
ÍÈÑ Ìàòôèçèêà: ìàòðè÷íûå ìîäåëè

1.1 Íåêîòîðûå áàçîâûå âîïðîñû

1. Ïðåäñòàâèòü ìàòðè÷íûé èíòåãðàë

Z =

∫
dΦe−

1
~TrW (Φ) (1)

ãäå Φ ÿâëÿåòñÿ ìàòðèöåé ðàçìåðà N ×N (íàïðèìåð, ýðìèòîâîé), dΦ = 1
VN

∏
i,j dΦij,

à W (Φ) - íåêîòîðûé ïîëèíîì îáùåãî âèäà

W (Φ) =
∑
k>0

tkΦ
k

(2)

â âèäå èíòåãðàëà ïî ñîáñòâåííûì çíà÷åíèÿì

Z =
1

N !

∫ N∏
i=1

(
dϕie

− 1
~W (ϕi)

)
∆2(ϕ), ∆(ϕ) =

∏
i<j

(ϕi − ϕj) (3)

2. Ïîëüçóÿñü îðòîãîíàëüíûìè ïîëèíîìàìè |i⟩ = Pi(ϕ; t)

⟨i|j⟩ ≡
∫

dϕe−
1
~W (ϕ)Pi(ϕ)Pj(ϕ) = δije

qi(t) (4)

âûðàçèòü èíòåãðàë (3) ÷åðåç íîðìèðîâî÷íûå êîýôôèöèåíòû {qi(t)}.

3. Âû÷èñëèòü èíòåãðàë (1) äëÿ ãàóññîâà ïîòåíöèàëàW (Φ) = 1
2
Φ2−tΦ êàê ôóíêöèþ Z =

Z(t, N). Êàêîìó äèôôåðåíöèàëüíî-ðàçíîñòíîìó óðàâíåíèþ óäîâëåòâîðÿåò îòâåò?

Íàéòè íîðìèðîâî÷íûå êîýôôèöèåíòû {qi(t)} äëÿ ïîòåíöèàëàW (ϕ) = 1
2
ϕ2−tϕ. Ñðàâ-

íèâ äëÿ ãàóññîâà ñëó÷àÿ ðåçóëüòàò ïðÿìîãî âû÷èñëåíèÿ (1) ñ âûðàæåíèåì (3) ÷åðåç
íàéäåííûå êîýôôèöèåíòû {qi(t)}, íàéòè VN .

4. Âûâåñòè óðàâíåíèÿ ñòàöèîíàðíîñòè ýôôåêòèâíîãî ïîòåíöèàëà

Weff(ϕ) = W (ϕ)− 2~ log∆(ϕ) (5)

(ϕ = {ϕ1, . . . , ϕN}), îïðåäåëÿþùåãî êâàçèêëàññè÷åñêóþ àñèìïòîòèêó èíòåãðàëà (3)
ïðè ~ → 0. Â ïðåäåëå N → ∞ ïåðåïèñàòü óðàâíåíèÿ ñòàöèîíàðíîñòè â âèäå èíòå-
ãðàëüíîãî óðàâíåíèÿ íà ïëîòíîñòü ρ(x) = ~

∑N
j=1 δ(x− ϕj).

5. Íàéòè ðåøåíèÿ ïîëó÷åííûõ óðàâíåíèé ñòàöèîíàðíîñòè (ðàñïðåäåëåíèå ñîáñòâåííûõ
çíà÷åíèé ρ(x)) äëÿ ãàóññîâà ïîòåíöèàëà W (ϕ) = 1

2
ϕ2 − tϕ â ïðåäåëå ~ → 0, N → ∞,

~N = t0 = const. Íàéòè äëÿ ýòîãî ñëó÷àÿ çíà÷åíèå èíòåãðàëà (3) â êâàçèêëàññè÷å-
ñêîì ïðèáëèæåíèè.
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1.2 Íåêîòîðûå çàäà÷è

• Âû÷èñëèòü ñëåäóþùèå êîððåëÿöèîííûå ôóíêöèè äëÿ ãàóññîâîé ìîäåëè ýðìèòîâûõ
ìàòðèö
(a) ⟨TrΦk⟩ äëÿ k = 0, . . . , 6;
(b) ⟨TrΦkTrΦl⟩ äëÿ k + l ≤ 4.

• Äëÿ ãàóññîâîé ìîäåëè ýðìèòîâûõ ìàòðèö âû÷èñëèòü êîððåëÿòîð ⟨Tr 1
x−Φ

⟩ â ãëàâíîì
ïîðÿäêå ïî ðàçìåðó ìàòðèöû N .

• Âû÷èñëèòü ïðîèçâîäíóþ íîðìèðîâî÷íûõ êîýôôèöèåíòîâ {qi(t)} ïî ïàðàìåòðó t2.
Äëÿ ÷åòíûõ ïîòåíöèàëîâ (êîãäà âñå t2k+1 = 0) âûðàçèòü ïðîèçâîäíóþ ïî t2 âåëè÷èí
Rk = eqk−qk−1 ÷åðåç íèõ ñàìèõ (óðàâíåíèå Âîëüòåððà).

1.3 Ëèòåðàòóðà ïî ãåîìåòðèè ìàòðè÷íûõ ìîäåëåé

Ïðåäâàðèòåëüíûå âîïðîñû ïîäîáðàíû íà îñíîâå îáçîðíîé ñòàòüè [1] (ðàçäåëû 1, 2.1, 3),
ãäå òàêæå ìîæíî íàéòè ññûëêè íà äðóãèå ðàáîòû (ïîñêîëüêó ýòî ñòàòüÿ â ÒÌÔ - èìå-
åòñÿ ðóññêèé òåêñò). Ïðî âû÷èñëåíèå ìàòðè÷íîãî èíòåãðàëà ñ ïîìîùüþ îðòîãîíàëüíûõ
ïîëèíîìîâ ìîæíî ïîñìîòðåòü ïðàêòè÷åñêè â ëþáîì îáçîðå, íàïðèìåð â [2], îòíîñèòåëüíî
êðàòêîå èçëîæåíèå ãåîìåòðè÷åñêîé êàðòèíû ìîæíî íàéòè â [3]. Ïî-ìîåìó, èíòåðåñ äëÿ
èçó÷åíèÿ ïðåäñòàâëÿåò ðàáîòà [4].
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