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1. JIEKIu4 1. ITPEOBPA3OBAHUE JIAIIJTACA

1.1. Beegenme. Ousmpep Xesucaiin (anri. Oliver Heaviside, 18 mas, 1850 — 3 denpass, 1925) —
AHTINACKAI yUYeHbIi-caMOyYKa, WHYKEHep, MareMaTnk u (hpusnk. Brepsbie mMpuMeHNT KOMILJIEKCHBIE
qUCaa I M3YUEHHUS SJIEKTPUYECKUX Ierneil, pas3padoraj TeXHHUKY perieHus auddepeHinabHbIX
ypaBHeHnii, mepedopMyanpoBa ypapHerus MakcBea B TEpMHHAX TPEXMEPHBIX BEKTOPOB, HAIPsI-
KEHHOCTel 3JIEKTPUYECKOrO U MATHUTHOTO MOJIEH U 3JIEKTPUYECKOH U MArHUTHOW WHAYKIIWIA, U, He3a-
BHCHMO OT JIPYTUX MaTeMaTHKOB, CO3/aJl BeKTOpHBIH aHa 3. HecmoTps Ha To, uro XeBucaiia 60.1b-
Y0 YaCTh YKU3HU OBLT HE B JIa/IaX ¢ HAYIHBIM COODIIECTBOM, €ro pabOThl H3MEHUIN 00K MaTeMaTH-
ku u ¢pu3uku. B 1874 roay oH ocTaBiseT I0IKHOCTH TeerpaducTa U 3aHUMAETCS UCCTeT0BAHIIMI
YaCTHBIM TOPSIIKOM B JIOMe CBOWX pojuTeseit. B 310 Bpemst oH pa3paboTaj TeoOpuio JUHUI mepegadn
(TakzKe M3BECTHYIO Kak “resierpadubie ypaBHeHUs”). XeBHCA MaTeMaTHIecKn TOKa3aj, 9TO paB-
HOMEPHO pachpe/ie/ieHHast eMKOCTh TejierpadHOil IMHIT MUHUMU3UPYET OJTHOBPEMEHHO 3aTyXaHue u
nckazkenne curaana. Mexmay 1880 u 1887 romamu Osmep XeBucaiin pa3pabaThiBaJ OMeparnoHHOe
ncancienne (oH BBest ob6o3nadenune D st quddeperimagbLHoro onepaTopa), MeTo perenns aud-
depeHNIATBHBIX YPAaBHEHHIT ¢ TOMOIIBIO CBeJIeHNs K OOBIKHOBEHHBIM aJreOpandecKuM YpaBHEHHSIM,
KOTOPBIN TIOHAYAJY BBI3BAJ OYPHYIO MOJEMHKY M3-3a OTCYTCTBHSA CTPOroro obocHoBanmsa. Torma ox
npou3Héc u3BecTHYIO dpal3y: “MareMaTnKa ecTh HAYKa SKCIEPUMEHTATbHAS, ONPEIeTeHUs TMOSIBIg-
I0TCS TOCTAeTHUME . DTO OBLTO OTBETOM HA KPUTHKY 3a UCIOJTH30BAHUE eIé He BIOJTHE OMpeIeTEHHBIX
omnepatopoB. Oyukiusg XeBucaiiga:

1, t>0

) o0 ={ 5 170

Jaer mpocreiimuii mpuMep 0600meHHON DYHKIUN (HeyCTpAHUMBIH pa3phiB mepBoro poja npu t = 0).
Omnepanuonnoe ucuncienne = OnepannoHHbIil MeTo = CHMBOIHYIECKOE UCIUCTEHIE

XeBwucaii BBeJ caeayionuit Habop (GopMabHBIX OTepaluii HaJl CAUMBOJIOM p =
BUCUMAsI TePEeMeHHA:

z(t) =z

—, rje t — He3a-
a

x(")(t)(@p":p, n=0,1,...,
L;]; — aox(n) + alx(nfl) 4o+ a,T 2N L(p) — aopn + alpnfl et a,

! 1
/ dt' z(t') & = -z
0

p
O61acTh MPUMEHEHUsT METO/Ia XeBUCAiIa: pelleHne HAYaIbHBIX (KPAeBBIX) 3aJa4 JJist THHEHHBIX
nuddeperanbHbIX (MHTErPAJILHBIX) YPaBHEHNI.

IMpumep 1.1. Bom npumep pewenus nauarvnotl 3a0anu
2(t) —x(t) =1, z(0) = 0.

memodom Xesucatioa. Ilo yrasanmvim eviuLe NPasusaM BMECTO UPHEPEHUUAALHO20 YPAGHEHUA UME-
em aszebpauveckoe: pr — x = 1. Pewaem e2o:

1 1 1
x:—-lz—-—l-l,
p—1 pq_Z
p
popmarvro paszsazaem e2o 6 pad no 1/p:
1 1 1
T = ——|——2—|—...+—n+... -1
p P p

U noavayemces mabauukot Xesucatida menepsv cnpasa HAAEGO:

1 t 1 1 1 t 12
—-1<:>/dt:t, —-1E—~—~1<:>/tdt:—,um.d
P 0 0 2
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ymo daem

t) =t t r =e -1
x(t) = +5+"'+E+"'_6_’

Umo Ae2Kko NpoeepuIms U Henocpedcmeenno.

Ob6ocHOBaHIE CHMBOJIMYECKOTO (OMepanuoHHoro) Meroaa gano Bpomsudem n Kapconom B 20-bie
rojpl XX-ro cronerus. OHU CBA3AIM 3TOT METOJ] ¢ METOJOM HHTErpaJbHBIX MpOoOPA30BaHUil, TOUHEE
npeobpazosanus Jlamnaca (dppanmysckuit MaremMaruk, dbusuk, acrponoM, 1749-1827). Ilpu sTom p
OKA3BIBAETCSA KOMILTIEKCHBIM UUCTIOM P = Pre + iPIm-

Cxema omeparuonnoro merona. Tpebyercsa naiitn byHKIno () MeHCTBUTETHHOTO TEPEMEHHOTO
t, YIOBIETBOPSIONIYI0 HEKOTOPOMY YPABHEHUIO, COJIEPIKAIIEMY MPOU3BO/IHBIE W HHTETPAJIBI OT Hee.

1. TTepexomnm k o6pasy X (p) uckomoii dbyHKIHH.

2. YpaBHeHue Ha & NEPexXoJuT B ajarebpandeckoe ypaBHeHue Ha X.

3. Pemmaem sro ypasuenne, naxomum X (p)

4. Tlepexomum K opurnaary x(t).

(amasiorust ¢ morapudMUPOBAHEEM)

lamm Temepb CTPOTrHe ONpee/TeHusl.

1.2. OcHOBHBIE TIOHATHUS U METOABLI OMEPAIMOHHOTO MCUYMNCJICHUS.

Omnpenenenne 1.1. Opuzuraniom razvsaemes a106a4 Komnaexcnas Gynkyus f(t) eewecmeennozo
apaymenma t, YyoosaemeopAIOwas Yer08UAM:

(1) f(t) ydosaemeopaem ycaosuto eavdepa 6crody, kpome omOIeAbHOT U30AUPOBAHNHLE MOYEK,
2de ona umeem pazpuev. 1 poda (npuuem Ha KaHCOOM KOHEUWHOM UHMEPBANE MAKULT MOYEK —
KOHEUHOE YUCA0), M.€., 0Af KaHcd020 T, KPOME YKAZAHHBLT USOAUPOSAHHHLET MOUEE, Hatoymca
makue noaodcumenrvhwie Konemanmor A, a < 1 u hg, wmo evnosneno

[f(t+h) = f@)] < Aln[*

ons ecex h, |h| < hg, 2de A, eoobwe 2060ps, mostcem 3asucemv om t;

(2) f(t) =0 nput<O0;

(3) f(t) pacmem me Gvicmpee wexomopoti sxcnonenmol, m.e., |f(t)| < Me™ daa nexomopozo
M > 0 u sewecmeennozo Sy, Hasvieaemozo noxkasamenem pocma f(t) (mounee, inf).

Ecmu p(t) ynosraersopsier yemoBusam 1 u 3, to f(t) = 0(t)p(t) yaoBreTBopseT BceM TPeM YCIOBHSIM.
[IpeoGpazosanuem Jlammaca dyuknun f(t) HazpiBaeTcs (GYHKIUS KOMILTEKCHOTO MEPEMEHHOTO P
(n306pazkenue)

(1.2) F(p):/f(t)e_ptdt.

Oyuknug 6(t) — npocreiimuii npumep opuruHaia (4acTo HA3BIBAETCs eIUHUIHON (byHKIHeit). Bo-
0bIIe ee 9acTO OMYCKAIOT (3aMEHSIOT Ha 1), BCerja mojpasyMeBas BBIIOJHEHHE YCJIOBUS 2 B 3TOM
METO/IE.

Ounpenenenune 1.2. Hsobpasceruem dynrkyuu f(t) (no Jdanaacy) nasviearom Gynryuio Komnaekc-
Ho20 nepemennozo p = § + io, onpedessemyro coommowenuem (1.2). @pasa “Gynxyus f(t) umeem
ceoum udobpascenuem F(p)” sanucwsaemen wax f(t) = F(p) uau F(p) = f(t).

(ITpeo6GpazoBanme Xepucaiiga COMEPKUT JUITHAH MHOKATED P.)

Teopema 1.1. /las 6carozo opueunana f(t) uzobpascenue F(p) onpedesero 6 noaynaockocmu Rep =
s > sg, 20e 5o — nokazameav pocma f(t), u asasemea 6 Mot NOAYNAOCKOCTU GHAAUMUNECKOT PYHK-
yuet p.



JlokazaTebCTBO CJIe/IyeT U3 OIEHKH MO CBOICTBY 3:

o0

/ dt f(t)e ™| <M / dt e=(s7s0)t —
0

0

M

5— 8o

TaK YTO B YKA3aHHON 00JaCTH HHTErpa abCoTIOTHO cXoauTcesa. Kpome Toro B J1000i MOMYILIOCKOCTH
Rep > s1 > s

[e o]

/ dttf(t)e™| < M / dt te= =50t =
0

0

M

(51— 50)%

[TosTomy B s11060it oty iockocTn Rep > sg mHTErpaJi, noaydaonmiics nddepeHinpoBaHueM 1o p,
CXOJIUTCS PABHOMEPHO, HOO OH TaKzKe MarKOPUPYETCS CXOAANINMCSI HHTErPAIoM, He 3aBUCAIIAM OT P.
Urak, dyuknust F(p) B m060it Touke MOMyIIockocTn Rep > sg obaagaer mpousBoguoi. Hacto Mbr
OyZIeM paccMaTpUBATh aHATUTHUIECKOE MPOIOTKeHHe n300pazkeHuii epee npsmoit Rep = sg. Ecin
TOYKA P CTPEMUTCS K GECKOHETHOCTH Tak, uTo Rep HeorpanmueHHo Bo3pacraer, T0 F'(p) cTpeMurcs
K HYJII0 B cuity mepBoii onenkn. Orcioga caenyer, aro F(p) — 0, ecim p — 00, 0cTaBasich BHYTPH
aoboro yria —mw/2 4+ § < argp < w/2 + 0, rme § > 0 CKOJIb yTOJAHO MAaJio, IPUYEM 3Ta CXOIUMOCTh
paBHOMEpHa OTHOCHTeTbHO argp. Ecam, B wacrnocrn, F'(p) anaauTndna B GECKOHEYHO yIAJEHHOIN
touke, 70 F(p) — 0 mpu p — 00 1o J0bOMy IyTH; CJeJ0BaTeNbHO, B 3TOM ciydae F(p) nmeer HyJb
B OECKOHETHOCTH.

1.3. Obpamienue npeobpaszoBauug Jlammaca. 31eck norpedyercsa jgemva zKopaaHa.

JIemma 2Kopgpana. [lycts g(z) — dyHKINS KOMILTEKCHOTO mepeMeHHOTO z. O603HAYNM Uepe3
Cr, HEKOTOPYIO MOCJIeI0BATEIbHOCTH jayr okpyxHOcTeii: Cr, = {z : |z| = R,,Imz > a}, rue
a dbukcuposano. Ecian Ha takoit mocsaemoBarenbHocT ayr dyHKIEs ¢(z) CTPEMHUTCS K HYJIIO TIPH
n — 00 PAaBHOMEPHO OTHOCHUTEJBHO arg z, To Jijis Jiroboro o > 0

(1.3) lim [ g(2)e"**dz=0
R—o0
Cr

Teopema 1.2. Ecau dynxyus f(t) asasemea opuzunarom u F(p) cayotcum ee usobpasiceruem, mo
6 a0boli mouke t, 2de f(t) ydosaemesopaem ycaosuro Leavdepa, cnpasediuco pasencmeso

a+i0o
(1.4 16 =5r [ e Fo)

2de unmezpan bepemcea 6doiv aobotli npamoti Rep = a > sg u noHumaemcs 6 cmuicie 24461020
3HAYEHUA HA OCCKOHEUHOCTNU.

Mpubr npuBejiem 3j1ech, pakTHIeCKH, HAOPOCOK JI0Ka3aTe/ibcTBa TeopeMbl 1.2, ommyckasi HEKOTOPBIE
Jetann. MaTeMaTHIecKu CTpOTroe 1 MOJTHOE JOKA3ATeIbCTBO U3I0KEHO0, HalpuMmep, B § 1, . 79 KHurn:
M.A./TaBpentbes, B.B.Il1adar “MeTtoabl Teopun GbyHKIMNE KOMILTEKCHOTO TepeMeHHoro”, ri. VI

Paccmorpum nnTerpadt

1 a+ioco ot
(&

Jt) =— [ dp=—,

(t) 2m’/ P

B34THIH BIOMb mpsaMoit Rep = a > 0, npoxogumoit cuu3y BBepx. O6o3znaunM emie depe3 Cr u Ch
9acTH OKPY’KHOCTH |p| = R, Jezkaliie cOOTBETCTBEHHO CJIeBa 1 cripaBa oT npsivmoii Rep = a, a vepes
a—ibu a+ib — xounsr gyr Cg u Cf, T.e. TOYKH HEPECEUeHNs] OKPYZKHOCTH ¢ MPSIMOil p = a (HyzKHO
C/IeJTaTh PHCYHOK).



