Tema 3. 3a/1a4u €BKJIMIOBONH U APYrUX IeOMeTpuii, peraeMble
CpeacTBaMU IIPOEKTUBHON reoMeTpun

1. I'pynna moaobuil eBKIMAOBA NPOCTPAHCTBA KAK MOATPYIIIA IPOEKTUBHON rpyt-
bl

Kaxk u panee, mp1 paboraem B k = R wiu C.

Omnpepnenenne. Pacemorpum npocrpancrso R™ kaknomvuoskectso 5 CH (u make Kak no-
npocrpancTBo B C"!) paccMaTpuBaeMoM KAk BEIIECTBEHHOE IPOCTPAHCTBO), U MycTh (g, ..., T,)
— KOODAUHATHI B cTaHAapTHOM basuce B R™! (coorercTrento, B Cr*+1). Torga s IpPOEKTUBHBIX
npocrpancts RP" = P(R™!) u CP" = P(C"*!) takike umeeM BiOKeHHe (KK BEIIECTBEHHITBIX
MHOroobpasuii)

(1) RP" — CP".

Sameyanwue. B 6eckoopaunarnoit opme Brokenue RP? —s CPr 3aJlaeTcs CIeIyIomuM obpa-
soM. lyers V' — Bemecteennoe (n+1)-MepHOE BeKTOPHOE MPOCTPAHCTBO. Ero KoMiutekendbuKammo
7S MOXHO OnpeennTh Kak mpocTpancTso VaV co CTPYKTYPO# yMHOMKEHUA Ha MHUMYK) €IUHIILY
i (& TeM CaMBIM, M HA BCe KOMILTEKCHBIE 4yncia 1o R-nunettnoctn) no bopaye: iz, y) = (—y,x).
Baoxkuy V 8 VE no popmyne: Ve VC, 2 (z,0) 1 oupemenm za VE UHBOMIOINIO KOMILIEKC-
HOrO conpsixerus o : VC — V€ (z,y) = (z,—y). Torma V - o-uHBapHAHTHOE [OAMHOMKE-
ctBo B VT, Jlpyroit GeckoOpaIMHATHELH Cr0Co6 ompezesenns npocrparcTtsa VC u unBomouny o
Ve =VerC,o: VESVE 20226 Z; I[Ipu sTom Ouexrust [ Mex 1y MepBLIM U BTOPBIM
onpenenennem VC zanaerca dbopmynamu: Jzy)=2@1+y®i, f(z® (at+ib)) = (ar,bx).

Hanee, srnoxenne V — VC HHIYIUPYET KOPPEKTHO OIPEIEJEHHOE BIOKEHHE IPOCKTHBHLIX
MPOCTPAHCTE KaK MHOMKECTB (& TOUHee, Kak BEUIECTBEHHBIX MHOr00Gpasmii)

(2) ¢ :RP" = P(V) = P(VE) =CP", <z >p—< (z,0) >¢.

Ilo moctpoenuto Biomenue ¢ B (2) coBmagaer ¢ BioxenueM (1) IPH COIVIACOBAHHBIX MEMKIY
coboit oroxkaecrsienusx V ¢ Ry V€ ¢ C*, Kpome toro, uusomonus o na V'C HHIYIHPYET
nuBosionuio ¢ Ha P(V®) mo dopryne:

g: P(V®) = P(VE), <v>c—<ov) >¢.

(MuBosrouus ¢ KOPPEKTHO ONpeAeleHa B CULY JIEPKO IIPOBEPSEMOIO DABEHCTBA aglzt) =
Zo(v), z € C, v € VC.) Ilposepum, uTo g-HHBAPMAHTHOE IIOJMHOr006pasHe B P(VE) ectn P(V).

HeticTBurensro, nycte < v >¢=< o(v) >¢ a1 0 # v = (z,y) € VC. Dro ozmauaer, 4ro
cymecTBytor qncaa 0 # z = a3 +ias € Cu 0 # w = by +iby € C Takme, uro zv = wo(v).
PackpbiBast 370 paBeHCTBO, MMOJYYIHM CJAEIYIOMME COOTHOIIEHHMST

(3) (@1 —b)x = (az + ba)y, (b2 —az)z = (a; + by)y.

Ecmn a; + b1 = ay + by = 0, To u3 (3) Haxomum a1z = ayz = 0. Ecau npu stom = # 0, To u3
MOCJICAHMX YETHIPEX PaBeHCTB Nojy4aeM 2z = w = () Bompek# mpennosoxenno. Caen0BaTenbHo.
r =0, orxyma v = (0,y) = —i(y,0), a 3HAUNT, < v >¢= ¢(< y >r) € ¢(P(V)). Ecu xoTst GBI
OIHO 13 ¥uces ai + by u as + by, OTIMYHO OT Hysd, HaIpuMep a; + by # 0, To u3 (3) HaxomM

y =cr, tae ¢ = (by — az)/(a1 + b1), orxyna v = (z,y) = (z,cz) = (1 + ci)(z.0). Tenr canpn,
CHOBa momdydaem < v >¢g= (<< z >g) € ¢(P(V)), uro u Tpebosa1ocs. 0
B npocrpancrsax RP" u CIF" mveexr ecrecTBeHHBIE NPOEKTUBHBIE KOOPAMHATHI [To & ... @ 1]

(xoamuexchble B CP™ 1 BemecTBennsle B RP" coorsercreento). B wactnoctn, eciu B P* B3aTh
TUIIEePIJIOCKOCTD

(4) CPy" = {20 = 0}
1
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(11 06BsIBUTE ee BECKOHEYHO y/IaeHHO i MUTIepIIIOCKOCTRIO), TO
CP™' NRP" =: RP%!

