
Ïðèêëàäíûå ìåòîäû àíàëèçà. Ëèñòîê 1. Ïðåîáðàçîâàíèå Ëàïëàñà

�åøåíèå çàäà÷ 1à,á, 2à-ä, 3à-ã, 5à-ã, 7,8 âõîäèò â íåîáõîäèìûå óñëîâèÿ ïîëó÷åíèÿ çà÷åòà è

äîïóñêà ê ýêçàìåíó. Ïîñëåäíèé ñðîê ñäà÷è ýòèõ çàäà÷ � 6 îêòÿáðÿ.

1. a) Äîêàæèòå ëåììó Æîðäàíà (èëè èçëîæèòå èçâåñòíîå äîêàçàòåëüñòâî): åñëè íà

íåêîòîðîé ïîñëåäîâàòåëüíîñòè äóã îêðóæíîñòåé |z| = Rn, Im z > a, �óíêöèÿ g(z)
ñòðåìèòñÿ ê íóëþ ïðè n → ∞ ðàâíîìåðíî îòíîñèòåëüíî arg z, òî äëÿ ëþáîãî ïîëî-
æèòåëüíîãî ÷èñëà λ ïðåäåë limRn→∞

∫

|z|=Rn,Im z>a
g(z)eiλzdz = 0;

á) Äëÿ âñÿêîãî a 6= ±1 âû÷èñëèòå èíòåãðàë ïî âåðòèêàëüíîé ïðÿìîé

a+i∞
∫

a−i∞

ept

p2 − 1
dp.

Îïðåäåëåíèå. Îðèãèíàëîì íàçûâàåòñÿ �óíêöèÿ f(t) âåùåñòâåííîãî àðãóìåíòà t, óäî-

âëåòâîðÿþùàÿ óñëîâèÿì:

(1) f(t) = 0 ïðè t < 0
(2) f(t) óäîâëåòâîðÿåò óñëîâèþ �åëüäåðà âñþäó, êðîìå îòäåëüíûõ òî÷åê, ãäå îíà èìååò

ðàçðûâû 1 ðîäà, ò.å., äëÿ âñåõ t, êðîìå îòäåëüíûõ èçîëèðîâàííûõ òî÷åê,

|f(t+ h)− f(t)| < A|h|a

äëÿ âñåõ h, |h| < h0 ïðè íåêîòîðûõ ïîëîæèòåëüíûõ A è a;

(3) f(t) ðàñòåò íå áûñòðåå íåêîòîðîé ýêñïîíåíòû, ò.å., |f(t)| < Mes0t äëÿ íåêîòîðîãî

M > 0 è âåùåñòâåííîãî s0, íàçûâàåìîãî ïîêàçàòåëåì ðîñòà f(t).

Ïðåîáðàçîâàíèåì Ëàïëàñà �óíêöèè (îðèãèíàëà) f(t) íàçûâàåòñÿ �óíêöèÿ êîìïëåêñíîãî

ïåðåìåííîãî p (èçîáðàæåíèå)

F (p) =

∫ ∞

0

f(t)e−ptdt

Îíà àíàëèòè÷íà â ïîëóïëîñêîñòè Re p > s0. Ôðàçà ��óíêöèÿ f(t) èìååò ñâîèì èçîáðàæå-

íèåì F (p)� çàïèñûâàåòñÿ êàê f(t)÷ F (p) èëè F (p)÷ f(t).

2. Ïóñòü f(t)÷F (p). Âûâåäèòå ñëåäóþùèå ñâîéñòâà ïðåîáðàçîâàíèÿ Ëàïëàñà, ñ÷èòàÿ, ÷òî
âñå ëåâûå ÷àñòè ðàâåíñòâ ÿâëÿþòñÿ îðèãèíàëàìè:

à) çàïàçäûâàíèå îðèãèíàëà f(t− τ)÷ e−pτF (p), τ > 0.
á) ñìåùåíèå èçîáðàæåíèÿ ep0tf(t)÷ F (p− p0),
â) äè��åðåíöèèðîâàíèå îðèãèíàëà f ′(t)÷ pF (p)− f(0),

ã) èíòåãðèðîâàíèå îðèãèíàëà

∫ t

0
f(τ)dτ ÷ F (p)

p

ä) äè��åðåíöèèðîâàíèå èçîáðàæåíèÿ tf(t)÷−F ′(p)

å) óìíîæåíèå èçîáðàæåíèé: f(t) ∗ g(t)÷ F (p)G(p), ãäå f(t) ∗ g(t) :=
∫ t

0
f(τ)g(t− τ)dτ .

Â êàêèõ ïóíêòàõ äîïîëíèòåëüíîå óñëîâèå íà ëåâóþ ÷àñòü èçëèøíå?