[Iycts t > 0; Tak Kak 1/p — 0 mpm R — 00 pPaBHOMEPHO OTHOCHTETHHO argp, TO IO JIEMMe
7Kopaana nmeem:

ePt
lim [ dp— = 0.
R—o0 p
Cr
Ho o Teopeme Kot o Beruerax:
a+ib " "
er eP
/ dp—+/dp— = 2mi,
p
a—1b Cr
MO3TOMY B Tpejese npu R — 0o moaydaem, 9To
a+ib
L a1
1.5 J(t) = — lim — =
a—1ib

npu ¢ > 0. Anasormuano nosrydaem J(t) = 0 npu ¢ < 0, me.: J(t) = 0(t), em. (1.1). Jamee, mbr nmeem:

a+100

1 er(t=) 0, t<T
a Torja g ‘CTylmeHbKH’
1 a-+io0 tefpﬁ . O, t < T
Ot —m) —0(t — ) = — dpeV'— =< 1, n<t<mn ,
211
a—ico 0, m<t

re 71 < To. [IpenosoKuM, 9To TpON3BOIHHbI opuruHa f(t) nveer KoHedHbI# HOCHTETh. Pazobbem
ero Ha WHTePBAJIbl 1. TOYKAME T1, . .., T, W npuoansnm f(t) crymendaroii dyHKumeii:

P02 S F)B — ) — 6t — )]
k=1

B cuity npeapbiayiiero paBencTsa Toraa

a+ioco
e_ka — e_ka:-l»l

% / dpepth(Tk) p =

12

()

a—100 k=1
1 a+i00 n—1
_ pt —pT, /
=5 / dpe (Z fme)e PA Tk> :
a—100 k=1
rae
1 — eP(Te—Th41)
AITk = —6

b
Takum 06pa3om, B pejie/ie, Koraa TOUKHI Ty, 3aTOJTHSAI0T Bech nHTepBaJ n Bece A1, — 0, MBI TIOIydaem

HNCKOMO€ BbIpazKeHHe OpUTrhnHaJIa Yepe3 ero I/I306p&)KeHI/Ie

a+ioco 0o
]‘ —pT
f(t) = 57 / dp e?* /dT f(r)e™®
a—1i00 0

JloKa3aTeIbCTBO TS MPOU3BOILHOTO OPUTHHAA MOXKET OBITH MPOBEIEHO MOCPEICTBOM IpeIebHOrO
IepexoIa.

Jluteparypa x neknun 1: M.A.JlaperTbes, B.B.I11abat “Meroas! Teopun GpyHKINNE KOMILTEKCHOTO
nepemennoro”, 1. VI.



2. JIEKIIuS 2

2.1. Eme oxna (popmysimpoBka TeopeMsl obpartenus. Mbr qokazasm, aro opurnaas f(t) Bros-
He OTpeJIesIsieTcs CBONM n306pazkennem F'(p) ¢ TOYHOCTHIO [0 3Ha4YeHW B TouKax paspbiBa f(t). B
caMoM JieJie, 10 JIOKa3aHHOMY 3HaYeHne OPUTHHAJA B TOYKE ero HeMPEPHIBHOCTH BHIPAYKAETCS Yepes3
n3o6pazkenne F(p), a 3HaYeHNWs] ODUTHHATA B TOYKAX Pa3pbiBa, OYEBUIHO, He BJIUSIOT Ha W300pazke-
HUe.

Teopema 2.1. Ecau ¢ynryus F(p) anarumuuna 6 noaynaockocmu Rep > sg, ecmpemumes k Hyao
npu |p| — oo 6 a060t noaynaockocmu Rep > a > o pasHomepro omHuocumesvho argp, U UHmMe2pas

faHOO dp F(p) abcoatommo crodumea, mo F(p) asaaemea usobpasicenuem dynryuu f(t), dannot 6

a—100

(1.4).
JlokazarenbcTBo. PUKCHPYeM HEKOTOPOE THCIIO Py, Repy > a, Torma u3 (1.4) cremyer:

0o a+1i00

1 o
/dt e P f(t) = 3 /dt e Pt / dp e’ F(p)
0

0

—1300

Tak Kak BO BHYTpPeHHEeM HHTerpaje p = a-+io, dp = ido, To MOKHO BBIHECTH 3a €To 3HAK MHOKITED
e, Jlanee, cipaBejinBa OIEeHKa

a+100 +o0 +o0

e Pot / dpeptp(p) Se(aRepO)t/dU|F<CL+iU)‘ < /dO’|F<CL+ZO’)|

a—100 —00 —00

Taxum 06pa3zoM 3TOT UHTErpaJsl CXOAUTCSI PABHOMEDHO OTHOCUTEIHLHO t, U, CJIEJ0BATEIHHO, B MPE/IbI-
aymieit popMysie MOXKHO U3MEHUTH TOPsIJIOK WHTerpupoBanus. Mbl mosydaum:

00 a+1i00 00

1
dte ™ f(ty=-— [ dpF dt e®P0)t =
Jaterisw =5 [ avrw) |
0 a—100 0
1 a+1i00 r
_ 1 / dp (p) .
2ri ) P p—no
I[To yciosuio Teopemsr na gyre okpyxuoctn Ch: |p| = R, Rep > a, nvmeem max |[F(p)| — 0 upu

R — o0, caepoBaTenbHO,

F
/dpi(p) —0
P — Do

R

B 3ToM 1peaene. CaeaoBaTeabHO

oo

/ﬁfmﬂﬂzﬂm%

0

aTo 1 TPeGOBAIOCh Jlokasarh. damee, u3 (1.4)

+oo
at
#01 < 5 [ dolF(aio) = e
m

TaK 4TO W YCJOBUE 3 TaKyKe BbITOJHsAETCA. Ha npoBepke ycjioBus 1 Mbl He Oy/JeM OCTaHABIMBATHCS.
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2.2. Ilpenenpusie coorHomtenusi. Ecm f(t) u f'(t) — opurunanst, f(t) = F(p), To
lim pF(p) = f(0),
pP—00

rIe p — 0o BHYTpH yriia |argp| < w/2 — ¢, npu mHekoropm 0 > 0 u f(0) — mpemen cupasa. Ecau taxke
cymiecTByeT limy o, f(t) = f(00), TO

lim pF'(p) = f(o0),

p—0

riae p — 0 BHyTpH TOTO Ke yTJia.
Jlokazarennscrpo. Ilyers f(t) auddepennupyema. Torma mepBbiii mpesest ciemyer U3 CJeLyonnx
PaBEHCTB:

Qe Pt

@) P =p [ aeri = [ i = po+ [ s

U TOCJeIHUI WHTerpa ucuesaer npu p — oo. Ecan dyaknus f(t) we muddepenmupyema, 1o ee
CKOJTBKO YTOIHO TOYHO MOYXKHO MPHOIU3UTDL AudDepeHnupyeMoii, mocIe 1ero IpoxXoauT TO Ke JOKa-
3aTeabCTBO. JIJIs1 TOKA3aTebCTBA BTOPOTO TPEea 3aMEeTHM, 4TO cyinecTBoBanue limy, ., f(t) Bie-
der orpanndeHHocth (yukmuu f(t). Iosromy s = 0 u mocsennuii uarerpan B (2.1) cymecrsyer
npu Jrobom p, Rep > 0 um cymecrByer npu p = 0. B ykazaHHOM B yCJIOBHW YTJIy OH CXOJIHUT-
Csl paBHOMEPHO 1O p, Tak 4ro B (2.1) MOxKHO mepeiitn K mpejgeny p — 0 B 9TOM yriiy, 9TO Jaer

Jo o dt f'(t) = lim, o pF (p) — f(0).

Bameuanne 2.1. [Toayuennoe acumnmomuueckoe nosedenue NoKasbieaem, 4wmo npu 00Ka3amens-
cmee mozo, wmo pF(p) — f(0) umeem ceoum opuzunarom f'(t) no dopmyae

a+100
1
'"(t) = — dp e (pF(p) — (0
Fit) =5 pe” (pF(p) — f(0))
a—100
nocAeorul urmezpan Heabv3A pa36ueamb Ha a6(],, a meﬁyem 3anuculams Kak
a+ioco

a+i00
d
% dp pe” (F<p> - %) = 52%. dp e (F(p) - %) _

a—1i00 a—100

(6 npednonosiceruu, wmo moscho duddepenyuposams nod 3HAKOM UHMEZPAQ)

d
= () = (b)) = f(1)  npui>0.
2.3. CsoiicTBa nmpeobpaszoBanusa Jlammaca. [Ipocreiimie npeodbpa3oBaHus:
1 1
(2.2) 1 = — npeobpa3zosamue 6(t); Pt =
p P— Do

Hanee oboznagaem: f(t) = F(p), g(t) = G(p) u T.1.

I JTuneitnocts: af(t) + Bg(t) = aF(p) + BG(p).
IT ITomobue: mst moboro mocrostanoro a > 0 umeem: f(at) # éF( ).
(¢

IIT Ecan dbyukuns f(t) manpepsisaa npu t > 0 u f'(t) (wimn
f'(t) = pF(p) — £(0),
FU) = Fp) =p"f0) = "2 f(0) = = f7D(0),

te f9(0) = im0 FO(2).
IV duddepennunposanne 1/1306pa>KeH1/15[ F(”)( ) = (=t)" f(t).
V UurerpupoBanne OpurnHaia; fo T)dT = F(p)

)) SIBJISIETCST OPUTHHAJIOM, TO

Ecan f(t) — opurumas, To Jierko BuieTh, 9to ¢(t) = fg dt f(t) TakIKe SIBJSIETCST OPHTHHAJIOM.

Toraa mo III f(t) = ¢'(t) = pG(p) (yum, uro 9(0) = 0). Orxyna, f(t) = F(p) = pG(p),
OTKYyZa CJeAyeT pe3yabTaT.



VI UnrerpupoBanne m3obpakenns. Ecan uaTerpas fpoo dp’ F(p') cxopurest, TO OH CIyKUT M300-

paxkenunem dyuxiyn f(t)/t:

t

T.e. HHTEIPUPOBAHUE N300PAKEHUS paBHOCI/IJIbHO JleJIEHWIO OpUTHUHAJA Ha t.

IO~ [ ewn,

JlokazateascTBo. Vimeem: f dp’ F(p f dp' [;° dte 7" f(t). IlycTb myTh HETErpupoBa-

Hus (p,00) BECh JIEKUT B HOJ‘IyHJ‘[OCKOCTI/I Rep > a > sy. Torma

/ dte P f(t)| < M / dt e~(a=s0)t,
0 0

qTO AJOKa3bIBa€T PaBHOMEPHYIO CXOAUMOCTH 9TOTO MHTEI'PpaJia OTHOCUTE/ILHO p/. HOSTOMy MbI

MO2KEM U3MEHUTH MOPAJOK MHTErpUPOBaAHUA:

[ rwn = [T aentD

OTKy/Ja caeayeT yrBepzxkaenne. OTCoaa XKe caeayeT CXOAUMOCTh MOC/TeTHer0 NHTerpaa.

VII Teopema 3amazapiBamus. s moboro 7 > 0: f(t —7) = e*pTF( ).
VIII Teopema cmemenus. s 100010 KOMILIEKCHOTO Py: epot f(t) = F(p— po)-

PermnM B KauecTBe pUMepa HAYATHHYIO 3a/1a9y:
() —xt)=1, t>0,
z(0) = .
[Tepexosist K n306pazKeHUsIM, HMeeM:
14z
p—1

1 1 Zo
2.3 p—1)X(p) —x9g=—, Te. X(p) = + , mma X (p) =
Bosspamiasich k opurunasam no (2.2), morydaem:
(2.4) z(t)=(1+zp)e' =1, t>0,

9T0 0000IIaeT Pe3yIbTaT, KOTOPHIH Mbl UMEJIN M0 MeTOAy XeBucaiiaa.

SR

JIuteparypa k Jleknunu 2: M.A.JlaBpentren, B.B.I11abar “Metoapr Teopun dbyHKIME KOMILIEKCHOTO

nepemennoro”, rii. VI.
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3. JIEKIIus 3.

3.1. Ceeprka dysaknuit. /[jig gaabHeiinero nam norpedyercst nousitue cBeprku pynkunii. CBept-
koit dyuxmumit f(z) n g(r) naseiBaercs GyHKIws

(3.1) (f * 9)(x) = / dy f(z — 4)g(y),

ecJIM JIAHHBII UHTErpaJl CyIecTBYeT. B 9TOM mpeano/ioKeHnn yKaKeM TpoCTeifInme CBOWCTBa CBEPT-
KH.

(1) Creprka JmHeiiHA 10 KaKIOMY apryMeHTy.

(2) Creprka KommyTaTuBHa: f* g = g * f.

(3) Hucrpubyrusuocts: f* (g+h) = f*xg+ f xh.

(4) Accommarusroctn: fx(gxh) = (f*g)*h. Tpebyer aist cBoero 10Ka3aTeILCTBA CYIIECTBOBAHMUST
U TIePECTAHOBOYHOCTH BCEX MHTErPATOB B (DOPMATLHON BHIKIAIKE

(f * (g % b))(x) = / dy f(z —y) / dz gly — 2)h(z) =

:/dz (/dyf(x—y)g(y—Z)) h(z) =
= [t ( favse === vpatw) ) nte) =

_ / d=(f = g)(w — 2)h(z) = ((f * g) = h)(x).