~ runepriockocTs B RP", 3anaBaenmast TeM ke ypasHenuem {zg = 0}:

(5) BPE? = {m = 0

SaMeTHM, 9TO 110 OLPEIENEHHIO [T © ... ! Ty] — ONHOPOHBIC IPOEKTHBHBIE KOODAMHATHI B R
u RP2-! coorsercTento. B aTnx koopIuHATAX PACCMOTPHM B CP? ! runepkBaapuKy

(6) Qo = {x € CPL! |22 + ... + 2} =0}

1 HA30BEM ee aBCOTIOTOM (eBKJINI0BOM reoMeTpun). 3aMeTuM, 4TO ypaBHEeHHe it 1 =
0 He UMEeT HeHYJEeBbIX BEIIeCTBEHHLIX pPelIeHHi, T.e.

(7) Qoo NRP™ = 0.

Tanee, momomuenus x CP' B CP™ u, coOTBETCTBEHHO, K RP™! B RP" cyre addunnbe
ITPOCTPAHCTBA

(8) AR = CP™\ CPZ!
{. COOTBETCTBEHHO,
(9) AR =RP"\ RP1
¢ aPUHHEBIME KOOPAMHATAMH

T In
10 vy Yn) =T v T
(10) (Y1, Un) o %)

(KOMILTEKCHBIMU B A% M BEIIECTBEHHBIMY B Ag COOTBETCTBEHHO).
g nona k = R wau € paccMoTpiM NpOeKTHBHYIO IDYIITY

Gy = PGL(n+ 1,k) = {[A]x € M(n+1,k)*/k* | det A # 0},
rae M(n + 1,k)* — MHOXKECTBO HEHYJIEBBIX KBaJPaTHBIX MaTpPHIL (n + 1)-ro nopazka Hag k,
a depes |A]i ofo3HadeH Kiacc DPONOPIHMOHAIBHOCTH k*A marpuusl A. I'pynna G¢ geficrsyer

ecTecreeHHBIM oOpaszoMm Ha CIP": 118 IpOM3BOJIBHON TOYKH T € CP" ¢ xoopauHATAMEA X = [Zp :
. T,] ee 06pa3 Mo JeHCcTBUEM IEMEHTa § = [A]c € G¢ ecTh TOUKa ¢ KOODAUHATAMH g(x), rue

(1) (9(x))" = AxT.
Ananornuso, rpynna Gp JeficTeyer ecrecTBeHHbIM obpasom Ha RP™ no Toit ke dopryne (11).
Kak b1 3Haen (u jerko sugeTs), addunnas rpynna Aff,y = Aut(Ag) orokzecrsigerca ¢
noarpymmnol rpymist Gy, OCTaB/ISIOEN HHBAPUAHTHOM 6eCKOHEIHO yAANeHHYIO TUIePIUIOCKOCTD
-1,
P
(12) Aff, . ={g€ G | kP =kPL '}, k=R or C

A mvenno, B adOUHHEIX KOODAMHATAX Y = (Y1,...,Yn) TOUKH Y B Af {cv. (10)) acbdpunnas
rpymna Aff, . AeHCTBYeT O NPaBHILY: Mbl PACCMATDPHBAEM 3JIEMEHT g € Aff,, x KaK pacIIIpeHHy0
MATPHILY

(13) g=(A|b), AeGL(nk), bekm,
u addunnsle koopauHaThl g(y) 06pasa g(y) TOUKH Y HaXOAATCH 1O opAiyIe
(14) (9(y)" = Ay +b".
Brimeykazannblit moromopduan Aff, L G (em. (12)) 3amaercs pu 3TOM TaK:
(15) =14, i=(g § ) =We A,
Tenepb PACCMOTPHM €BKJHJIOBO [POCTPaHCTBA E™ = AR, 1718 KOTOPOr0o COOTBETCTBYIOLLEE

BEKTOPHOE NIPOCTPAHCTBO €CTh IpocTpaHcTBo R™ co CTaHIapTHBIM CKANAPHBIM IPOH3BEICHHEM

(16) (0, Q) =p1s + o + PrGns, P =(P1,0n),d= (1, ) € R™
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Onpenenenue. Yriaom MexXAy npsaMeiMu [ m m B £ ¢ HAIPABIIAONIMMA BEKTOpaMu
p 1 q, p.q € R", 3a1anHbIMy mapaMeTpUYeCKUMU YPaBHEHM MU

. J— . , —_ T
(17) L:x=pt+zy, l:y=qt+y, , o,y €E",
Ha30BEA, KaK OOBIYHO, YTOJ MEXy BeKTOpaMi P 1 q. BeckoHeuHo ymaeHHo# TOUKOi nps-
MO# [ m B E™, naspiBaeTcs TOUKA Zo(l) € RPY!, momywaemas kak
Baall)= | MTREY,

riae | - npoexktusnas npsmaz B RP", nosydaemas Kak 3aMBIKQHHE HOPSIMON [ IIPH BJIOXKEHHU
E™ = Ag B RP™.

3ameuanwue. Ecin npsavas [ B E” 3anana napaMeTpHIecKUM ypaBHeHreM [ : 7 = pt+xg, xp €
E™ p=(p1,..,p,) € R", TO J€rKo BUIETH, YTO

(18) Q’OO(E) = (pl L p'n)

3aga4a 1. [Ipamwe | um 6 E* nepnenduxyaspnv mozda u moavko mozda, xo02da mowsi B (1)
U Zoo(M) cCONPAIICEHDL OMHOCUMEIHO abCOMOMA Quy, T. €. K020U OMU 2aPMONUNECKU esim, napy
movex
{4, By = Span{x. (1) xelm)) Fi 8w
(3decw ssudy (1) esxaudoso npocmparicmeo E™ CHUMaemca 8A00CERHM 6 KOMTAEKCHOE npoex-
musnoe npocmpancmeo CIP", u, coomeemcemeenno, Span(x.(l), Xoc(m)) pacemampusaemen xax
ROMTLIEKCHAA NPOEKMUBHAA Npamas 6 npocmpancmee CP™.

