2015-10-05 Problems

Introduction to Number Theory

Reference:
“Number Theory 1: Fermat’s dream” Kato, Kurokawa, Saito, Chapter 3.

0. We set hy(t) = 50 tt and for r > 2, set

0.1. Compute hy(t).
0.2. Compute hs(t).
0.3. Show that h,(t) € Q[t, 7).

1. Use the formula (theorem) discussed during the lecture.
1.1. Show that

1 N 1 1 N 1 1 N o
3 5 7 9 11 47
1.2. Show that
RS S DS U S
24 5 7 8 33
1.3. Show that
1 1 L+ 1 1 n 1 1 n 3
33 5 7 9 113 32‘
1.4. Show that
1+1+1+1+1+1+ s
24 34 5 64 90'
1.5. Compute
1 1 1 1 1 1 1
1o _ - _ = Sl T
g5 I+G a3~
1.6. Compute



2. In this exercise, we prove the formula

1 1 1, 1 1 1 1 1
(1-g-c+2)+ ) 4= ——log(1+V2).

V2
Note that the formula given during the lecture does not apply.

2.1. Let (s = %" denote an 8-th root of unity. Show that (g =

+ =i
V2
2.1. Fora=1,3,5,7, set

Sl-

ZC = —log(1 — ¢§)-

Compute s; — $3 — S5 + S7 in two ways (one using log and the other using the infinite sum).
Compare them to obtain the formula.

3. The Bernoulli numbers B, (n =0,1,...) are defined by

Later in the lecture, we show that for an integer r > 2,
1
((1—r)= —;BT.

We can compute B,, explicitly by comparing the coefficients in the equation:

Note that BO = 1, B1 = —%, B2 = %

3.1. Compute B, and Bs.
3.2. Compute Bg and B;.
3.3. Compute Bs.

3.4. Compute Byg.

3.5. Show that

—~B, . ~~Bn, ..
Zﬁx —ZF(—x) =z.

n=0 n=0
Conclude that B,, = 0 if n is odd and > 1.