3.2. CBeptKa, Teopema Bopenas n uaTerpan loamesisa. CBepTka 3aBeOMO CYIIECTBYET, €CJIN
dbyHKIN — opurnHAJHL Jis Tpeobpa3osanus Jlamraca. Torma, kak ciaeayer u3 coiictsa (2) opurn-
HaJIa

t ¢

32) (F+)0) = [ dr e = 7)g(r) = [ dr f(r)ge =),

9TO OINpeJIeTIeHo B CHITy cBoiicTBa (3) m obpamaercst B Hosth npu ¢ < 0. [Tycrs sg — wanbobinee u3
nokasareJseil pocTa OPUTHHAIOB, TOTIA
t
/ dr esoTeso(t—T)
0

[ it =)

T.€. TAKOIl MHTErpa UMeeT MOKA3aTelb Sy + €, TIe € — JI000e CKOJb YTOIHO MAJIOe IOJOKHATETLHOe
gncno. [TokazkeM, 9To CBepTKa JIBYX HM300paykeHHil yIOBIeTBOpgeT yciaoBuio Lenbnepa. leiicTBu-
TeJIbHO, TOCKOBKY f(t) m g(f) yIOBAETBOPSIIOT BCeM TPeM CBOMCTBAM M300payKeHHil, CIPABEITHBEI
CICAYIOIINE OICHKH:

[(fxg)(t+h)—(f+g)t)|=

t+h

_ / dr f(t+h—7)g(r) + / dr[f(t+h—7)— f(t—)lg(r)| <

t

<M = Mte™",

t+h t
< M, M, / dr €(t+h—r)sl+rsg + |h,|aA(t)M2 / dre®?” < |h|alA,,
t 0

rae |h| < hy ns HeKoTophIxX HOBBIX KoHCcTaHT o', A’ m hg, tae A’, Boobie ToBOpsi, MOYKeT 3aBHCEThH
ot t. Uto u joka3biBaeT CBOWCTBO [esibiepa Jijist CBEPTKH.
Tereph MBI MOYKEM JIOKA3aTh TeOpeMy yMHOXKeHus1 (Teopemy Bopesst):
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Teopema 3.1. IIpoussedenue deyx usobpasicenuti F(p) u G(p) makroce asaaemes uzobpasrcenuem,
npuuem:

F(p)G(p) = (f x9)(t).

JlokazarenscTBo. s m300pazkeHns CBEPTKIA UMEEM:

/t dr f(r)g(t —7) = /Oo dt e P! /t dr f(m)g(t — 7).

0 0 0
CrpaBa 31ech CTONT JABYKDPATHBI WHTErpaJ MO CEeKTOPY IJIOCKOCTH (t,T): WHTErpHpOBaHWe MO T
Begercs B mpeenax or 0 1o ¢, a 3arem mo ¢ ot 0 10 co. Tak kak npu Rep > sq (so — Haubosmbmmii u3
noKasaresieii s; U Sg) TOT ABYKPATHBI MHTErpas abCOTIOTHO CXOANTCS, TO B HEM MOXKHO H3MEHWUTh
MOPSAIOK MHTErPUPOBAHUSIM, U MbI TOJyUnM (3aMeHss ete ¢ Ha tp =1 — T):

/Othf(r)g(t_r) = /OOOde(T) /Oodte—ptg(t_T) _

- /0°° dre "7 f(7) /000 dtye™g(t) = F(p)G(p),

4TO U TPebOBAJIOCH J0Ka3aTh. Teopema Bopesst yTBepKaaer, 9To yMHOXKEHUE N300parKeHuili paBHO-
CNJIBHO CBEPTHIBAHUIO OPUTMHAJIOB.

B npuIoskeHusX MoJIe3Ho CIeJCTBUE TEOPEMbl YMHOKEHWs, KOTOPOE OTHOCUTCH K CJIyvalo, KOTJa
Ha 10 Haiitn opuruuas mpoussenerus pL(p)G(p). [loas3sysacs npasunom muddepennupoBanus opu-

rurana u (3.1), umeem pF(p)G(p) = —(f * g)(t) + (f * g)(0), rae nmocaeauuii YieH paBeH HYJIIO MO

=
(3.2). Torma, nnddepennnpysi cBeprTKy, noayiaem dpopmynay (uarerpasn) Troamens:
(3.3) pE(p)G(p) = f(0)g(t) + (f"* g)(t).

B CNJIy CUHMMETPpUN CBEPTKU UHTETrpPa.Jl ,Z[IO&MG.HH MOZKHO 3aIllNCaTh TaK>Ke KaK

pF(p)G(p) = f(0)g(t) + (g * f))(1),

a nepecraBysist F' < G, monydaem

pE(p)G(p) = f(t)g(0) + (¢"* f)(t) = g(0)f(t) + (f * ¢)(1),

CrpaBeuBa TakzKe TeopeMa JBOWCTBEHHAs TeopeMe YMHOKEHUS.

Teopema 3.2. ITycmo danwve dsa opuzunana f(t) u g(t) ¢ nokasameaamu pocma sy u So. Mx npous-
sedenue maksice ABAACMCA 0OPULUHANOM, NPULEM
a+io0

F0et) = — [ dqF@Gw—a).

omi

a—100
2de a > s; u Rep > sy + a.

JlokazarenpcTBo. B camom nerte, mpoussesenne f(t)g(t), 09eBUIHO, YIOBIETBOPSIET YCIOBUSIM TSI
OPUTHHAJIOB, TIO3TOMY I €r0 H300parkKeHns IMeeM

F()g(t) = / e F(0g(0).

0
BosbmeMm a > s; u 3amennm f(t) mo dbopmyse obparieHust:

a-+io0
1 > _
Fat) = 5 [ ae] [ et § et -
a-+io0

:% / dq{F(q) /0 Oodte_(”_q)tg(t)},

a—100
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e IIepeCTAaHOBOYHOCTL HHTETPAIOB CJIeIyeT U3 HX paBHOMepHOii cxogumocTn. [Tomaras Rep > sy+a,
nosrydaeM 9o Re(p—q) > so, nockosbky Re ¢ = a. TTosromy BryTpennoii narerpas pasen G(p—q).l

3ameuanue 3.1. o [lockoavky a MOHCHO 83AMb CKOAD Y200HO DAUSKUM K S1, MO U3000patce-
nue gynryuu f(t)g(t) onpedeserno 6 noaynaockocmu Rep > s, 2de s = s1+ sy — nokasamens
pocma amoti GyrHKUUL.
o (npasediuso maksce paBeHCMBO CUMMEMPUYHOE YKAZAHHOMY 6 POPMYAUPOBKE MEOPEMDBL:

b+ico
1
fD9(t) = o— | dd' F(p—q)G(d),
v
b—ioco
20e b > so u Rep > s; + b. Jleticmeumenvro, noaosicum ¢ = p — q, moz20a no Ycio6uio

meopemovr Req > sy +a —a = so. Obosnanwum: Req = b, mozda b > sy, wmo daem nepeoe
yceaosue. Janee, onamo sice no yeaosuro meopemv, Re(p—q') > s1, a mozda nosyuwaem Rep >
s1 + b, m.e. emopoe ycaosue.

IIpumepsnt
CaoiicTBo 1 (THHEHHOCTD) MO3BO/IAET HAXOAUTH MO (2.2) Takme Mpeobpa30BaHUs, KaK

) ezwt efiwt . 1 1 1 w
sinwt = ————— = — — = . = 5 3
21 20\p—iw pHtiw p? + w?

coswt = Zﬁ’ sinh wt = o cosh wt = = fwz
Croiicro IV nossosster moayunts no (2.2)
- n! e n!
e N e
a W3 MPeIbLIYIX (HopMyT
2 2
tsinwti(pffi(:w, tcoswt#ﬁ,
B cuny (2.2)
ebt_eat:L_ 1 ’
p—b p—a

tak uto 1o CroiictBy VI, mosyuaem

u#/dp' 11 S
t p—b p—a p—>b

p

AHATOTHYIHO TPeIbIAYIEMY TpUMepy 0 H300PaKEeHUI0 CHHYCA MOy IaeM:

o0

sint dp’
— = T p’2 = arcctg p.
p

[Tpumensist cBoiicTBo V, Haiijem n3o0OparkeHne WHTErPAJIHLHOTO CUHYCA,

) /t sint | arcctgp
sit = =
o ¢ p
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3.3. HauanbpHuble 3agauu A1t OOBIKHOBEHHBIX Aud depeHnnaJibHbIX YPABHEHU I CUCTEM.
[Tycts 3aman guddepennuaabablil OnepaTop ¢ MOCTOSTHHBIMU KO DUIMeHTaMu MOpsiIKa 1

I dr N dnfl N N
=a—+a——+...+a,.
Cdtn T den—T
Tpebdyercst pemuTh HAYAJIHHYIO 3a/1a9Y
(3.4) Lx(t) = f(t),
(3.5) z(0) =z, 2/(0)=x1,...,2"7V(0) = 2,1,

npudem ag # 0, u f(t) u z(t) BMecTe cO CBOMMHU MPOW3BOJAHBIMU JIO M-TO MOPSAIKA CYTh OPUTHHA-
aei: F(p) = f(t) X(p) = z(t). Torma, mo npaBuny mnddepeHnpoBanus 1 JTHHEHHOCTH MOTYYAeM
onepaTopHoe ypaBHEeHUE:

(agp” + ar1p™ ' + ...+ an) X (p) = F(p) + zolaop" " + a1p" > + ... 4 ap_1)+
+ $1(Clopn_2 + a1pn_3 +...4+ay, o)+ -+ xH8100,

T.€.
A(p)X(p) = F(p) + B(p).
Orcioga
X(p) = F(p) + B(p)
A(p)
MozHO moKa3aTh, 9To pernrerne (1) MOCTABIEHHON 3a1a9i BCEr/Ia CYIIECTBYET W SIBJISIETCS] OPHUIH-
raaom X (p).

Paccmorpum nipumep: permuTh ypapHenue x” — r = 1 n1pu NpOU3BOJILHBIX HAYAJIBHBIX JAHHBIX. 110
CKa3aHHOMY

1 1
X(p) = 2 _ 1 (Z_?+:L‘Op+x1) )
tak 910 z(t) = (1 4 2¢) cosht + xy sinht — 1.

Bepremcs k 3ajgade (3.4) ¢ HygeBbIMEH HadaabHbIME yeaoBusamu (3.5). [IycTh n3BecTHO perenue

x1(t) ypaBuenust Lx(t) = 1 TakKe ¢ HYJTeBBIMH HAYATHHBIME JAHHBIMA. TOrIa MMeeM:

AP)X(p) = F(p),  Ap)Xa(p) = ;

orkyaa X (p) = pXi(p)F(p). Hosromy, no dopmyse dwoamverns (3.3)

:L’(t):/o dr 2y (t — 1) f(7).

Takum obpazom ) (t — 7) — dbyrknus I'puHa paccmarpuBaeMoi 3a1atm.

Mper BuguMm, uro dyukius ['prura HavaabHOl 3agaqdn (3agaun Kormm) ¢ HyJeBbIME HAYAJIbLHBIME
YCJIOBUSIMU JIJIs JIMHEHHOTO AuddepeHnnaaibHoro onepaTropa ¢ MOCTOAHHBIMU KOI(MDMUITUEHTAMU CY-
mecTByeT, paBua () ipu ¢ < s, 3aBUCUT OT pa3HOCTHU t — s pu s < t u 3ajaercs popmysioit lroames.

Jluteparypa x neknun 3: M.A.JlaperTbes, B.B.I11abatr “Meroas! Teopun GpyHKINNE KOMILTEKCHOTO
nepemennoro”, 1. VI.
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4. JIEKIIUA 4

4.1. 'paamunbie 3agaun u nx dysaknun I'puna. [lepeiiem K paccMOTpeHNIO TPAHUYHBIX 33124,
npudeM Mbl He OyJieM TpeJnojaraTh, YTO paccMaTpuBaeMblie (DYHKIIMM — OPUTHUHAJBI JIJIs TTPeodpa-
zosanusg Jlamnaca. [lycrs L — qudppepennuanbubiii onepaTop n-ro mopsiika

L = aola) e + (@) o 4+ ana)
e = a0(¥) o+ an (@) e an(2).
Paccvorpum 3amaay
(4.1) L.f(x) = g(z), a<x<b,

rie a u b KOHeUHBI, a Bce 3amaHuble byHKunu a;(x) u g(r) rmagkne u auddepennupyemse HyxK-
HOe YHCJIO pa3, npudeMm ao(x) He obparmaercss B HOMb pu = € [a, b]. [Ipeamosarasi cymiecrBoBanne
pernenust, 6yaeM HCKaTh ero jis Jioboit dyskmn g(z) B BHIE

T b
(4.2 f@) = [ dyGtwn)ato) + [ dyG-e.v)otw
rie Gy (z,y) n G_(x,y) — rmagkue n pa3 auddepennupyembie Gynknnn . OueBuHO, 9TO
T b
F(@) = G 0)g(a) = G-(a2g(o) + [ dyGlz,n)glo) + [ dyG (w.)g(o),

rie Gy(z,x) = Go(x,x — 0), G_(z,x) = G (x,z + 0), u MITPUX O3HAYAET NMPOM3BOIHYIO 1O .
Ecaun n > 0, To npu noxacranoske B (4.1) mMbl nosyunm nponsBognyto dbyaknnu g. [Tosromy sror
WIeH CJIeyeT 3aHyIuTh, HAT0KuB yeaosue Gy (r,x) = G_(z,x), a < z < b. Jlanee, mo WHIYKINH,
HOJIyYaeM, YTO MBI JOJIZKHBI HAJOXKUTEL YCIOBUI

(4.3) Gf)(x,x):G(f)(:c,x), k=0,...,n—2,
gro gaer nipu k=0,1,...,n—1:

¥ () = /dyGf)(fc,y)g(y)+/dyG(_k)(w,y)g(y)-

a

Torma
() = (GVV(z,2) — G V(,2)) g(2)+

x b
+ [ a6 @t + [ A6 e 0)otw)
[Moncranoska B (4.2) maer:
L.G (x,y)=0, a<y<z<b,
L.G_ (z,y)=0, a<z<y<b,
1
ao(r)

Taxum o6pa3om MbI TOCTponin (PyHIAMEHTAJTBHOE PEMIEHNE PACCMATPUBAEMOIT 33/1a4H, T.€. TAKOe
perrreHne, Yepe3 KOTOPOe BhIpayKaeTcs J000e IpyTroe:

ngl_l)(x,x) - G(,n_l)(x,:p) =

(4.4) f(z) = /dy G(r,y)g(y),  Gz,y)=0(r—y)G(z,y) + 0y —2)G_(z,y).
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Hanoxus Ha Hero HeoOXoaUMble TPAHUYHBIE YCJIOBUS, MBI morydaeM pyHKuoo ['puna. Beumy
(4.3) dynxmus G(z,y) u ee nponssogusie GF(z,y), k = 1,...,n — 2, HenpepbiBHbI “Ha JuAroHa-
i’ y = x. [Ipu 3rom n ycaosmit na G u G~ yxe Gbnm Hasaoxkenbl. OcraeTcss HAJIOKWUTH eIe 7
IPAHUYHBIX YCJIOBHUI.

b
Urax, mbr Buaum, aro L, [ dy G(z,y)g(y) = g(z), r.e., Bce BMecre naer hbyHKIMOHAI, 0TOOparka-

ot (pyHKIHUIO B ee 3HAUEHUE B HEKOTOPOU TOUKe, ABISIONIEHCS mapaMeTpoM 3TOT0 (DyHKIIHOHATIA.
Takoii pyHKIIOHAT OBLT BBeJeH IupakoM n Ha3BaH J-(DYHKIHel, TpIIeM OH IMOAPA3yMeBaJT IMEHHO
“mHTErpasbHy0” OPMY 3aTUCH:

(4.5) /d:c o(z)f(z) = f(0).
Torma HOIy49eHHBI BBIIIE Pe3yIbTaT MOXKHO 3aIHCAThL KaK
(4.6) L,G(z,y) =0(z —y).