Yrasanue % pewenuro. Do npsmoe ciencrsue (6) u (16)-(18). O

Teneps paceymorpun rpynmy nomobutt G g npocrpanctsa E™ kak noarpynny addurasoil I'PYIITbBI
Affn R-

(19) Ge={g=(A|V) e Aff,r | AAT = A1,, A e R.}.

3anada 2. I'pynna Gg nodobud esxaudosa npocmpancmea E™ (xax nodzpynna Jlu epynn o
PGL(n+ 1.C) xar sewecmesennot epynnov. Jlu) ecmuv epynna 6ewecmeennms ABMOMOPPUIMOE
abcomroma (Qu

(20) Gp = Autg(Qu) == PGL(n+ 1,R) N Aute(Quo)

zde PGL(n + 1,R) ecmecmsenno enoocena 6 epynny PGL(n + 1, C) nocpedemsom sonomop-
Ppusma sewecmseennur epynn Ju

PGL(n+1,R) = PGL(n+1,C), [Alr — [A]c.
Pewenue. IeficTBHTENBLHO, BCAKOE NMPOEKTHBHOE NMpeobpasoBaHie g € Aute(Qs) ocraBiger

Ha MecTe abcoMmoT (oo, & 3HAMMT, H €ro NpoeKTHBHY obosouxy CPLl) . e. mpumamiexur
addunnoit rpynne Aff, -. Ilosromy cornacuo (13) u (14) Beakuit anenenT

g € Aff,r N Aute(Qoo)

HMeeT BHJL
g=(A]8), AeGL(nR), beR"

T7e Ha g HAJIO0XKEHO YC/I0BHE, YTO OH coxpaHgeT abcomor (). [loceauee yenosue ecTs yerosue

Ha MaTpuly A. [eficrBuresnbHo, nox geffcTuem snenenta g dopma F(z) = 22 + ... + 7o = g%’

npeoGpasyercst mo npasuny g(F)(z) = (xA)(xA)T = xAATXT. TosTory ypaBHeHHE abCOMIOTA

xxT = (0 ocraercs napapuanTHe, ecin AAT = \1,, 114 HekoTOpOrO \ € Ry, T e ecnn g € Gg.

]

3ameqanue. 3adava £ noxazweaem, “wmo, 8 COOMEEMCMEUU C IPAAGHEZEHCKOT NPO2PaMMOl
@.Kaetina, 2eomempuneckue ceolicmsea npocmpancmea E, cymv me ceoticmsa npocmpancmea
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CP", xomopwie uneapuarnmmo omMocumessHO BEUECTNEEHHDIT NPOCKMUBHOLT NPeobpasosanul
npocmpancmea CP?, cozpansowuz abeomrom.

2. Ilpumeps! CTaHAAPTHBIX TEOpeM addUHHON U eBKINI0BOI reoMeTpHM Ha ILJIoC-
KOCTH, IIO/IyaeMbIX CpeICTBaMMU MPOEKTUBHON reoMeTpyy.

B sron naparpade M DokazkeM cpeacTBaMu MPOeKTHBHOM FEOMETPUM CJIeIYIOUINE TeOPEMbI
acbPUHHOIN M, COOTBETCTBEHHO, €BKJINI0BOM PEOMETPUU: B TPEYTOJBHUKE TPU MEIUAHbI (COOTBET-
CTBEHHO, TPH BBICOTHI) [IEPECEKAIOTCS B OHOM TOUKe.

IIpeaBapuTesbHO BBeeM ONHO ONpeneeHue. [lycrs, Kak u BbIlle, eBKINIOBA TI0OCKOCTD F2
AOIONHEHa 10 NPOeKTUBHON mockocTh P? = RP? nobasnenneM 6ecKoHeIHO VIaJIEHHOH IpaMoit
l« == RP. c ypaBHenuem z, = 0. Pacemorpum 8 CPL O I, aBcomor (o C ypaBHEHHEM
x? + r3 = 0. Pemas nag C s10 YPaBHeHHe, HAXOIUM

G =8, I}, I'=[0:1:4), J:[O:I:kﬂ.

Onpenenenue. Touku I,J na lo, naswsaromes MUKJIMYeCKHMU TOYKaAMIU,

HokaxeM Tenepb CIELYIONLYI0 TEOPEMy abbHHHON reoMeTpUi.

Teopema 1. B mpeyzoavrnuxe ABC mpu meduarv, NEPECEKAIOMCA 8 00HOT Movke.

Aoxazamenvemso. Ilyers A; u By - cepenunsl ctopon BC' u AC tpeyroasuuka ABC coor-
BercTBeHHo. Ha [, paceMoTpun Touxu

A= (BC)Nlw, By=(AC)Nlyw, C,= (AB) Ny

1 B tpeyronsuuke ABC Touky O nepecevenns Menmam (AA;) u (BBy):
O = (AA) N (BB,).

Hanee, na npanoin [, paceMoTpuy Toukn

Ao=(BC)Niwy Bo=(AC)Nly, Cg= (AB T
U TOYKU

A= (AA]) Nl = (AO)N1,, , B = (BB1) Nlee = (BO) Nlse, C' = (CO)N .
Mmeem Tpu pacnapminecss KOHUKH
G =(0A1)U(BC), Cy=(0B)U(AC), Cs3= (OC) U (AB),

npoxonsume 1epes 4 rouku A, B, C' u O. Tax Kak U3 9TUX TOYEK HHKAKHIE TPH He KOLTUHEAPHbI,
10 kouukH C;, Cy u C3 npuHaIe)ar OAHOMY My4Ky. Tem cambIM, Tpu naps! Touyex

