
Àëãåáðà, ñåìèíàð 18-22 àïðåëÿ: ñèììåòðè÷åñêèå è îðòîãîíàëüíûå îïåðàòîðû

Âî âñåõ çàäà÷àõ èäåò ðå÷ü ïðî ñòàíäàðòíîå åâêëèäîâî ïðîñòðàíñòâî Rn ñ íîðìîé
√
x2
1 + . . .+ x2

n ,

åñëè íå îãîâîðåíî èíîå.

1. Ïóñòü L � ïëîñêîñòü â R3 , çàäàííàÿ óðàâíåíèåì a) x+y+z = 0 , b) x+2y+3z = 0 . Îïèøèòå
èçîìîðôèçì L → L∗ , èíäóöèðîâàííûé ñòàíäàðòíîé åâêëèäîâîé íîðìîé. c) Îïèøèòå â L∗

àííóëÿòîð ïðÿìîé R·(1,−2, 1) ⊂ L . d) Òî æå äëÿ åâêëèäîâîé íîðìû x2+y2+z2+xy+yz+xz .

2. Äèàãîíàëèçóéòå â îðòîíîðìèðîâàííîì áàçèñå îïåðàòîðû a)
(
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)
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.

3. Ïðèâåäèòå ê ãëàâíûì îñÿì êâàäðèêè a) x2+axy+y2 = 1 , b) x2+axy = 1 , c) xy+yz+xz = 1 .

4. a) Ïðèâåäèòå ê êàíîíè÷åñêîé ôîðìå ïàðó êâàäðàòè÷íûõ ôîðì x2 + xy + y2 è x2 − y2 â R2 .

b) Ïðèâåäèòå ïðèìåð ïàðû íåïîëîæèòåëüíî îïðåäåëåííûõ ôîðì, êîòîðàÿ íå ïðèâîäèòñÿ ê

êàíîíè÷åñêîé ôîðìå íàä R .

5. Ïðèâåäèòå ê êàíîíè÷åñêîìó âèäó îðòîãîíàëüíóþ ìàòðèöó a)

(
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6. a) Äîêàæèòå, ÷òî ýêñïîíåíòà êîñîñèììåòðè÷åñêîãî îïåðàòîðà
(
0 −a
a 0

)
ÿâëÿåòñÿ ïîâîðîòîì

íà a ðàäèàí.

b) Íàéäèòå ìàòðèöó êîñîñèììåòðè÷åñêîé áèëèíåéíîé ôîðìû, ñîïîñòàâëÿþùåé âåêòîðàì u
è v ∈ R3 îïðåäåëèòåëü ìàòðèöû, ñîñòàâëåííîé èç ñòîëáöîâ u, v è a .
c) Ïóñòü S � êîñîñèììåòðè÷åñêèé îïåðàòîð, ñîîòâåòñòâóþùèé ôîðìå èç ïðåäûäóùåãî ïóíê-

òà. Äîêàæèòå, ÷òî âåêòîð a ñîõðàíÿåòñÿ îïåðàòîðîì exp(S) .
d) Äîêàæèòå, ÷òî exp(S) � ïîâîðîò íà |a| ðàäèàí âîêðóã âåêòîðà a .