4.2. Paapt @ypbe (manomuunanme). Hanomunwm 371ech HEKOTOpBIE (haKThl U3 Teopuu psijaoB Dy-
pbe. Ilycrh 3amana dyukius f(r) € Ly ua unrepBane [—7, 7]. Sagaaum koaddunuentsr Oypoe
paBeHCTBAMUI

™

1 )
4. - —ikx
(4.7 ) = o [ da sy
u conocraBnM dyukiun f(z) ee psix Pypre
+oo
(4.8) f(z) ~ Z cpe®?.
k=—o0

—+00

n=—oo

B cuny nepasencrsa Beccens ["_dx|f(x)]* > 2n ) |cx(f)]? monaTHO, uTO He KaxKaasa GyHKIUA,

a7s KoTopoit pss (4.8) cxomurest, npunaaiexkut Lo. Hampuvep, pam Y oo k~Y2sinkz cxonutes,
o

HO pax » . -,k pacxomurcs. Kommoropos mocTpoma mpuMmep BCiOy pacxoxdmierocs psaga Pypbe

ais f € L[—m, 7], a MeHbIIOB — mpuMep psijia ¢ HeHyJIeBbIMH KO3(hDMUIUEHTAME, CXOMSIHNACT K

HYJIIO IIOYTH BCIOAY. 1109TOMY 31€Ch, JJIg MPOCTOTHI, MBI PACCMATPUBACM CXOIUMOCTH TOJBKO B Lo

(CXOMMMOCTH B CPeJIHEM), T.e. [0 HOpMe

(4.9) 1f (@)l =

KOF,ZLa MBI TOBOPUM O CXOAUMOCTHU, Mbl UMeeM BBUAY CXOAUMOCTD PAda YaCTUIHBIX CYMM DA CDypbe:
+n

(4.10) Sp(x) = Z cpe®®,

k=—n

B ToM cmbicae, uTo || f(x) — S,(x)|| — 0 mpu n — oco. Vmeer mecto

Teopema 4.1. /s 110600 Komnaekchosnawnol gynkyuu f € Ly[—m, 7| pad @ypve (4.8) cxodumes
K Hetl 6 cpedHem

+o0
(4.11) f(z) = Z cre™,
k=—o00
NPUYEM 6bITIOAHEHO PAGEHCINEO Hapceea/m.‘
+o0o
(4.12) If @) =2 D Jen( )P

n=—oo
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[Toceree paBeHCTBO SKBUBAJIEHTHO MOJHOTE U OPTOHOPMHUPOBAHHOCTH HAGOPA TPUTOHOMETPHYIE-
ckux ynkmmit e, n =0,+1,+2, ...
Pacemorpum mpumep. Ilycrs dynknus f(z) 3agana va naTepBate —m < x < 7 Kak
2

T
4.13 = _Z
(1.13) f =12
¥ TIOBTOpEHa Trepuoandecku ¢ nepuogom 27. [To (4.7)
T n=
_ 6’ Y
cn(f) = _qyn
(f) - (27_‘_171)2 P n % 0.
T 1 (_1)nemz
4.14 T .

n#0

Pazjioxkenne mepuognveckoii pyHKIuUN (CUrHAIA) B CYMMY MPOCTBIX TAPMOHUYECKHUX KOJeOAHMUI
HA3BIBAETCA TapMoHHYeCKHM aHaan3oM ¢yuknuii. Kosdpdunnenter Pypbe HA3BIBAIOTCA CIIEKTPOM
dbyukmun (wiu curaana). Tak 9To nepuoguveckas (PyHKIHMS UMeeT JUCKPETHBIH CIeKTD.

4.3. IIpeobpaszoBanue @Pypbe u nuarerpaa Pypswe. IIpeodpazopannem Oypwe byuknun f: R —
C nmasbiBaercst

(1.15 W =0 = [ des@et, kem

—0

B TIPEJIOJOXKEHNUH, 9TO 3TOT WHTErpaJl CYIIECTBYET, MO KpaiiHell Mepe B CMBICIIe TJIABHOTO 3HAYEHUS
Ha Oeckoneunoctu. Hampumep, ecim f — abcomorHo wHTErpupyema Ha R, TO WHTErpas CXOIUTCS
abcosoTHO 1 paBHOMepHO 10 k Ha Bcem R. CoOTBETCTBEHHO, COMOCTORJISIEMbI [ WHTErpaJ

(4.16) f() ~ / " dk flk)yet,

e}

TaK Ke NOHHUMAaEeMBbIil B CMBICJIE€ TJIABHOTO SHaY€HUd, HA3BIBAECTCA NHTEI'PpaJIOM CDypbe.

Jlemma 4.1. Ecau dynxyua f na R aokasvno unwmezpupyema u abcosromno urnmezpupyema na R,
mo ee npeobpasosanue Dypve f( ) onpedeaeno u menpepvisno npu abom k € R, sup, \f( )| <
o [dz|f(z)| u f(k) — 0 npu k — oo.

JloKazaTeTbCTBO HENMPEePBIBHOCTU CAEAyeT U3 PABHOMEPHOIl CXOIMMOCTH, a YObIBAaHHE U3 JIeMMBbI
Pumana:

JIemma 4.2 (Jlemma Pumana). Ecau dynkuyua [ aokarvno u abcortommuo unmezpupyema (603modic-
HO, 8 HecobemeenHoM cmuicae) na unmepsane (a,b), mo

b
(4.17) / dz f(x)e™™ — 0, npuk — oo, k€ER.

Tenepb MOXKHO JJOKA3aTh TEOPEMY O JOCTATOYHBIX YCJIOBUSX CXOAMMOCTH wHTerpaia Pypbe B TOU-
Ke.

Teopema 4.2. [Tycms na R 3adana abcorrommo unmezpupyemas Gynrkuyus f, KycouHo nenpepuleta
Ha KaHCIoM Koneunom ompeske R, npuruem umerou,as moivko mouky paspuea nepeozo poda, m.e. 6
Kaotcdoli mouke pazpuea cywecmsyrom npedeavt f+(x) = lim, 1o f(z+a). Iycmov makoice 6 kascdot
MOYKe PA3PIGA BHINOAHEHO YCA0BUE, YO 04 Kako20-mo € > 0 urmezpan

| St =)= @) + (e 0 - £i(a)]

crodumcs abcosOmHO (ymoeue boaee caaboe, uem yeaosue leavdepa). Tozda unmezpan @ypve (4.16)

cxodumcsa 6 amotl movwke K (f+( )+ [ ().
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Jlokazarenscto. Ilycrs f(k) 3amano mo (4.16). O6pexkem unrerpan @ypbe Ha unrepsaie (—N, N),
T.e. paCCMOTPUM (DYHKITHIO

sv@) = [ afer= L fag) [ et

IJIe MBI IEPECTABU/IN WHTErPAJIBI BBHUJLY KYCOUHOW HEMPEPHIBHOCTH [ W PAaBHOMEPHON CXOIMMOCTH TIO
k warerpama ot f(t)e 'k

in N °° in N
:%/dtf(ert)s : 1t:%/o dt (o — 1)+ flo+ 1) 22—
MOCKOJIBKY /OOO dtgzg
- L O 2 - = 1w+ a0 - )2
T Jo t

I/IHTeraHbeIﬁ 9IeH B IOCJeJHEM paBEHCTBE CTPEMUTCA K HYJ/IIO IPpHU N — oo. ,ZLeI'?‘ICTBI/ITeIIbHO,
[e%s) 1 [ee] o

pa306beM fO = fO + fl . HepBbII/I HHTEerpaJl CTPEMUTCA K HYJIIO BBUAY YCJIOBUA TEOPEMbI U JIEMMBL

Pumana. BTOpOI'?‘I HHTerpa.JI pa36I/IBaeTC${ Ha 4:, JABa U3 KOTOPLIX, COAEpzKaIlliue f({L' + t), CTpEMATCA K

HYJ/IIO IIO JIEMMe Pumamna. I/IHTeraJ[BI ZKe coJepzKaliue f:t (l’) (He 3aBUcdMMEe OT t) C TOYHOCTBIO 10

9TUX MHOXKHUTeJIeH CBOIATCA K
o : o :
sin Nt sint
dt = dt—,
1 t N t
YTO TaKKe CTPEMHUTCS K HYJTIO.
BBuay sroro mokazaTeabcTBa MBI HHUIIEM oOpaTHOe mpeobpazoBanne Oypbe B BHIE

(4.18) fx) = / " dk Fk)et,

—00

9TO yKa3bIBACT Ha CHMMETDPHIO MPSMOTO W 0OPATHOTO MpPeobpa3oBaHHil.
2 _ .2
IIpumep. Fle > /?(k) = /2re */2,
[Ipeo6pasosamue Oypbe JUHEIHO, TTPH KOMILTEKCHOM COMPSKEHNH BeJeT cebs Kak

(4.19) @) = / " dk F(— ke,

Tak 4To (pyphe-o06pa3 BemecrBennoit dbyukmun yaoriersopsier f(k) = f(—k). U, nakonen, BaxHeii-
MMM CBOCTBOM, sABJIsIeTCs TOT (baKT, 4TO eCau [ MMeeT HempepbIBHbIE TTPOU3BOAHBIE 10 TMOpAaKa k,
To ipu Becex n =0,1,...,k

(4.20) k) = (k)" f (k).
1 rak ke, kak u Jiis1 ipeobpazoanus Jlamaaca BBITIOJTHSETCS COOTHOTIIEHUE
(4.21) (f % 9)(k) = F(k)(k),

ecn Bce (Pypbe-00pas3bl CYIMIECTBYIOT. BBUIY cuMMeTpunm IpsaMOro m oOpaTHOIO Mpeodpa30oBaHMUIA,
aHAJOTHYHBIE CBOICTBA BBIMOJHEHBI U /1 (bypbe-opuruHaioB. [Ipeobpazopanus Jlamnaca u Pypne
TECHO CBA3aHBI MKy c000t0. MBI 00CYIUM 3Ty CBSI3b B JAJTbHEHIIIEM.

JIuteparypa k jekmun 4: B.A.3opuua “Maremarnaeckuit anagms”, T. 11, . XVIIL.
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5. JIEKIIUSA 5

5.1. O6ob1IenHbIe (DYHKINMU: OCHOBHBIE omnpenesieHud. [louaTHO, 9T0 J-pYyHKIHUS HE eCcTh
dyukiust B crangapraom nonnvannn (don Heiivan: ““wHecobeTBeHHBIE” KOHCTPYKIUH ... JIEJKAT 34
npesiesiaMi 0OBIYHO yIOTPebJISIeMbIX MaTeMaTHIeCKuX MeTo0B”): mpu Beex = # () OHa paBHa HYIIO,
a MHTErpaJI OT Hee Hy/IIO He paseH, B uactHocTn [ dz §(z) = 1. PakTuuecku, Mbl BCTPEYAINCH C Heil
U paHee, KOTJa HCIoIb30BaIn dopmyay lioamensd. Beab, ¢cTporo roBops, Mbl pelraan ypaBHEHUE
Ha x1(t): Lxi(t) = 0(t), a mua dopmynsr Joamens mam HyKHa Tpou3BogHas T (t — T), KOTOpas

do(t — )
o dt
Hast 0(t) ectb §(t). Utak, HaM HYKHBI JinHeiHbIe (DYHKIMOHABI Ha “TiakuX’ (DyHKIHUIX: MOHSATHO,
aro qgist f(x) = 1/x npasas wacts (4.5) Heonpemenena. PakTHUECKH, MBI yKe MOJb30BAINCH TAKH-
MU (DYHKIHOHATAMH, 33JaHHBIMI WHTErDAJIAMA U CBEPTKAMH, IIPHYEM HAM COBCEM HE MEITasio, YTo
B HEKOTOPHIX TOYKaX (DYHKIUU HE OBLIN ONPEeIeJeHbI — JIUIIH Obl CYIECTBOBAJIM WHTErPAJIBI. JTO
MO3BOJISIET HE TOJIHLKO 0000IHUTH ToHATHE (DYHKIUU, HO U CIEJATh UX BCeX ODecKoHedHOo auddepen-
MUPYEMBIMU, UCTOIb3Yd (OPMYJTy HHTETPUPOBAHUS O YACTIM, Kak omnpeaenenue. [Ipu sTom, 9To6HI
He MeITaji TPAHUYHbIE YJIeHBI, YKeTATeTbHO BIOPATh (DYHKINH, HA KOTOPBIX 33JaHbl 9TH (DYHKIIH-
OHAJIBI, JIOCTATOYHO OBICTPO YOBIBAIONIUMHU Ha OecKOHewHOCTH. VTak, MBI BBOAMM JIBA MHOMKECTBA
OCHOBHBIX (DYHKITHIA.

yIOBJIeTBOpsieT ypaBHeHuto Lx)(t — T) , TAaK 9TO eCTeCTBEHHO CYHUTATh, 9YTO MPOU3BOJI-

Ounpepenierne 5.1. Paccmompum mHoxcecmeso 6cex (Komnaekchnodnaunm) beckoneuno dudgeper-
yupyemoiz pynkyui ¢(x), v = {x1,...,r,} € R" om n sewecmsennvz nepemennoz. Mo 2060pum,
YMo GYHKYUA U3 IM020 MHOHCECMEA NPUHAOAEHCUIN, TPOCMPAHCMEY

1) P ocnosnux dynkyud (npocmparnemey dunummnnr Gynkyui), ecau ona Gunummua, m.e., obpa-
WAEMCA 8 HOAb BHE HEKOMOPOU KoHneuHnol obaacmu 6 R™.