{AO:‘A-l/} :Cl mlooa {B[]:Bf} :C2mloca {COJC,} :CSHZOO

MPUHAJJIEXKAT OMHOMY ITYYKY KBAAPHUK Ha loo. C APYTO# CTOPOHEI, Tak Kak A; — cepeamua, OTpesKa
BC, To napa A;, Ay rapMosnuecky qenut napy B, C. Tem cambiM, BBUIY TEPCHEKTHBEL C HEHTPOM
A napa Ap, A’ rapMOHENYECKH [eJIUT napy By, Cp. Anasoruyno napa By, B/ FapMOHUYECKH JEJIUT
napy Ag, Cp. Ho Torma no sameuanuio x sagage 19 remer 2 "Konuxm ua IIPOEKTHUBHOM MIOCKOCTH "1
napa g, rapMOHHYECKH AenuT mapy Ay, By. A 3HAYHUT, BBUIY IEPCHEKTUBLI ¢ neHTpom C napa
Co.Cy, rne Cy = (AB) N (OC), rapMOHIYECKH KeTHT napy A, B. Tax xax Cj € I, T0 orcioza
cieayer, uro () - cepeauHa orpeska AB, T. e, (CO) — meauana Tpeyroabuuka ABC. 0J
Cuenyromue JjBe TeOpEMBI OTHOCATCS K EBK/IHA0BOI TeOMETPUH.

Teopema 2. B mpeyeoavtuxe ABC mpu svicomut NEPECERAOMCA 6 00HOTE MOoyKe (Ha3D6ae0l
OPMOYEHMPOM,).

Aokasameavemso. Iycts AA; u BB| — BBICOTH B TpeyronpHike ABC, tme A, € (BC), B, €
(AC). Paccarorpmn Toukn

O =(AA)N(BBy), A= (BC)Nle, Bo=(AC)Nlw, Co=(AB)NI.



H TOYKHN

A = (AA) Nle = (A0) Nlw, , B =(BB)Nle = (BO)Nle, C'=(CO)N L.
MneeMm Tpu pacnaBIIecs KOHUKH
(21) C1 = (0A) U (BC), Cy=(0B;))U(AC), Cs=(OC;)U (AB),

npoxonsmue vepes 4 Touku A, B,C u O, rnef = (CO)N(AB). Tak Kak u3 3THX TOYEK HHKAKME
TpH He KoJIHHeapHbl, TO koHuku C), Cp u C3 NPHHAIEIKAT OJHOMY MYUKY. T€M CaMblM, TpH
napsl TOYeK

{AOJA’} -——Clﬁloo, {Bo,BI} iCQHlx, {C{))C"} ZC3FIIDC

NPUHAIIEKAT OJHOMY IYYKY KBaIpUK Ha lo. C apyroit croponsl, Tak kak mnpsrble (AA;) n
(BC') nepneHankyaspHbL, TO B ciity 3aga4u 1 napa A’ Ay conpsizkeHa OTHOCHTEILHO abcosmoTa
Qoo, T. €. TADMOHUYECKU JEIUT Hapy nukandeckux Tovek [, J. Ilo Toit xxe npuamnne u napa B', By
rapMOHUYECKH AEJIHT napy nukaundeckux rovex [, J. Crnemoparensuo, napwl Touex A', Agu B', By
NPHHALICKAT UHBOJIOMUE ¢ HENOABUMKHBIMY TOUKaMu [, J, TO eCTh IPUHAIIEKAT OTHOMY IIYUKY
KBaJPUK Ha lo C AByMs ABOiHBMM TOuKamu [, J. A 3uagnt, v napa C’, Cy IpUHALIEKUT ITOMY
K€ Iy4KY, TO €CTh TapMOHMYECKH JEJUT mapy IMUKANYecKux Todex /[, J. Dro coryiacHo 3ajaqe 1
osznadaet, 9ro npamas (CCh) = (CO) nepneraukyiaspra npamoit (AB), uro u tpebosanocs. [

I g Co Ai BO ..c /40 Eoo

/

Cnencreue. Jlobas 2unepboaa, npoxodsuian uepesd epuwuns, mpeyzoavnure ABC u ezo op-
OUEHMP, ABAAEMCA PasHobOUHOU, M. €. ee acumnmomu. 06pasyom npamol Yyzoa.

Joxasameavcmeo. HeficTBuTenbHO, Bepinibl Tpeyroabunka ABC u ero oprouentp O ABIas-
roTcsa GA3MCHBIMM TOYKAME IIy4Ka KOHMK € TpeMs pacmasBmmmucs xorukamu Cp, Co = (OB;) U
(AC) 1 C3 = (OC1)U(AB) u3 (21). Tem campin, j0bas KOHEKA Yepe3 3TH 4 TOYKY IPUHAIIEeKUT
9TOMY IYYKY, & 3HAUHT, MEPECEKAET IO mape Todek X, Y, NpuHamexaned oJHOMY nydky ¢ C
napamu To4ek A'. Ag B', By u C', Cy. Tem campiM, OHA TapMOHHYECKH JETUT Napy UHKIHMUECKITX
touek [, J. Ecnu X, Y - mapa BelecTBeHHBIX TOYEK, TO 3HAYNT, KoHnka C ~ runepboia. a TOUKH
X.Y - caenpl Ha [, ee acunmnToT. Tem caMbin, acUMIOTOTE KOHHKH C B3aHMHO OPTOTOHAIBHBL.
()

