)ϕ3

0(y)
]
+

1

2

(
−iλ

4

)2
∫

dd+1xdd+1y
[
ϕ2
0(x)72D

2
c (x− y)ϕ2

0(y)
]
+

1

2

(
−iλ

4

)2
∫

dd+1xdd+1y
[
ϕ0(x)96Dc(x− y)ϕ0(y)

]
+

1

2

(
−iλ

4

)2
∫

dd+1xdd+1y 24D4
c (x− y).

Ãðàôè÷åñêîå ïðåäñòàâëåíèå âòîðîãî ïîðÿäêà òåîðèè âîçìóùåíèé

S2[ϕ0(x)] =
1
2!

�
�
�

�@
@
@

@

t
�

�
�
�@

@
@
@

t +8

�
�

@
@t �

�

@
@

tDc(x− y)
+×

+36

�
�

@
@t �

�

@
@

t
D2

c (x− y)

+48 t t
D3

c (x− y)

+12 t t
D4

c (x− y)

Ïðàâèëà äèàãðàììíîé òåõíèêè (ïðîäîëæåíèå):

� âíóòðåííèì ëèíèÿì ñîïîñòàâëÿåòñÿ ïðè÷èííàÿ ôóíêöèÿ Ãðèíà Dc(x − y) ñ

ðàçíîñòüþ 4-êîîðäèíàò âåðøèí, êîòîðûå ñîåäèíÿþòñÿ ýòîé âíóòðåííåé ëè-

íèåé,

� êîýôôèöèåíò ïðè äèàãðàììå îïðåäåëÿåòñÿ íåïîñðåäñòâåííûì âû÷èñëåíèåì.

Ïðîèçâîäÿùèé ôóíêöèîíàë ôóíêöèé Ãðèíà

Îïðåäåëèì îáðàòíóþ ïðè÷èííóþ ôóíêöèþ Ãðèíà∫
dd+1xD−1

c (x1 − x)Dc(x− x2) = δ(x1 − x2).

Ìîæíî ïîêàçàòü, ÷òî

D−1
c (x− y) = (∂2x +m2)δ(x− y), ∂2x = ∂2τ − ∂2x,

ýòî îçíà÷àåò (ïðîâåðÿåòñÿ âû÷èñëåíèåì), ÷òî

(∂2τ − ∂2x +m2)Dc(τ, x) = δ(τ)δ(x).
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Òåïåðü S0(j) ìîæíî ïåðåïèñàòü â âèäå

S0(j) = exp
[
i

∫
dd+1x2d

d+1x1 J(x2)
1

2
Dc(x2 − x1)J(x1)

]
,

J(x) = j(x) +

∫
dd+1y ϕ0(y)(∂

2
y +m2)δ(y − x),

çäåñü ó÷òåíî, ÷òî (∂2x +m2)ϕ0(x) = 0.

Îïðåäåëèì ïðîèçâîäÿùèé ôóíêöèîíàë ôóíêöèé Ãðèíà

Z[J ] = exp
[
−i

∫
dd+1xV

[ δ

iδJ(x)

]]
exp

[
i

∫
dd+1x2d

d+1x1 J(x2)
1

2
Dc(x2 − x1)J(x1)

]
.

Ïðåäñòàâèì ôóíêöèîíàë Z[J ] â âèäå ðàçëîæåíèÿ

Z[J ] =
∑
n=0

1

n!

∫
dd+1x1 . . . d

d+1xn J(x1) . . . J(xn)G(x1, . . . , xn),

â ýòîì âûðàæåíèè G(x1, . . . , xn) - òàê íàçûâàåìûå ôóíêöèè Ãðèíà.

S-ìàòðèöà ÷åðåç ôóíêöèè Ãðèíà âûðàæàåòñÿ ñëåäóþùèì îáðàçîì (òàê êàê óñëîâèå

j(x) = 0 ïåðåõîäèò â óñëîâèå J(x) =
∫
dd+1y ϕ0(y)(∂

2
y +m2)δ(y − x))

S[ϕ0(x)] =
∑
n=0

1

n!

∫
dd+1x1 . . . d

d+1xn ϕ0(x1) . . . ϕ0(xn)(∂
2
x1
+m2) . . . (∂2xn +m

2)G(x1, . . . , xn).