2) S ocnoenur Pynkyud (npocmparncmaey buempo youeaowus Gynkyul), ecaw npu |z| — oo ona
CMPEMUMCA K HYAIO BMECTE CO BCEMU CEOUMU NPOU3BOIHBIMU Oblcmpee 100017 KOHeuHOT cmenenu
|z|, m.e. npu 6cex x 6uwnosnens, nepasercmea

|xk¢(q)(x)| < Ckq k,q=0,1,...

[Tpumepsnr:
a’ 2 2
(5.1) b(x) = eXp 55, eCI T <a’ 2.
0, ecim 2% > a?,
(5.2) px) =" €7

[TousiTHO, ¥TO 00a BBEIEHHBIE TPOCTPAHCTBA JTHHEHHBI. 333/ IMM HA HUX TOTOJIOTHIO TIOCPEICTBOM

Omnpenenenne 5.2. Mo 2060pum, wmo nocaedosamervrocmsv ochosuus Gynryud ¢1(x), ga(x),. ..,
On(x), ...

1) cxodumes x nyato 6 npocmpancmee 7, ecau 6ce GYHKUUU NOCALOOBAMEALHOCTU 0OPAULAIOMCH
68 HOAL 6HE 00HOT U Mot JHce 02PAHUMEHHOT 00AACTIU U PASHOMEDPHO CTOOAMCA K HYMO, KAK U UT
npouszsoduve 1106020 nopada,

2) cxodumesa x Pynkyuu ¢(x) 6 npocmpancmee &, ecau 6 410607 o2panuuennol 06AGCTU NPOU3-
60dHaA 1106020 nopadka om ¢,(x) pasnomepro crodumcea k coomsememeyowet npoussodnot Gymk-
yuu ¢(x) u 6 oyenkax

128D (1) < Crgy kyq=0,1,...,
nocmosanmvie C g MOHCHO 8BOPATML HE3ABUCAUUMYU OM T.

[TousitHo, uTo & C ., mpudeM IUIOTHO B HeM (J0KAa3aTeJbCTBO: YMHOKUM (QyHKIHUIO 3 & Ha
dyukimio, onpezenennyo B (5.1) u nepeiizem K npegeny a — 00).

Omnpenenenne 5.3. Obobwennotl pyrryued, 3adannoli Ha cOOMBEMEMBYIOUWEM NPOCTPAIHCIMEBE OC-
HOBHBLT PYHKUUT, Ha3b6aeMCA AUHETHBT HenPepueHbLl GYHKYUOHAA Ha IMom npocmparcmee. Urovl-
MU CA0BAMU, KaHCOoT 0cnoenol dynruuu ¢(x) conocmosasemes wucao, obosnauaemoe (f, d), npu-
YeM BHINONHEHDL CACOYIOULUE YCAOBUA:
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1) 0as a00vx deyx wucen ay u az U K066 08YL 0choeHbT PynKyul ¢1(x) u do(x) umeem mecmo

pasencmeo (f,a161 + aza) = ai(f, ¢1) + az(f, ¢2) (aunetinocmy);
2) ecau nocaedosamesvHocms 0choeHuT Gyrkuuld ¢1(x), do(T), . . ., dn(T), ... cmpemumes k wy.ao,
mo nocaedosamenvrocmv wucen (f, 1), (f,d2), ..., (f, &n), ... cxodumes x nyaro (nenpepuerocms).

[Iycrs 3amama Hekoropast dbyHKIus f(x), abCOTIOTHO HHTErpUpYyeMast B KazKI0i KOHEUHOI obracTn
npocrpaHcTBa Z" (Ha3bIBAETCS JIOKAJILHO HHTErpupyeMoil dbyrkimeit). 3agamiuM dbyHKIMOHAT

(5.3) (f.6) = / dz f(2)6(2).
[TokazaTh, 9TO 3TO — JMHEHHBIA HEIPEPLIBHBIA (DYHKIIMOHAT Ha 0O0MX IPOCTPAHCTBAX.

¢(x)

5.2. JIokaabHbIe cBOiCcTBa 0000IEeHHBIX (pyHKIHUi. OUeBUIHO, YTO WHTErPAJI f dx———= pac-
x

xoauTest, ecan DyHKIWs () He obpalaercs B HOJIb B HyJle. PeryispuzoBarh Takoil WHTErpas, T.e.
dyukImo 1/, BO3MOXKHO CJAELYIONIM 00pa3oM:

faimat- [ fuso o, Juse

b

JUIsT HEKOTOPBIX TTOJOKHUTENbHBIX a u b u rae ¢(x) — ocnosnast dynkiust (u3 . uwan Z). Ob6o3nadnm
depes p.v. CHENUAIBHYIO PEryJIsipH3AIMIO B CMBIC/IE “IJIABHOrO 3HaueHus":

(5.4) (1 )—pv/dm——l_}o / dx@.

|z|>e

(;7 ¢) _ ]Odﬁ’(f”) — ¢(=a)

/dxqb(x)regé = (i,qﬁ) +1In %gb(()),

TaK YTO MPOU3BOJbHAS peryagpu3anusg HYHKINH 1/r 1aeTcs ¢ TOTHOCTBIO 0 MPOM3BOJBHON KOH-
CTAHTHI B BHU/IE

Kak nerxo Bumersn:

1 IO TIPeJIbITYIIEeMY

1 1
reg.— =p.v.— + Co(z),

rie O-byukuusa Tupaka (cp. (4.5)) ompenenena kak GbyHKIHOHAT HA OCHOBHOI dbyHKIUU ¢ () pa-
BEHCTBOM

(5.5) (6,6) = 6(0).

Ob6obmennas ¢yaknust f paBHa HYTIO B OKpecTHOCTH U TOYKE To 03Ha4daeT, 410 (f, @) = 0 ais
KaKJ10# OCHOBHO# (DYHKIIUH ¢, OTIUIHON OT HY/Id TOAbKO BHyTpu U. Ob0bmennas (Gpyukmusa f, or-
Bedaommas o0baHoi dbyHKInu f(7), paBHA HYTIO B OKpecTHOCTH U TOYKH T, €CIU TOYTH BCIOIY B
s1oit okpectHocTn dyHKus f(x) obpamaercs: B Hyab. Obobimennas GyHknns o(x — xy) paBHA HYJIIO
B OKPECTHOCTH JI000i TOYKHU, oTiuaHOit oT xo. Obobimennast ¢pyuknust f paBHA HYJIIO B OTKPBITOI
obnmactn (G, ecam OHa paBHA HYJIIO B OKPECTHOCTH KarKI0il TOYKHM 370l obsacTtu. Ecam obobimenHas
dbyukus f He paBHA HYJIIO HA B KaKOWl OKPECTHOCTH TOYKH T, TO TaKas TOUYKA HA3BIBAETCS CY-
mecTBennol st f (Hoab - cymectBennag Touka aus f(x) = z?). O6obmennvie Gynknun f u g
COBIIAJIAIOT B OTKPBITOH obmactu (G, ecam pa3HocTb [ — ¢g B 9Toit obmactu paBHa Hymo. Ecou f u
¢ COBMAJAIOT B OKPECTHOCTH KAYKJION TOUYKH, TO OHU COBIAJAOT B 1emoM, T.e. (f,¢) = (g,¢) mus
moboit ¢. Obobmennas dyukmnusa [ peryasgpHa B obsactu (G, ecau B 3TO 00JACTH OHA COBHAALT C
HEKOTOPOii 0OBITHON JTOKATLHO WHTerpupyemoii dbyukueit f(z).

YkazaHHasl BBIIIE PEryJspU3alns JaeT MpUMep perrenus: oOIeil 3agadu: mycTh jJaHa (DYHKIHS
f(z), koropast He siBIIsieTCsI JTOKaIbHO nHTErpupyemoit. Haiitu o606mennyo dbyHkumio f, coBnaiao-
YO ¢ JAHHON BO BCEX TOYKAX ee JIOKAJIbHON WHTErpupyeMoCTH. DTO He BCeryia BO3MOXKHO: exp 1/x.
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[Ipu sTOM CclleyeT COXPAHUTH OCHOBHBIE OTEPAIUHU: CJIOXKEHUEe, YMHOXKEHHe Ha YUCJIO0, YMHOYKEHUe
Ha (DYHKIINIO, CABUT apryMmenTa, AuddepeHnupoBanne U WHTErpupoBanne. Jactb UX OnpeessieTcs
TPUBHAJIBLHO MyTEM TIepeHOca OOPATHBIX onepaliuii Ha ocHOBHBIe (byHKINN. PaccmoTpuMm 3ameny nepe-
mMeHHBIX. [TycTh gaubl JoKkaabHO nHTerpupyemMast dbyukmus f(x) n 6eckoneuno auddepennupyemast
crporo MoHoToHHast dbyHKIWMs a(x), Toraa Ajst 0o ocHOBHOW dyHKIMH ()

/ dz f(a(z))é(z) = / dy (™ () (9)dla ()

rie y = a(x) u a~! ozmagaer obparnyio dynkumo. [Tockorbky npoussegenue (a 1(y)) (a1 (y))
TaK:Ke sIBJISIETCsT OCHOBHOM (byHKIMeil (B mpocTpaHcTBe . ciejyer nmorpeboBarh pocta a(r) Ha ec-
koHedHOCTH). [ToaTomy Kazk10it 06001eH O dyHKIME f MBI comocTanisieM 00001eHHY 0 (DYHKIHIO
f(a) no npapuy:

1

(f(a), ) = (f,(a™")o(a™"))
(8(a), 8) = (a”" (1)) d(a™" (y))ly=o.

[Tycrs a(zg) = 0 — noaw (emmnrcTBenubiii) dyukmun a(z). Torma d(a(x)) =

B wactrocTn

d(x—x0)
a/ (o)
Caydasix MOYKHO OTKa3aThCs OT TpeOOBaHWs MOHOTOHHOCTH. Hampumep, eciim Bce HyIn (DYyHKIUU

a(x) mpocThie, TO MOKHO MOKA3aTh, YTO

. B mekoropsix

T7ie CyMMUPOBAHME BEIETCS 110 BCeM HyJIsM x; GyHKunm a(x).

5.3. MyasTuninkaTopbl 1 CBepTKa 0000mMIeHHbIX (DYHKIUi ¢ OCHOBHBIMU. Obiee onpee-
JIeHIe TPOM3BeIeHns 0000MEeHHBIX (DYHKITHI HEBO3MOKHO. OTHAKO, eCTi peryaspHas hbyHKusg a(r)
TAKOBa, ITO [t JIIOOOI ocHOBHOMW dbyHKINE ¢(r) mpoussenenue a(x)¢(xr) TakzxKe ABISETCS OCHOB-
HOI (byHKIIMeH, mpudeM I JT000# CXOMIIeicss MocaeI0BATeTbHOCTH gbn(x) OCJIeJOBATEIBHOCTD
a(x)p,(x) TakKe ABISIETCS CXOMSIIENHCS, TO YMHOXKeHHe 0000IIEHHON (DYHKINE HA TAKYIO PErysisp-
HYIO ompejesieTcst (hopMyoii

(5.6) (af,0) = (f,a0),

qTO JAeT JIMHEHWHBI W HENpPepbIBHBIN (B CHIy CKA3aHHOTO BbINIE) (DYHKIUOHAT HA MPOCTPAHCTBE
OCHOBHBIX (byHKIHIA, a (yHKINA a(xr) HA3BIBAETCSI MYJIBTUILIMKATOPOM. B wactHOCTH 1151 TIpO-
cTpaHCTBAa 2’ MyJIBTHILINKATOPAME SIBJISIIOTCS Bee GeckoHewHO auddepennupyembie (pyHKINAN, a st
npocrpancTBa . ciaeayer morpeboBarh oT a(x) pocta Ha GECKOHEYHOCTH He ObICTPee MOJHHOMHAb-
woro. B wacrroct u3 (5.6) ciaemyer, aro

(5.7) zd(x) = 0.

Huzke MBI paccMOTpUM OTepaIuio CBePTKH 00OOMEHHBIX (DYHKIHNA. 371eCh K€ OTMETHM TOJIHKO,
aro ecan ¢(x) — ocHOBHast (DYHKIMST B OJHOM M3 TPEX MPOCTPAHCTB, TO JJisl JOOOr0 KOHEYHOTO ¥
dbyukIms ¢(x — y) TakzKe SBISETCS OCHOBHON B TOM ke mpocTpancTie. [losromy cBeprky (¢ f)(x)
OCHOBHOI (DYHKIIUU C 0OOOIIEHHON MOXKHO OIIPeIeTUTh KaK

(5.8) (@ f)(z) = (f,¢( — ),

YTO, OUYEBHUIHO, JaeT OOBIIHYIO OeckoHeuHO muddepeHupyemMyo (GhyHKIHIO, BOOOIIE TOBOPs He MpH-
HaJIeKalyo #Hn 7, un .. TakuMm oO6pa3oM Tak:Ke MOKHO CTPOUTH PEryadapu3anun 0O00OIEeHHBIX
dyurnuii. lefictBuTEbHO, MYCTh NMeeTCa KaKas-To delta-obpa3Hast MocaeI0BaTeIbHOCTh OCHOBHBIX
byukuuit: ¥,: (¢Yn, @) = ¢(0) ams mpousBoabHOI ocHoBHOI dyuKINN ¢(x). Torma mmsa moboit 0606-
mennoit Gyukmun f(x) mocresoBaTeNbHOCTh OOBIYHBIX byHKIMHA (1, * f)(x) cxomurca xk f(z) B
CMBICJIE ODOOIIEHHBIX (DYHKITHIA.

JIureparypa k jeknuu 5: V.M.Tenndang, I.E.IlTwios “Obo0mennbie GYyHKINNT U JIeHCTBHS HAI
anvu’, r1. [; B.C.Baaguvmupos , B.B.2Kapunos “Ypasuenust maremarndeckoit pusukun’.



21

6. JIEKIUA 6

6.1. IudpdepenmupoBanue o600I1IeHHBIX (PYyHKIHUI. OCHOBHBIM JOCTOMHCTBOM ODODIIEHHBIX
GYHKIIN, ONMpeIes oM UX TPUI0KUMOCTh K HCCIe0BaHnio auddepeHInaabHbIX YpaBHEHNT siB-
Jisiercst ux Oeckoneunast audGepeHnupyeMocTh B CMBIC/IE CJIEIYIONIEro ONpe e/ IeHHsI.