Sameuanue. [IPOKOMMEHTHPYEM ¢ TOYKH 3PEHHUS TPOEKTUBHON MeOMETPUH CJIEAYIOMIYIO TeO-
peMy eBKJIMOBOI reoMeTpui: 8 mpeyzoavhuke ABC mpu buccexmpucyl nepecexaromea 68 00HoU
mouxe.

leftcTBuTensHO, NycTh a, b, ¢ (coorBercTBeHHO, @', b, ¢') — TpU GHCCEKTPHCHI BHYTPEHHHX
(COOTBETCTBEHHO, BHEIIHKX) YIVIOB B TpeyrompHuke ABC, npoxonsmme 4epes Touky A, B, C
COOTBETCTBEHHO. 110 OCTpOeHNIO ¢ NeplneHauKyIgpHa a', b nepnenauKynapsa b', ¢ nepnesuxy-
asipra ¢. Paceatorpunt konukn C = aUd/, G, = bU Y, C, = cU ¢ 1 0603HAYNM TOUKH:

O=anb, Or=anl, O=dNb Os=dnN¥.



o nocrpoennto O, Oy, Oy, Oy — ToukH nepecedenus xounk C, u C%, TO ecTh 6a3MCHBIE TOYKH
nyuka koHuk <X Cy, Cp >. Ilpu atom nockoneky (AO) = (AO;) - 6uccexrpuca yrna ZA, a
b - buccekrpuca BHemmero yria npu sepmmte B, 1o O — UEHTP BHEBIMCAHHOH OKPY>KHOCTH,
mexalneit ¢ rpeyronpuukom ABC 1o pasHble cTOpoHBI 0T cropolsl (BC). Axamormuno, Oy
LeHTD BHEBIIMCAHHON OKDYXKHOCTH, JiexKauelt ¢ TpeyronsHukoM ABC MO pasHble CTOPOHBI OT
cTopossl (AC), a O3 ~ UeHTp BHEBIMCAHHON OKDYXKHOCTH, JEKAIIEH C TpeyroasHukoM ABC no
pasHble CTOPOHEI 0T cTOPoHBI (AB). [Toatormy npamas (O10,) - BuccekTpuca BHeIHErO yIvIa mpu
Bepunine C', TO ecTh copnamaer ¢ npamoit ¢. Ilpu aTon GHCCEKTPHCA ¢ TPOXOIHT 4yepe3 Touky O
Kax HeHTp BIIMCAHHOK OKPY>KHOCTH U 4epe3 ToUKy (J3 Kax LEHTD BHEBIHMCAHHON OKDPY KHOCTH,

Taxum obpasom, konuka C, = ¢ U ¢’ IpoxomuT uepes 6asucHble TOYKHU 0, 01, Oy, O3 nyuxa
KoHuK < Cjy, Oy >, a 3HAYHUT, IPHHAJIEKUT STOMY IyuKy. [Ipu 3ToM TOT dakT, uro C, ecTb 06b-
CAHHEHNE BYX NEPIEHANKYIAPHBIX TPAMBIX ¢ U ¢, ABNAETCA caeacTsueM Toro, uto C, u C cyTs
TaxxKe OOBEJUHCHHS Nap NepTeHIHKY/IAPHEIX IpaMbIX. Ilocaenunit GakT A0CIOBHO HOBTOPAET
aHaJOHYHBIA (DAKT U3 JOKA3ATENLCTBA TEOPEMEL 2.

g
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3. IIpumep "crammapTabix" TEOPEM HEEBKIMIOBOMH reoMeTpuM Ha IJIOCKOCTH, TIO-
JIy9aeMbIX CPeJCTBAMU NMPOEKTHBHOW reoMeTpHiu.

B oroMm naparpade MLl J0KayKeM CpeicTBaMHE NPOeKTHBHOMN FeOMeTPUH CJIEJIYIOLIHE JBe Teo-
PEMBI HEEBKJIMAOBOU I'eOMETPUH Ha TJIOCKOCTH (Ha3bIBAEMON TaKy e reoMeTpueit Jlobauesckoro):
1) B TpeyroNbHHKE TPU MeJHAHE! IePECEKAIOTCH B OIHOM TOUKe, 2) B TPEYTOJbHUKE TPH BBICOTHI
[epeceKaroTes B OMHON TOYKe.

as sToro Me! BocnoabayeMest Mogenbio Konu-KirefiHa WI0CKOCTH Jlobaugesckoro II: II ectn
BHYTPEHHOCTE CANHUYIHOTO KPYyTa ¢ TPaHHLEH — OKPYXKHOCTBIO w, a IpaMasd B 11, COSIMHAIONA
napy touex A, B € II, ecTs no onpefenenuio orkpeiThiit untepsan (AB) NI, Paccrosmme d(AB)
MeKIy ToukaMu A u B onpeensiercss Kak MOAY/Ib JTorapudMa TBOHHON0 OTHOIICH IS (ABXY):

d(AB) = In(ABXY)],

rae X u Y — TOUKH IepeceveHus OKPYIKHOCTH w C IpAMOi (AB).

Hpmkenns (nsomerpun) miockocryu Jlobadesckoro I1, Kak fesKalmelf eCcTeCTBeHHbIA obpazoa B
RP?. noruMaoTcs Kax NpOeKTUBHEIE Npeobpaszoparns miockocru RIP?, coxpaustomme 1. Ta-
KM obpasom, rpynna G ABuxenuit miockoctu II coBmajaer c rpynmoit Aut(w) = {g =
PGL(3,R) | g(w) = w} npoeKTHBHBIX aBTOMOPGBUIMOB OKPYIKHOCTH w.