3. Íàéäèòå èçîáðàæåíèÿ ñëåäóþùèõ �óíêöèé, ðàâíûõ íóëþ ïðè t < 0, à ïðè t > 0 îïðå-

äåëÿåìûõ �îðìóëàìè:

a) f(t) = eλt cos t, á) f(t) = eλt sin t;

â) f(t) = tneλt; ã) f(t) = eAt, ãäå A− ìàòðèöà;

ä) f(t) =
e−at

√
t
, å) f(t) =

eat − ebt

t
.

4. Äîêàæèòå, ÷òî âñÿêàÿ ðàöèîíàëüíàÿ �óíêöèÿ F (p) = P (p)
Q(p)

, deg P < degQ ÿâëÿåòñÿ

èçîáðàæåíèåì íåêîòîðîãî îðèãèíàëà è ýòîò îðèãèíàë ìîæåò áûòü íàéäåí ïî �îðìóëå

f(t) =
∑

Res P (p)
Q(p)

ept.



5. Èñïîëüçóÿ ïðåîáðàçîâàíèå Ëàïëàñà, íàéäèòå ðåøåíèå ñëåäóþùèõ çàäà÷ Êîøè:

a) x′′ + 2x′ + 5x = e−t
, x(0) = 0, x′(0) = 0,

á) x′′ + 2x′ + 5x = e−t
, x(0) = 0, x′(0) = 1,

â) x′′ + 2x′ + 5x = e−t
, x(0) = 1, x′(0) = 0,

ã) x′′ + 3x′ + 2x = e−t
, x(1) = 0, x′(1) = 0.

ä) x′′ + x = ϕ(t), x(0) = x′(0) = 0, ãäå ϕ(t) = 1 ïðè 0 < t < 2π, ϕ(t) = 0 ïðè t > 2π
å) x′′ + x = ϕ(t), x(0) = x′(0) = 0, ãäå ϕ(t) = 1 ïðè 4nπ < t < (4n + 2)π, ϕ(t) = 0 ïðè

(4n+ 2)π < t < (4n+ 4)π, n = 0, 1, . . ..

6. Ïóñòü F (p) - �óíêöèÿ, àíàëèòè÷íàÿ â ïîëóïëîñêîñòè Re p > s0, ñòðåìÿùàÿñÿ ê íóëþ

ïðè Re p → +∞, òàêàÿ, ÷òî èíòåãðàë

∫ a+i∞

a−i∞
F (p)dp àáñîëþòíî ñõîäèòñÿ äëÿ íåêîòîðîãî

a > s. Ïîêàæèòå, ÷òî �óíêöèÿ

f(t) =
1

2πi

∫ a+i∞

a−i∞

F (p)eptdp

ÿâëÿåòñÿ îðèãèíàëîì, èçîáðàæåíèå êîòîðîãî ñîâïàäåò ñ F (p). Îïèñûâàþò ëè ýòè óñëîâèÿ

âñå âîçìîæíûå èçîáðàæåíèÿ?

Çàìå÷àíèå Îñíîâíîå íåòðèâèàëüíîå ìåñòî äîêàçàòåëüñòâà � èñïîëüçîâàíèå ðàâíîìåðíîé ñõîäèìîñòè

âíóòðåííåãî èíòåãðàëà äëÿ ïåðåñòàíîâêè ïîðÿäêîâ èíòåãðèðîâàíèÿ â äâîéíîì èíòåãðàëå

∫

∞

0
dt e−pt

∫ a+i∞

a−i∞
dq F (q)eqt, ãäå p, Re p > a > s0 �èêñèðîâàíî.

7. Ïîëüçóÿñü çàäà÷åé 3ã, âû÷èñëèòå ïðè ïîìîùè ïðåîáðàçîâàíèÿ Ëàïëàñà ìàòðè÷íóþ ýêñ-

ïîíåíòó eAt
äëÿ ìàòðèöû A =

(

a b

−b a

)

; ðåøèòå çàäà÷ó Êîøè x′(t) = Ax, x(0) =

(

1
0

)

.

8. Â ýëåêòðè÷åñêîì êîíòóðå ñ àêòèâíûì ñîïðîòèâëåíèåì R = 1, êàòóøêîé èíäóêòèâíîñòè

L = 4 è êîíäåíñàòîðîì åìêîñòè C = 1 ñ íà÷àëüíûì çàðÿäîì q0 = 0.5 (â íóëåâîé ìîìåíò

âðåìåíè) âêëþ÷åí èñòî÷íèê ïåðåìåííîãî òîêà, ñîçäàþùèé íà ñâîåì âûõîäå íàïðÿæåíèå

E = cos t. Âû÷èñëèòå çíà÷åíèå òîêà, ïðîõîäÿùåãî ÷åðåç àêòèâíîå ñîïðîòèâëåíèå â ìîìåíò
âðåìåíè t. Â íà÷àëüíûé ìîìåíò âðåìåíè òîê íóëåâîé.
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