Onpenenenne 6.1. /laa sadarnoti obobuennoti pynkyuu f ee npoudsodnas no x onpedessemcs
Kax:

(6.1) (f',0) = —(f,¢)

JIerko BUETH, YTO JIAHHOE ONpejeseHue JaeT 00ODIIEHHYI0 (DYHKIUIO B KarXKJIOM U3 pacCMaTpH-
BAaEeMBIX MTPOCTPAHCTB.
[Tpumep. [TokazaTh, 9TO B CMBICIE TIABHBIX 3HAYEHMIL:

1\ 1
x)  a?

rje obobmenHas PyHKIIUS — B CMBICJIE [VIABHOTO 3HAYEHMST OIPEJIENIsIeTCsT Kak
x

(%’ ¢>:p_v_ L o@) = 0(0) _ [ ol )+ 9(-2) = 2000

6.2. CxogumocTh 0000mIeHHBIX (DYHKIHNI 1 /-OOpa3HbIe IIOCIEA0BATEIbHOCTH. MBI TOBO-
pUM, UTO MOCJIeI0BATETHHOCTL 0000MEeHHBIX (DYHKIUN fi, fo,... CXOAUTCA K 0OOOIIEHHON (DYHKIINN
f, ecnu ams 000 OCHOBHOM (DYHKITUU ¢

Tim (. 6) = (/).

Torma nuddepentmpoBanme — HenpepbiBHAs onepanus. /leficTBUTeIbHO, eCn ToC/Ie10BaTeIhHOCTh
0bo0menubx pyuknmit f, — f, n — 0o, TO

of. \ 99 90\  (0f
(50) == (ma) - (+5) = (5re)

npu n — co. Ho Torma n e®

— 0 B cMBICTIE

[Tpumep: f,(z) = ¢
" pu n — oo.

0-obpasHas MOCIe0BATETLHOCTD — MOCIEI0BATETLHOCTD PETYIAPHBIX (DYHKITHOHATIOB, CXOIATIASICST
K 0-byHKImn. [Ipu 3TOM JTOJZKHBI BBITIOTHATHCS CIEAYIONINE YCIOBUS:

a) mast ioboro M > 0 mpu |a| < M w |b| < M Beamvunb

ff dx fn(:v)) OrpaHUYeHbl MOCTOSHHOM

He 3aBUCAIIEH OT a, b u n (HO BO3MOXKHO 3aBucsiieir or M);
6) mpu J0OBIX (DUKCHPOBAHHBIX @ < b, OTIIMYHBIX OT HYJIS,

b
lim [ de fo(x) = Ompua<b<Owum0<a<b

n—00 lompua<0<b

a

[Iycts f,(x) — Takas mocaeq0BaTeIbHOCTL. PaceMoTpuM mocaeoBarebHOCTh (hyukuuii F,(r) =

x
JZ, dy fn(y). Ona paBHOMEPHO IO N OrpaHHYEHA B KazKIOM IMPOMEXKYTKe, Tak 4ro [, (z) — 6(z).
JLns mpousBoiHOit pynkmnun Xesucaiijga nvmeem:

.6) = —(0.¢/) = - / " ded () = 6(0),

(6.2) 0 =9,
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1
Orcrona Beuay HenpepbiBHocTH auddepeniuposanus f,(z) — 0(z). [pumep: f(z) = 2—6[9(1’ +

€) — 0(x — €)] mpu € — 0. Unrepecno ormerurs, uro fl(x) = %[5(:1: +¢€) — §(x — €)] n, xKoneuHo,
€
fila) = o'(2).

6.3. TlepBooGpa3ubie 0600IIeHHBIX QyHKIUii. Jltobast ocHoBHast dyukmus n3 ¥, win u3 .7,
MOKeT OBITh TpeJICTaB/IeHa B BUJIE

(6.3) ¢(z) = P(x) + Ox(),

rae ¥(x) n x(z) ocHOBHBIE (DYHKIME U3 TOTO JKe MPOCTPAHCTBA, TPUIEM

(6.4) / dr(z) = 0, / dox(z) =1,  xonctamta C — / Ao (z).

[Tycts n(z) — nepsoobpasnas ocHoHO# dyHKImN ¢(x) (13 Z wam ). Oyukuns n(x) MpUHALIEKAT
2 (wm ., COOTBETCTBEHHO) M OJHO3HAYHO ONPEJE/IAETCS TOTAA U TOJHKO TOTJA, KOTJIa

(6.5) /daxb(:c) = 0.

[Iycts cymecrByer n(x) € 2 (nnn ) 3amannas nocpeactsom 7' (x) = ¢(x). Torma

[dzot@) = [ dan@) =0,

T.e. (6.5) Bemosmeno. Obparno, mosoxmm, aro (6.5) Bemoaneno u onpeaeanm n(z) = [*  dy ¢(y).
OueBnHO, 9TO MpU GOMBIIHX 2 3Ta (DYHKIUA KOHCTAHTA (OrpaHudena). [IOHATHO, 4TO B CHITY yCIOBASA
(6.5) n(x) cTpeMuTCs K HYTIO HA 060UX GECKOHEUHOCTAX. EIMHCTBEHHOCTH Takoi (byHKIUN OUeBHIHA,
Kak 1 ee Geckoneunas nuddeperupyeMoctsb. [loustro, uro ecau ¢(x) € 2, o n(x) dbunurna. Ecin
o(x) € .7, o onenku |21 ()| BrmosHens Tpu Beex 1 > 1, a ipu n = 0 OHN CJIEIYIOT TPUBAATHHO.

Teopema 6.1. Jhobas obobwennas gynkyus [ (uz ' usu ') obaadaem nepsoobpasnot g, ' = f,
NPUHAONEHCAWET COOMBEMCMBYIOWEMY NPOCMPAHCNGY, NPUUEM MAKAA NEPEO0OPAZHAA EOUHCMEEH-
HA ¢ MOYHOCMbI0 JO NPOUZEOALHOT KOHCMAHMbL.

Jlokazarenscrso. Kak Ob110 mOKa3aHO BEITIe, 115t J11000it ocHOBHOI (yHKImn ¢ () Haitgercs Takast
ocHoBHast dbyHKIMs (), 91O

() = ¢ (x) + w(z) /dy ¥(y), tae w(x) — ocHoBHAsST DYHKIUSA € /d:c w(z) = 1.
Onpenennm

(6.6) (9,¢) = (9,¢") + (g, w)(1,9) = =(f, ¢) + (g, w)(1, %),

9TO, OYEBUIHO, 3aaeT JUHEHHbI HeMpPePhIBHBI (DYHKIMOHAI HA COOTBETCTBYIONIEM MPOCTPAHCTRE,
T.e. 00006menHy0 GyHKIrio. W

6.4. ®opmyabr Coxonkoro—Iliaemens u npeaenbHbIE 3HAYEHU TOJIOMOP(MHBIX (DYHKITIIL.
13 kypca TOKII uzsectro, uro ecu C' — kpuasg B C u f(£) — unrerpupyemas dyuknus za C, To
onpeeneH uaTerpa Tuna Korrm

1 [dgf(©)

(I)(Z):% c §—=2

Vreepxkaenune. O(z) anamntuana Bae C' (110 Teopeme 0 3aBHCHMOCTH OT mapamerpa), HO Ha C'
dbyukius $(z) e onpenenena. Yemy pasen npegen P(z), korma z — & € C, ecau oH cymecTByer?
ITpumep. C' — 3amkuyTHIil KOHTYD. f(£) — orpanmuenne Ha C' romomopduoi dbyukmuu. Torma mo
TeopeMe Kot o BergeTax

O(2) = L/ dg f(§) _ {f(z), z ayTpu C

2w Jo -z 0, z BHe C'

Ob6mmwmit coay4ait qaercs reopemoii Coxornkoro.
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Teopema 6.2. ITycmo f(£) nokarvro u 240604010 unmMeEPUPYEMA HA KYCOUHO 2aa0%0T kpusol C
u ydosaemeopaem ycaosuo Teavdepal 6 oxpecmmocmu &, 20e & € C — ne mouka usaioma u e
Konuyesas movka. Tozda

(1 d€ f(§) | (&)
%p.v. §_€0+ 5
C

z — & caesa,

O(2) —

L[ SO Ji6
(278 Jo § =& 2
20e p.v. — npedea unmezpara no C ¢ evipesannvim 60kpy2 £ CUMMEMPUUHBLM OMHOCUMENLHO &)
Ompe3KoM Npu CMPEMAEHUU €20 a./LUHbL K HYAM0.

z — &y cnpasa,

JlokazarenscrBo. lokaxem aisgs C' = R u dynknun f(§), yObBaomeii Ha GECKOHEYHOCTH Tak,

Feedg f(8)

9TOOBI HHTErpaI f

—00

cxomuics ipu 2 € C, Im z # 0. Urak, nycts & € R u Beibepem R Taxkoe,

aro R > |&]. Sanummem

400 400 +R
dg f(§) _ [f(€) — f(&)0(R — [€])] dg
| —_/dé — +f<§o>_4£fz-
[Mockonwky f(§) ymoBrerBopser yeaosuio [enpaepa, To mpu z — & € R
+00 +o0
[/ (€) = f(&)O(R — [¢])] /(&) = f(&0)0(R —ED] _
f mE = -
+o0
_ dg f(§) |R — &l
AV A T

3/1ech TyIaBHOE 3HAYEHNE BBULY OCOOEHHOCTH OKOJIO &) Ha DECKOHETHOCTH WHTErPAJIBI CXOISITCS BBULY

yosBanust f(£). Janee, mpu € > 0
+R
_/ a
£ —&o Fie

+R
[
-R g_ . z=foLie _R

. \1E=R
(- G50, =
|R - go + Z€|
=1In :
| — R — & Lie)|
rjae apryMmeHT KOMIIJIEKCHOT'O YHCJIa BbI6I/IpaeTCH B MHTEpBaJe OT —7 J0 7. CYMMI/IPYH IMOJIYYEHHbIE
pe3yJIbTAThI, MBI MOJIy4aeM B npejene z — & (1.e. € — +0) yrBepxaenne reopembl. Wl

L [d§f(E)

Bameuanne 6.1. [Tycmv ®L(z) — unmezpaave Kowu i e
i —z
naockocmazx. Ilo gopmynre Coroykoeo PL(2) umerom npedeav, npu z — £ € R, npuvem

P& =) = f©).
Ly [ £4E)

™

+iarg (R — & £ ie) —iarg (—R — & + ie),

8 gepxHel u HuscHeld noay-

() + () = g—¢

— 00

l®yukuusa f (x), onpenenennas B obsactu E n -MepHOro eBKJINIOBa IPOCTPAHCTBA, yIOBIETBOPSAET B TOUKe y € F
yenonio Tenbriepa ¢ mokaszarenem «, 0 < a < 1, n koapdburmenrom A(y), ecnn | f(2) — f(y)| < A(y)|x — y|* nasa Beex
Z, TOCTATOYHO OIMBKUX K Y.
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B wacmmocmu, omeroda caedyem, wmo mobas f € CH(R), ybusarowas na beckoneunocmu, npedcma-
BUMG KAK CKAYOK 20A0MOPPHULT PYHKUUL.

Bameuanne 6.2. /s m060h ¢ € S (uau ¢ € ) no gopmyae Corourozo—Ilremenrs

L[ dedn) 1 (), o0

2mi ) x—(§+40) 2mi ) x—¢ 2
MaK Mo Meopema ecmo Pacuuperue GopmyAvl ¢ NPOCMPAHCMEa 0CHOSHLLE PyHKkUul na dyHKuuL,
ydosaemeopatoujue ycaosuto Ieavoepa.

Jlureparypa k jekinun 6: [.Bpemepman, “Pacrpe/ie/iennsi, KOMILIEKCHBIE TTEPEMEHHbIE U TTPeodpa-
zopanne Oypre”; B.C.Baraguvupos , B.B.2Kapuuos “Ypasuenus: maremarnvaeckoit (pusukun’.
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7. JIEKIIUSA 7

7.1. ArHanuTmyeckoe npeacraBiaeHne 0000mieHHbIX pyHKIuit. Popmyanr Coxorkoro—ILieme-
JIst, TPUMEHEeHHbIe K OCHOBHBIM (DYHKIIHSIM

1 dvo(z) 1 .V./ dﬂ?ﬁb(ﬂf)iﬁb(f)

omi | x—(££i0)  2mi r—¢ 2

MoryT GhITh pounTanbl (mpn & = 0) Kak cieyoiine paBeHCTBa 0600IEHHBIX (DYHKIHIT

1 1

0 = p.v.— — mid(x),
(7.1) T+ x

1 1

prae -l 2 S + mid(x),

KOTOpbIe TakykKe HaszbBaioTcss popmynamu Coxomkoro—Ilinemesnss. OHu MOryT OBITH TaAKKe TOJTYI€HbBI

nuddepenuuposanneM dyuknun log(z + i€), MOCKOIbKY = lim,_,49 i Bripazum u3
x4+ 1€

x £ 30

stux dbopmyn obobmenubie byHKImn 6(x) n 1/x B cMBIC/Te TTABHOTO 3HAYEHUS:

i1 1
5(z) = — .
(@) =52 (:c+i0 :L’—i()) ’

7.2
(7.2) 1 1 n 1
2 \xz+i0 z—10
OyuKIus 0 ecTh TpeJie/ibHoe 3HadeHne QyHKIuu —, 17e 2 = = + 1wy u y — +0, pyskius
r+1 z
XKe — ecThb npejebHoe 3Hadenune pyuknuu —, rjae y — —0. Takum obpa3om, npuBeeHHbIE
x—1 z

BhITIIe (bOPMYJIBI MpeAcTaBIsioT o6obmennble dbynkunu 6(x) w 1/r B BUIe PA3HOCTH TPAHUIHBIX
3HaYeHit (DYHKIUU, TOJJOMOPGHONH B BepXHEll MOJIYIJIOCKOCTH W (DYHKIUH, TOJIOMOPQHOIT B HUKHEI
MOJTY TIJTIOCKOCTH.