Samevanme 1. a) Hempydno nposepumsv, wmo cepeduna P ompesxa [AB| na naockocmu
Jlobavescrozo I empoumcsa caedyrowum 06pazos. B mowwar X w Y NEPECEUEHUA OKPYICHOCTNAU
w ¢ npamotl (AB) nposedesm wacameavhwie & w, u nycmov O - ux mowka nepecenerud. Ilycmo
npamvie (OA) u (OB) nepecexarom oxpysrchocms w 6 moukaz A 1. A2 u By, By coomsememeenno.
[Tpu amom mymepayuro smux movex evbepem max, wno A, u By aeorcam no odny. a Ay u B,



no dpyeyro cmopory om npamots (AB). Tozda
P = (A:[Bz) N (B]_Az)

6) Boree mozo, wax caedyem u3 sadawu 5 cemunapa 2 ("Konuxu"), caedyem, wmo npamvie (AyBy)
u (A3 By) nepecexaromen 6 mouxe (@ na npamoti (AB), sescawet ene ompeska [XY], maxod,
umo napa movex P, Q) zapmoruvecku deaum dse napv. movex A, B u X,Y. Cozaacro caedemeurno
® 3adave 17 cemunapa 2 nape movex P,Q ¢ maxum ceolicmeom edunHcmeenna.

Omnpegnenenue. B cuny mocriesuero csoficrsa Gymem Takxke HasbiBaTh TOUKY P w-cepedunot
ompesxa [AB|. Coorsercrsenno, npsavyio (CP) B Tpeyromsnuke ABC 6ymeM Ha3BIBATL w-
meduaroti mpeyzoavruke ABC.

3ameuanue 2. B npedndywus o6osnavernuar nepnenduryaap x npamoti (AB), npozodauyu
“epes Npoussosvrylo moury £ naockocmu Jobavescrozo I ecmv npaman (0Z). (Cm. doxasa-
meAavcmeo 6 sadave 5.)

s nokazaTesbCTBa TEOPEMBI 0 MEAMAHAX TPEYTOJLHMKA B ILIOCKOCTH JIoGadeBCKOro mam
noTpedyeTcs CIeayomas 3a/a4a.

Banmaga 3. B naockocmu Jlobavescxozo ¢ abcoaomom w dan mpeyzomvrux ABC. ITyemy A’
- w-cepedura ompesxa [BC|, a B - w-cepeduna ompesxa [AC). Bosvmem mouxy A; na npamoti
(BC) u mouxy By na npamoti (AC) maxue, wmo napa A', A, zapmonuvecku deaum napy B, C, a
napa B', By zapmonumecku deaum napy A, C. ITycmv C) - mowka nepecenenun npamols (AB) u
(A1B1), u C" — mouxa ompesxa [AB] maxaa, wmo napa C', C) zapmonunecky deaum napy A, B.
Tozda napa C', Cy eapmonunecku deaum napy R, S movex nepecenenun npamoti (AB) ¢ xonuxot
w, mo ecmv C' asasemcea w-cepedunoti ompesxa [AB].

Pewerue. IIposenem suravcienue B acddummoi mrockoeru A2, B kotopoit (A4; B;) ecTn 6ecko-
HEYHO yJaJIeHHasl IIpsMast, Touka A’ B3sTa B KadecTse Hadana xoopaunar O, npamas (BC) =
(OA;) B kauecrse ocu Oz, a npamas (A'C') = ()C') B xauectse ocu Oy. Tak Kax IO yCIOBHIO
napa O, A; rapmornyecku genut napy B, C, a A; — Geckonedno yaaiaenHas TouKa, To To4ka O —
cepenuna orpeska [BC|, u MoxHO BLIGpaTh MaciTa Ha ocu Oz Tax, wro orpesku [BO] u [OC]
6yayT EMeTh eQUHWYIYIO IJIMHY, TO €CTh IOJOXKHTD

(22) B=(-1,0), C=(1,0).

Anayoruuno, Taxk Kax mo yciaosuio mapa C’, C) rapmonwmdecku nemut napy A, B, a Cp — Gecko-
HEYHO y/laJieHHas To4Ka, To Touka C' — cepeamna orpeska [AB]. Ilo Toit >ke npuunHe M TOYKA
B' - cepenuna orpeska [AC]. Ilostomy mMokHO BLIGparh MacmTad Ha ocu Oy Tak, UTO OTPE3KH
[AB'| u [B'C|] 6yayT uMeTh eIUIMYNYIO AJIMIY, TO €CTh HOI0XKUTD

(23) B'=(1,1), A=(1,2), C=(©0,1).

[yers {X,Y} = (Oz) Nw, {P,Q} = (Oy) Nw. Tak Kax no ycsosmo mapa O, A; rapmommde-
cka genut napy X,Y, napa B, By rapmonudecku gequt napy P, @, a A; n B; — Geckomedno
yIaJeHHble TOYKH, TO HAHIYTCH BellecTBeHHEE Yucaa a > 1 u b > 0, 9ro

(24) X =(-a,0), Y=1{(a,0), P=(10+2), Q=(1,-0).