[Tpencrabienne o6obmenHoii dbyukiyn f(r) B BHIE

fla) =) = (@),

riae f1(z) — rpannunoe 3uavenue (He 0606menHOl!) dyHKIMH, ToTOMOPdHON B BepXHEl MOJYILIOC-
KocTH, u e f~(x) — rpaHnvIHOE 3HAUEHHEe (DYHKINH, TOJTOMOPGhHON B HUZKHEH MOTYILIOCKOCTH, Ha-
3LIBAETCS AHAJIMTUYECKUM MpeAcTaBJieHneM obobmieHHoi pyukmuu f. vmeer mectro

Teopema (cm. I.Bpemepman, “Pacipeieienust, KOMILTIEKCHbBIE TIepeMeHHble U npeobpasoBanne Dy-
pbe”): Besikas o6obmiennas GbyHKuusg u3 2’ 10myckaer aHAJIUTHIECKOE MPEJICTABICHHUE.

B obmiem ciyuae HaiiTu aHATIUTHYECKOe IMpejacTaBiaeHne o600menHoit pyukiun Hempocto. OmpHa-
KO, ecau f — obobrieHHasg MYHKIUS ¢ KOMIAKTHBIM HOCHTEIEM, WJIH MPH AO0CTATOYHO OOJBIIAX X
COBIAIAOMIAsT ¢ abCOMOTHO WHTerpupyemoii dyukiueii f(x), yObBaomed Ha GECKOHETHOCTH, TO
AHAJTUTHYIECKOe TPEeICTaBIeHne [ HaXOAWTCs P momoinu naTerpasa Kormn:

f:t(z)—L/jLooM— Z’/ﬂLOOM’ ZISL’—l—iZJEC,

- ; / ~ 95 /
2m J_ X' — =z 2 J_ Z—x

HLIMHT CTOBAMHE, AaHATHTHYECKHE B TOMYILTOCKOCTAX (DYHKIHN f*(2) momydaroTces cBepTKoi (byHK-
nnn f(x) m aapa Komm (—27miz)~1:
. i (1
2)=—|—-xf].
P = 5 (2 )

Hampuwmep, muga f(x) = §(z) sra dbopmyna maert

; +o00 / / ;

i dx' o(z') i

P =5 [ -

= — ; 5
27 J_ 22— 21z
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TAK UTO MBI BO3BPAIAEMCs K TIEPBOMY pPaBeHCTBY B (7.2):
) 1 1
3(z) = — ).
2r \x+1:10 x—10

Ina f(z) = 1/ HeckoabKo Gosee CIOKHbIE BHIYHCTeHHA AaioT f+(z) = 41/2z, 94T0 OPUBOIUT K
AHATUTHYECKOMY MpPEeJICTABIeHI0 0606menHoi dyukmun 1/x, T.e. Bropomy paseHcTBY B (7.2).

7.2. IIpsmoe mpou3BeneHme 0000meHHbIX QYHKIMI 1 cBepTKa. [lycTh 3a1aub6r 00001IEHHBIE
bynxumu f(x) u g(x). [lyers ¢(x,y) — ocnoHaa dynkius, ckazkem n3 Z2(R?). Torga mpamoe npo-
n3BesieHne [ X g OMpeeNsieTcss Kak

(f(z) x g(y), o(z,y)) = (f(2), (9(y), o(x, y))).

CgoiicTBa:

Kommyratusaocts:  f(x) X g(y) = g(y) X f(x),
AccommaruBrocrb:  f(x) x {g(y) x h(2)} = {f(x) x g(y)} x h(2).

JlokazaresbeTBO cieyer u3 Toro hakTa, 9To 00y OCHOBHYIO (DYHKINO @I, ) MOKHO TPUOIN3UTE
n .

CyMMaMmu ijl oj(x)i(y), toe j = 1,2,.., n =1,2,... u ¢j(x) n ¢;(y) — mOCIETOBATEIHHOCTH

OCHOBHBIX (DYHKIIHIT CBOUX TepeMeHHbIX. Kpome Toro,

(f(z) x g(y), p(x)(y)) = (f(2), d(z))(9(v), ¥ (y))-

Ecan f(z) n g(x) — aBe abcomoTHO nHTErpHpyeMbix (byHKIMHE Ha MPSIMOii, TO WX CBEPTKA OMpejie-
JISTeTCS KaK

(f % g)() = / dyf(y)g(:c _y)= / dyf (= — y)g(v).

Tak a0 st J1I000# ocHOBHOM byHKIMN (X

((f xg)(x /dx/dyf )¢z +y).
[TosToMy A7t 0000IEeHHBIX (DYHKIUNE f 1 g MBI ONpPEIeIUM CBEPTKY KakK

(f xg,0) = (f(z) x g(y), o(x +y)),

ecJin yKa3aHHbBIT QYHKIMOHAI CyIIecTByeT. BazKHO HOMHUTH, 9TO ¢(x+Yy) He ecTh OCHOBHAs (DYHKIHST
JIByX TMEPEMEHHBIX & ¥ ¥, TaK YTO OH He 00s3aH CYIIECTBOBATh. B WacTHOCTH, 3TO Olpejie/ieHne
OCMBICJIEHO, €CJTN

1) omHa u3 06001eHHBIX (DYHKIMIT IMeeT OrpaHWYeHHbIi HOCHTEJIb;

2) Hocuresn 0b6oux 0DOOIIEHHBIX (DYHKIMHA OMPAHWYEHBI ¢ OJHOI W TOi Ke CTOPOHBI, HAIPUMED,
f=0mpnz<awug=0mnpuy<b.

s mokazarenbcTBa B 2’ cienyer pacemorperh Bhipakenust (f(z), ¢(x + y)). Tak B ciayuae 1)
3TO — OCHOBHAg (bYHKIHUS OT ¥y. JIerko mpoBeputh, 4TO

0 f=f nna moboit o6obmennoit pyukmun — f,
f*g=gx*f, mnokpaiineii mepe B caydasx 1) u 2),
(f xg)xh=[x(g*h),

ecJIM HOCHTEJIN JIBYX U3 Tpex (DYHKIMOHAJOB OFPAHUYEHBI, UJIM KOTJ/Ia HOCUTE/N BCEX TPEX OTPaHU-
YeHbI C OJIHOW CTOPOHBI, KPOMe TOTrO Jijist JIIob6oro JuddepeHiuajibHoro onepaTopa [ BHITTOHSIETCS

D(fxg)=Dfx*g=fxDyg.
YemoBus HEMpPepbIBHOCTU CBEPTKH, T.e. u3 f, — [ caeayer f, x g — [ % g, Hy’)KHO TPOBEPATH
B Ka’KJOM YaCTHOM ciydae. Hampumep, ecinm cXOmsmasicst mocjie10BaTeIbHOCT f, Takas, 9TO BCe
ee 3JIEMEeHTbhl UMEeIOT HOCHUTEJ/Ib B OAHOM MW TOM 2K€ OI'PaHUYEHHOM MHOXKECTBE, TO 9TO CIIpaBeIJINBO.
AHa.HOFI/I‘{HO n J1Jisd paBeHCTBa
of .

(f g9) = i



27

1 1
[TponsBenennst 0600meHHBIX (DYHKIHIT, BOOOIIE ToBOps, Heonpeneaensl. [Tpumepsr: —d(x), —0(x).
x x

O1HaKO, BO3MOYKHBI U UCKJIIOUEHHsI, HATPUMED:
0(z)0(x —a) = 0(x — a), a> 0.

CrepTKa JABYX NMPOU3BOJBHBIX OOOOIIEHHBIX (DYHKIHUI TakzKe He 00s3aHa CyIecTBOBaTh. lIpocteii-
Al TpuMep — CBepTKa JABYX (DYHKIM, TOXKIECTBEHHO paBHBIX equmHune. OTHAKO, KOTIA OIHA U3
0000mmeHHbIX (ByHKIUA u3 ., a apyrag — oboOmeHHas (DYHKIUS ¢ KOMIAKTBIM HOCHTEIEM, WK
KOIJa WX HOCHTEJIW OTPAHWYEHBI ¢ OIHOI W TOWH »Ke CTOPOHBI, TO CBepTKa cymecTryer. [Ipumep:

(7.3) (0%6)(x) =0(x)x.
Ecin cBeprTka omnpegenena, To

Ou(f *g) = (0uf) * g = [ Oug.
3amMmedyaHue 0 IPAMOM Hpou3BeaeHNN 00001eHubIX pyukIiuii. ObpaleHne ¢ TpIMbIM IIPO-

N3BeJeHNeM Ha KayKJI0M dTale TpedyeT akKKypaTHOCTH, 9TOOBI He BBIMTH 3a ero pamkn. Tak, Ka3aaoch
OBl OYEBUIHOE PABEHCTBO

11 1 1 1

ry y—zx\r ¥y

r71e BhIparKeHus THUIa 1/z MOHUMAIOTCS B CMBIC/E TJIABHOTO 3HAUEHMWs, HEBEPHO, XOTs BCE WICHBI B
000MX YaCTSIX XOPOIIO OMpeIeeHbl HMEHHO KaK MpsiMble IPOU3BeIeHnsa 00001IeHHbIX hyHKIIit. [leto
37eCh B TOM, YTO NP HPUBEICHUU MPaBOH YACTH K OOIIEMY 3HAMEHATETI0 BO3HUKAET OTHOIIEHHE

y—x

(v — D)y
MHOYKHTEJISI, 3aBHCAIINE TOJILKO OT JABYX IepeMeHHBIX. [IpaBHIbHBIN cIIocod meiicTBHil, HAIpUMep,
Takoii. IlycTh €; U €9 — mOMOKHUTETBLHBL. PaccMOTprM paBeHCTBO

(7.4)

, KOTOpO€ y2Ke He€ €CThb IIpAMOE€ IIPOU3BEACHNE, IOCKOJbKY B 3HaMeHaTe/1€e CUHTY/IAPHBI TPpHU

1 1 1 1 1
rtiegy—iea y—x—ileg+e)\x+tieg y—ie)’

KOTOPOE 3aBE0MO BEPHO, MOCKOJIBKY HE COAEPKUT 0cobeHHocTeli. Bosee Toro, 370 paBeHCTBO JI0MyC-
KaeT Mpeen €1, € — +0, He3aBUCAIINIT OT MOPSIAKA, MPeIeJIbHBIX TEPEX0I0B. DTO ITaeT 10 ONpeIeie-
HUIO PABEHCTBO OOOOIIEHHBIX (DYHKIMI (MX MPSIMBIX MPOU3BEICHMIA ):

1 1 1 1 1

r+i10y—10 y—x—i10\x+:0 y—10

O4eBUIHO, YTO B HPSIMOM HPOU3BEICHUN OOOOIIEHHBIX (DYHKIUN MBI I KAaKI0H M3 HUX MOKEM

moTb30BaThcda popmynoit Coxonkoro—BeiipmTpacce. Tormga BenecTBeHHAS YaCTh 3TOTO TPEIbIIYIIErO
paBeHCTRa JIaeT

11 1 1 1
—o = (= =2 ) + (@),
rYy yYy—xr\r Y
4TO eCTh TpaBUbHAs Bepcus mpasoii dactu dbopmynsl (7.4). PasencrBo (7.5) TakKe MOXKeT ObITH
MOJTY9eHO TIOCPEICTBOM ¢BepTKH Pypbe-00pa30B IMTABHBIX 3HAUEHMIA.
Jluteparypa Kk jexkmun 7: I.Bpemepman, “Pacnpenenienns, KOMILTEKCHbIE ITepeMeHHBbIE U TTPeodpa-

zoBanne Oypne”’; B.C.Bragnmupos , B.B.2Kapunos “Ypapuenns MmareMaTndeckoii pusuku”.

(7.5)
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8. JIEKIUA 8

8.1. Peryngpuzamnusa (pyHKII CO CTEIIEeHHBIMI 0COOEHHOCTIMU MOCPEACTBOM aHAJIATHAYE-
CKro mpogoJikenus. Pacemorpum byukunn f,(z), tne © € R, z € G C C, npuuem G — obsacth
B C. Tlycre f.(x) n0kampHO WHTErpupyema mo x npu Beex z € G. Torma oHa 3amaer peryJasipHyo
0Go6mennyto Gynknuo f, nocpeacrsom [ dz f,(x)¢(x) B upeanonoxkenun, uro ¢ € I (s ¢ €
HYZKHO CJIeIATh MPEIIONI0KEeHIe 0 TIOJNHOMAATBHOM POCTe Ha HGecKoHedHOCTH). Bosee Toro, mpemno-
JTOZKHM, YTO YKA3aHHBI HHTErpaI 3a1aeT aHATUTHICCKYIO (DYHKIMIO 2 B pacCMaTPpUBAEMOil 00.1aCTH
it 1i000i ocHOBHOI (byHKmuu. Ecim dta GyHKIHS TOMYCKAET aHAJIATHIECKOE MPOIOIKEHHEe BHE
obmactu (G, TO MBI TIOJTy9aeM PeryiIsipu3anuio ucxoauoi Gbyukmun f,(r) B HEKOTOPOH 00JaCTH, CO-
nepskaieii G, mpudyeM yrke Kak 0000meHHy0 (YHKIHMI, BOOOIe roBopst. PaccMoTpuM B KadecTBe
npumMepa pyHKIHIO

2, x>0,
(8.1) xh = {

0. =<0

KOTOpAast 33/1aeT PeryasipHyio 00001IeHHy0 MYHKIMIO TOCPEICTBOM PaBEHCTBA,
+oo

(82) @0) = [ deaola).

0

npu Bcex A Takux, 9o Re A > —1. Ho mpeapiayiiee paBeHCTBO MOYKHO 3alMUCATh KaK

) (who) = [dralole) o0 + [ dortoa) + £

YTO O3HAYAET, UTO JaHHAS (DYHKIHUA A\ MOXKeT OBITh MPOJI0IKeHa aHATUTHIECKH B 00,1acTh Re A > —2,
A # —1. IIpomoaKas TakuM 06pa3oM, MOJTyIaeM

1

A ot VN )
(8.4) (x+,¢):/da:x [ Zk‘_ }+/d;m: ¢($)+Zm,
5 k=0 1 k=1

YTO TPOJOJIZKAET 0000IEHHYI0 (DYHKIIHIO xﬁ‘r mo A B obactb ReA > —n — 1, A\ # —1, -2, ... —n.
Bamernm, ato nipu —n — 1 < Re A < —n, n > 1, npeapiayiiee paBeHCTBO MOYKHO YITPOCTUTD:

+o0o -1

z®

6 b= [ st [s) -3 o0

0 k=0
B roukax A = —n dyHKIuS 1) MMeeT mosoca:

A (_1)71—1 n—
(86) A£e§nx+ m(s( 1)(.’17), n = 1,27...,
u npu Bcex A # —1,—2,... oHA yIOBIETBOPSIET
dx?