Pacemorpum gpe komukn C; = (PQ) U (XY) n C; = (QY) U (PX), npunasnexanye myuKy c
GasucubiMu Toukamu X, Y, P, (). 3amerumM, 4TO KOHMKa w comep:kut Touku X, Y, P, Q, a 3Had4uT,
IPUHAIJIEXKAT 3TOMY Iy4Ky. [anee, nonbsyscs (22)-(24), naxonum Cy = {F} = 0}, C; = {F, =
0}, rme

(%) F=ye-1), B=(1+ay—0+2(@+a)(a—1)(y+b)—b—1).
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Orpanmaupas nunefinyro xKombunammio £ := Ay + F, dopm Fy u Fy na npamyio (AB) ¢ ypas-
HeHueM Y = & + 1, HAXONuM ypaBHeHHe IIydKa KBaJPHK Ha mpsiMoit (AB):

o Do =R NE-1+ (@ D+ ) - 642+ a) (- D+ D
—M$—1y+m—1w)=m%A+(a—b—1fy—m+wa—1+am%,

To ecTb ypasmemue 22 — A = 0, tie A = (A + (a — 1 + ab)?)/(A + (a — b — 1)?). Hocnexsee
ypaBHEHHE IIOKA3LIBAELT, YTO MONyYaeMblit TTy4OK KBaJpHK oupenenser Ha (AB) uupomommio ¢
nenonpmkubiME Toukamu C' u C). Hamomuum, 4ro 1m0 mocrpoenmio mapa A, B TapMOHUYECKH
aemar napy C', Cy. C opyroit CTOPOHBI, TaK KaK KOHHMKA w IPUHAIJIERUT IydKy < Cp,Cy >, TO
napa R, S, BricekaeMas €10 Ha npsMoit (AB), IpuHaIekKUT YKa3aHHON UIIBOIOLMH, & 3HAYNT,
TaK»Ke rapMonmdecky aeaut napy C’, Cy. 9o 10 onpesesnenuio o3nadaet, 4To C' ecTh w-cepeauia
orpeska [AB]. O

Sanayga 3'. Hatidume cunmemuseckoe pewenue sadayuu 3.

Teopema 3. B mpeyeoavruxe ABC' & naockocmu Jobavesckozo mpu w-meduans, nepecexa-
10Mmca 8 00HOT Mmouke.

Pewenue. Ilycrs B Tpeyrossimke ABC touku A’ u B’ — w-cepemuunr cropon BC u AC' co-
oTBeTCTBeHHO, 1 O — Touka nepecevenus w-mezuan AA’ u BB'. PaccMOTPHM IIyHOK KOHHK [ ¢
Gasucnbivu Toukamu O, A, B, C. B 3T0M ny4Ke EMEIOTCS TPH paCHaBIIMECs KOHUKH

C.= (BC)U(AA"), C,=(AC)U(BB'), C.=(AB)U (CO).

Kax u B ycnosusx sagaqu 3, BosbMeM TouKy Ay na npsimoit (BC') u Touky B; ua npswmoit (AC)
Taxwue, 970 napa A’, A; rapmonuyecku nenut napy B, C, a napa B’, By rapMOHIYeCKH IeIUT Hapy
A,C. Tlyets Cy — Touka nepecedenust npamuix (AB) u (A; B;). OnpenemuM Temeps ma mpsMoit
(A1 B,) eme tpu Touku A", B, C” uz ycnosuit:

{A”,Al} :Caﬂ{AlBl), {B”,Bl} =C;,F“| (AlBl), {C”,Ol} == ccﬂ(A]_B])
HpOGKH,I/L?i H3 LIEHTDa O B TapMOHHYHOCTE BBIIIEYKA3aHHDBIX IIap TOYEK IIOKa3LIBAET, UTO
(A”Al,Blcl) = (AIA_l, BC} = —1, (B”Bl,Alcl) = (BlBl,AC) — —1,

To ecTh mapa A”A; rapMonudecku menmur napy BiCh, a napa B”B; rapMOHUYECKH JIeJHT NApy
A;Cy. Tak xax xounxu C,, Gy, C. UpHHaAIEXAT OAIOMY IIy4UKYy, TO OTCIONA W U3 3aJa4u 19(2)
cemunapa 2 ("Konuxu") cienyer, yro u napa C”C; rapmonudecku aenut rnapy A;By. [Tostomy
cHOBa npoekuns uz nentpa O noxkaswiBaeT, uro napa &', C, roe

C' = (CO) N (AB).

rapMonnyecku aenut napy A, B. Ho torma cormacno zazade 3 Touka C' — w-cepemyuna OTpe3Ka.
[AB], To ects npsimast (CC’) = (CO) - w-menuana. O

3amava 4 (Teopema IIaokKeps 0 NOAAPHO CONPANCEHHBLT MPEY2ZONLHUKAT,).
Ecau sepuiumst 001020 MpPey2oibHUKG ABAANMCA NOAIOCAMU COOTNEEMCTNEENHBIT CMOPOH 0PY2020
OMHOCUTNEALHO HEKOMOP020 KOHUYECKO20 CEHEHUR, TNO MAKUE MPEY20ALHUKY NEPCTIEKMUBHDL.

Pewenue. Paccmorpum KoHMYecKoe cedenue. [lycTh Kaxjas BepuiuHa Tpeyromsuuxa A, B; Cy
SIBJIFIETCS [IOJIIOCOM COOTBETCTBEHHOI cTopois! Tpeyronsauka ABC (eMm. puc. mmxke). JJokaxken,
uro npsmere AAy, BBy, CC) niepecekatorcst B ool Touke O. Ecim durcuposars Bepmuns A;
u By, a C) nepemerars 1o npsamott ByCy, To nonapa AB aroit Bepiuusbl onumeT mydox (A) ¢
uentpoM A, Beicekast na BC npsmonuueiinoii psin (BC) To49eK, IPOEKTUBHBIN TIPSIMOJIHIIEHTIOMY
pany (B1C1), koropstit npoberaer Ci. [lyyxu npamoix (B;) u {(C'), coOOTBETCTBEHHO IIEPCIEKTHB-
Hble [IPOEKTHBHBIM HpsaMoiuEednnM psgam (BC) u (B;C}), npoektusnnl. Kpome Toro, ofmas
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npsivast CB; sTux my4xos caMa cebe coorsercrsyer. [lostomy myuku (B;) u (C) nepcnexTus-
nel, [Ipamas AA; siBIsieTcss 0CLIO MEPCIEKTHBSL, Tak Kax upamas C'A myuxa (C) coorsercrsy-
er npamo#t BiA myuxa (B;), a npamasz CA; - npsamoit BiA;. B camom zene, momapoit Touku
M = CAN B,C, ssnaercs npamas ABj, a H09TOMy B yCTAHOBJIEHHOM C NOMOIIBIO my4dKa (A)
IpoeKTHBHOM cooTsercrBuu pagoB (BC) u (B;C;) touke M psana (B;C)) cooTBeTcTByeT TOUKA
K = BC'N AB,, a snaant, upsmoii CM = CA nyuka (C) coorsercrsyer npamas B K = B, A
ny4ka (Bi). Coorsercrsue npsiMbix CA; u By A; B 9THX IMy9YKaX JOKa3bIBAETCS AHAJIOTHYHO. I1o-
ckosbKy mpsivble C'C| u BB ABNSAIOTCA COOTBETCTBEHHBIMA B NEPCIEKTUBHBIX IIYYKaX, TO OHH
TIepeceKaloTCs Ha OCH MepPCIeKTHBEl AA4;.

(910 pemenne B3sT0 u3 Kuurn 3.A.Cxonena u $1.I1.ITonapuna "Teomerpus rerpasapa’, Spo-
crasin, ATTIN, 1974.) B’L |

Apyezoe pewernue. OHO OCHOBAHO HA CJEAYIOMIEM yTBEDKICIIHH:

(*) Ecau dse napwi npomusonosotCcHuT GEPUIUN NOAHOZ0 YeMbIPELCMOPORHUKE CONPANCENRDLL
ommuocumenvro xkowuru C, Mo u mpemva napa e2o NPOTMUBOTON0NCHIT GEPULUH CONPANCENA
omnocumenvro C.

Hoxasameavcmao (*). llycrs A, A', B, B!, C,C’ — Tpu napsl IPOTHBONOIOKHEIX BEPIIHH II0J-
HOTO 4eTLIPEXCTOPOHHHKA (CM. puc.): A

Bosbmem A, B, C B xauecrse Touex Ep = (1:0:0), By = (0:1:0), B, = (0:0: 1)
IIPOEKTUBHOrO penepa, a npamyio A'B'C’ B kadecTBe equHUYION IIPSMOR Zo + T1 + o = 0, Tax
a0 A'=(0:1:-1),B'=(1:0:-1),C"=(1:—1:0). [ogcrapnas KOOPIUHATLI ITHX TOUEK
B ypaBHEHHe KOHHKH )  a;Z;Tk = 0, HOMyYaeM, 9TO YCIOBHS CONpsKeHHOCTH TodeK A u A, B
u B, C u C' HMeIOT BUJ COOTBETCTBEHIO: Qg = Ggg, Gg1 = G132, Goz = Gy2. JIIOOLIE ABA U3 ITHX
PaBeIICTB BJIEKYT TPeThe, OTKYZa BEITeKaeT yTBepxaenue (¥).

Teneps nepefinem x pemenuio 3aia<u 4. [Iycrs ABC' — nanusiit Tpeyroiasnuk, u nycrs A’ B'CY
— NOJAPHLIA eMy TpeyroJbnuk oTHocuTenbHo Konuku. [Iycrs (BC) m (B'C’) nepecekalores B
touke P, a (BB') u (CC') — B Touke O (cM. puc).
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Tax xak 110 ycnopuio naprel Todek B u C, B’ n C' conpsizkeHbl OTHOCHTEILHO KOHUKH, TO U I1apa
O u P conpsuKeHa OTHOCHTE/ILHO KOHUKY. [Tosromy monsipa (AA’) Touxku P comepxxur Touky O,
4YTO U TPeGOBAIOCh JOKA3aTh. O

3anaua 5. B mpeyezonvruxe ABC & naockocmu Jlobaresckozo evicoma he wepes mouxy C
cmpoumea xax npamas he = (CC'), ede C' - nomoc npamoti (AB) ommocumeavno w. Tem
camvim, npamas ho conpascera npamot (AB) omHocumensro oxpyHCHOCTIU W.

Yxazanue x pewenuro. DTO cleAcTBHe OPMYIb! AIA yria Mexay npsmbiva | = (AB) u
m = (CCy), e C; = (CC") N (AB) B nnockoeru JIo6aueBckoro:

— 1
Lim= % In(lm, nins),

rfe ny 1 N — (MIMMBIE) KacaTelbHble IPsAMbIE K w, TpoxozanTue depes touxy C;. JeficTBurenso,

TaK KakK | 1 M CONpSMXeHL! OTIIOCHTENBHO w, ABoiiHoe oTHomenue (m,niny) paBHO -1, 1 OITOMY

BLIIIeyKasamnas GpopMyIa 1aeT I, m = zIn(-1) = 2. a

Teopema 4 Tpu svicomul, 68 mpeyzoabHuKe Ha naockocmu J1obaueeckozo Nepecexaomes 6 moi-
xe.

Pewenue. Ilycrs ABC - tpeyrompmmk u A', B' n C' — nomocst npamex (BC), (AC) u (AB)
COOTBETCTBEHHO OTHOCUTENbHO w. Cornacno 3agade 5 npamele hy = (AA'), hg = (BB') u
he = (CC") aBnatores seicotamu B Tpeyrousnuke ABC. Ho mo mocTpoenmio TpeyrolbHEKH
ABC u A'B'C’ n0/15IpHO COIPSIXKEHDLI OTHOCUTEBIO W, & 3HAYUT, TIePCIIEKTUBHLI BBH/LY TEOPEMbI
[Tnroxkepa (3aa4a 4), TO ecTh BLICOTEL hy, hp U he TIepeceKaioTcs: B TOUKe. O