8.7 —+ =)
( ) dr Ty

AHAJIOTTIHO MBI MOYKeM BBECTH (DYHKITHIO
0
A A A
5) (@ o(a)) = [ delapoe) = (), (),
—00
TaK 4TO CBOWCTBA 3TOH (DYHKIMKU aHAJOTUYHBI CBOHCTBAM PACCMOTPEHHON BBITIIE.
C momomnibi0 BBEJIEHHBIX (DYHKIUI MBI MOYKEM OIIPE/IETNThH HOBBIE:

(8.9) |zt =2} + 22, lz[*sgnx = 2} — 22,
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CBOMCTBA KOTOPBIX CICIYIOT U3 IpeJblaymero. B uacTHOCTH, J1erko BHAETh, 9To resy—_1 |z = 25(x),
a resy—_1 |7[*sgnx = 0. Dro o3nauaer, uTO MOCAEAHAA DYHKIUS UMeeT HpejiesT TP

1
li A —
Agl_11|x| BT =

IJie TOCJIe/IHee PABEHCTBO CJiejyeT HermocpeacTBeHHO u3 (8.5) m (8.8). DrTu coorHomenns emie pas
MOKa3BIBAIOT, UTO |7|*sgn & clieiyeT MOHUMATHL KakK eJMHBIH CHMBOJ, a He Kak Mpou3Bejenune 0600-
IMeHHbIX (DYHKIMHA. AHATOIMYHO MBI HOMyHYaeM, uTo resy—_1 |z|* = 0, a resy—_; |z sgnz = —28'(x),

TaK 9TO CYIIECTBYeT MpeJen
1 1\’
lim |zt = — = —(—) :

A——2 X X

Kpowme Toro, BBesiem 060011eHEBIE (DYHKITTT

A
M — T 2 2\A/2 idarg(atiy) _ ) T x>0
(410" = Tim (22 4% { Zoap, 220
x’\ x>0

i = T 2 2\A/2 jidarg(z+iy) _ )
(0= i0)* = lim (a® + )% { Coep, 520

y——0
MBI BUIUM, YTO
(z £i0)* = 2} + =™,
B cuiy (8.6) u (8.8) mbI mosyvaem, 9o 3mu bYHKIUE HE HMEIOT MOJIOCOB:

Les (z #+i0)* = 0 mma moGoro n.

JIureparypa x nekmuu 8: I.M.Tenndanm, I.E.I1Inros “O606mennpie GyHKINT U AeHCTBUST HAJI HA-

mu”, o 1I; B.C.Bragumupos , B.B.2Kapunos “Ypapuenus maremarudeckoii puszukn’, I.Bpemepman,

“Pacmpenenenns, KOMILTEKCHBIEe ITepeMeHHbIe U TTpeobpaszoBanne Oypne”’ .
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9. JIEKIIUA 9

9.1. IIpeobpazoBanue Pypne 06001eHHBIX (yHKIUA u3 .. J[1s npon3BoJbHOI OCHOBHOI
dyukmun onpegesnm mpeodpaszopanue Oypbe MocpeacTBOM

mez/mﬁ%@, Fwwwzifﬁemwm

Yacro ucnonbyercsa obosnauenne ¢(k) = F[4](k). IIpu sTrom mpeobpa3oBannu, Kax JIerKO BHIETh, .
IepexouT B ., MPUIeM 3TO 0TODPaskeHne HePephIBHO B CMbICIe Tonosiorun .. Ecim 0bobmenHast
dbyukiys [ 3amaercs abcooTHO nHTErpupyemoit dyukimeii f(x), o ee mpeodbpaszosanne Pypbe ecTh

FIAK) = [ doe p(a),
TAK UTO JJIst OCHOBHOI (byHKIMU ¢ u ee pypbe-obpasza (k) = F[¢](k) BbimonHsgeTCS PABEHCTBO

(FUf1(k), (k) = 2n(f (), o(=x)) = (f(2), F[Y](x)).

st mpousBosbHON 0000meHHON byHKIMM U3 . mocieaHee paBEHCTBO SIBJISIETCS OTPEIeTeHueM
npeobpazopanusi Pyphe:

(FLAR), (k) = (f(z), Fl](x)),

IpUYeM 5TO IIpeoOpa3oBaHme, KaK OUEBHIHO, TAKKe sIBISeTCS HelmpepbIBHBIM. OOpaTHOe mpeobpaso-
BaHUE OTPEJIE/ISIeTCS aHAJTOTHIHO.
CroiictBa npeobpaszoBannss Oypne:

o 0; (F[f](k)) = F[(iz)" f1(k),
o FlOy f] = (—ik)"F[f],
o F[f(z —xo)](k) = e™*F[f](k),
o F[fl(k+a) = Fl[e™ f(x)](k), rne a = const,
o Flf(x) x g(a')] = F[f](k) x Flg](K),
o F[fxg]=F[f]F[g],
npu4dyeM mnocJjeanee BBITTOJHAETCA TOJIBKO €C/In CBEePTKa CYHIeCTBYET, a B HpaBOﬁ YaCTNU BO3HUKAET
npousBeneHne 0OOOIIEHHBIX (DYHKINIA. YCJIOBHS CYIECTBOBAHHSA CBEPTKH KOHTPOJHUPOBATDH JIerde,
YeM YCJIOBHE CYIIeCTBOBAHUS MPOU3BeaeHnsd 0000MIEeHHBIX (hyHKIMIA, Mo3TOMY (bypbe-ob6pa3 cBepT-
K pypbe-00pa3oB 0000MIEHHBIX (DYHKIHI 9acTO OepeTcs B KavuecTBe OINpee/TeHHs TPOU3BeIeHUs
0000ITEeHHBIX (DYHKITHIA. .
[Tpumepsr dypre-obpaszos: F[0] =1, F[0|(k) = : _i 5
Tak, ucnosb3ys paBeHcTBO (7.3), UMeeM, UTO CYNIECTBYeT MPOU3BEICHHUE:

1 11
r+i0z+i0  (x+140)2

13 nepeunciieHHbIX CBOMCTB npeodpasoanust Pyphe cirepyer, 9To s J0boro guddepeHinaib-
HOTO OllepaTopa ¢ MOCTOSHHBIME KO3 duiimentamMu P BBITIOJTHEHO PABEHCTBO

FP(id:)f(x)] (k) = P(k)F[f1(k),

KOTOpOE SIBJISIETCSI OCHOBON MHOT'OYHMCJICHHBIX NMPUIOXKeHUui rpeobpazoBanus Pypbe B pa3IndHBIX
paz/iesax MaTeMaTUuKH.
[TokazaTh, 9TO B CHJIY YKa3aHHBIX CBOICTB mpeobpazoBanus Pypbe U ero HeMpepbIBHOCTH

ikx

lim
r—+oo

= +ind(k)

B CMBICKe 0000MIeHHbIX (DYyHKIH OT k.



31

9.2. IIpeobpaszosanue Pypbe 0600meHHbIX DyHKIUI 13 2'. BBenem eme 01H0 TPOCTPAHCTBO
OCHOBHBIX (byHKIHiT: 2. DTO MPOCTPAHCTBO COCTOUT W3 BCEX IEJBIX (DYHKIWIA, YAOBIETBOPSIOMINX
repasencTBy |28 (2)| < Ok (1)e®¥W | ¢ kakoit mbo mocrosuwoit a(y)), sapucameii ot 1. ocaeoBa-
TeJSLHOCTD 1, (2) € £ cxomurest, Korja Bee a(i,) He TMPEBOCXOAST HEKOTOPOTo a n yHKIHI 1y, (2)
CXOJISITCS.

[Tycts ¢(t) — HekoTopast ocHoBHast MyHKIWs n3 7. [Tockobky oHa huHUTHA, TO HafigeTcst Takoe
a > 0, uTo ee npeobpazopanne Pypbe

a

(0) vle) = Flo = [drole™ = [ arone

nmMeer cMmbica pu Beex z = x + iy € C. Bouee toro, sicho, uro dyuknus F[p(t)](z) ecth nenas
aHATUTHICCKAS (DYHKIUS, TPAYEM CIPABETABA OIEHKA

a

/ dt ¢V (t)e'

(9.2) |29 (2)| = <G j=0,1,2,...,

TakKuM 0Opa3oM mpeodpaszoBanne Oypbe ecTh JTHHEHHOE HEIpepbhIBHOE oToOpazkenune u3 4 B 2.

JIemma 9.1. Beakasa uesaa anasuvmuveckan gynkuyus P(2), yodosiemeopaousai npu KaHcdom j
ouenke (9.2) (m.e. v € %) ecmw npeobpasosarue Pypve nexomopol dynruyuu ¢ € D ¢ nocumenrem

suppg C [—a, al.
Jlokazarenpcro. Pyukimo ¢(t) onpegeanm bopmyIoit

+oo

(9.3) (1) = — / da e ().
2T

—00
Tak xak ¢(x) B cuy onenkn (9.2) ybbiBaer npu |z| — 0o ObicTpee JIIOOOH CTENEHH, TO WHTErPaJl
B (9.3) cxomuTcss aBCOMOTHO W PABHOMEPHO MO X (BMECTe CO BCEMH MPOU3BOIHBIMU MO HAPAMETDPY
t). Takum obpaszom ¢(t) — 6eckoneuno auddepennupyemas Gynknus. [Tokaxkem, 910 oHa (DUHUTHA.
CrapuaeM 0Ch HHTErPUPOBAHUS TAPAJLIETbHO B KOMILTEKCHYIO IIOCKOCTh. A HMEHHO, B CILTY T€OPEMBI
Komm:

+N T —N

/ dx e " (x) +1i / dy e "W (N +iy) + / da e @y (¢ 4 i)+

-N 0 +N
0

+i / dy e "N (N + iy) = 0,
T
rjie 7T — Ji000e BeleCTBeHHOE YUCI0, a N TOJIOKUTETHHO. Y YAThIBAS, 9YTO Tpu [N — 0O WHTErpPaJIbl
110 BepTHKaJIbHBIM oTpeskaM [N, N + 7| u [—=N + i, —N] cTpemsTcs K HYJIIO, IMeeM

+oo
etT

(9.4) o(t) = — / dx e "1 (x + iT).
27
Ucnonb3yst wepaBerctsa (9.2) npu j =0 u j = 2, Haxoanm
C!
[(2)] < e min{Co, ﬁ} <C
z

ealyl ealyl

<
T+ 22 = 14 |z¥

a torga 1o (9.4)

etT ea‘ﬂ 1 || (a+tsgnT)
o)) < = [drvo—— = e .
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BriGepem Tenmepb DpoM3BOILHBINA IMApaMeTp T TaK, 9TO SgNT = —sgnt W IycTh T — 00. Tak Kax
C’ we 3aBucut or T, To B npenesne noaydaem 0 npu |t| > a. Caenosarennro, npu [t| > a byHKIHS
o(t)=0. 1

Takum obpaszom, mpeobpazopanre Pyphe ycTaHABINBALT N30MOPMU3IM MEXK Y MPOCTPpAHCTBAMU &
nZ.
Tenepb MOKHO OTNpeiesnTh peodbpaszoBanue Qypbe st 06001eHHBIX hyHKINE 13 2’ 110 hopmy.te

(9.5) (FIFL¢) = (F, Flel), e o(z) € 2, Fl() = / 0z (z)e.

B cuny gokaszannoro F'[f] siBisiercst iuHEHHBIM HEMPePHIBHBIM (DYHKIIMOHAIOM HaJ, TPOCTPAHCTBOM
Z . TockonbKy mpocTpancTBo 2 cocrout w3 anaauTudecknx Gynknuii, to F[f] naseBator ana-
JUTHIeCKuM (hyHKIHOHAIOM. AHajuTHIecKne (DyHKIMOHAIBI HE BIIOJHE 3aC/TyKUBAIOT HA3BAHUS
“obobmtennbie pyHKIUN . B qacTHOCTH, 171 aHATUTHIECKHX (DYHKIIMOHATIOB HE OIPEIETeHO MOHITHE
HOCHTESI U “peryigapHOro” aHaAJIUTUIECKOr0 (DYHKIIHOHAIA.

[Tpumep. Ilokazars, 9TO

(Fe), 1) = (~ia).

JIuteparypa k jeknun 9: B.C.Baagnvupos , B.B.2Kapuruos “Ypasuenusi maremarnieckoit (puzn-
ku’; FO. H. JIpoxxkunosr, B. 1. 3aBesios “Beenenne B Teopuro 06001eHHbx (OyHKINI JIeKnmonabe
kypcet HOILL MUAH, Bormyck 5.
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10. JIEKIM 10

10.1. CBsi3p mpeobpaszoBanunii Pypre u Jlammaca. Ilycre f(t) — J0KaJbHO WHTErpupyemast
dbyHKIWs, pacTymasi He ObICTpee MOJIMHOMA, PaBHAsl HYJII0 MPH OTPHIATEJNLHBIX ¢ (B 9acTHOCTH,
f(t) € " — obobiennas byHKIMsT yMEPEHHOTO POCTa, COCPEIOTOYeHHAsT HA TOJOKATETHHON TOJTy-
ocu). Toraa ee npeoGpasosanue Jlamnaca F(p) = [ f(t)e P'dt anamuruano B noxyniockocru Rep >
0 1 SBJISETCS AHATMTHUCCKIM NPOJOJIKenuem npeobpasosanns Pypwe F[f](k) = [[° e™ f(t)dt npn
COOTBETCTBUU k = 1.

[Tosromy ajist pernienust 3a1a4 Kotiu ¢ moioKuTe IbHBIM BpeMeHeM B OOBIKHOBEHHBIX T depeHIu-
ATBHBIX YPABHEHUSIX MOYKHO HCIIOJB30BATH 062 Mpeobpa30BaHus, OJHAKO B 3TOM CIydae Mpeobpaszo-
Banue Jlamnaca cpasdy ke ammeaupyer K annapary TOKIT (1 npuMeHnMo K 60J1ee MIHPOKOMY KJIACCy
DYHKIMI ¢ SKCTOHEHIUATBHBIM POCTOM). B MHBIX 3a1a49aX, UCIOIb3YIONHUX MOBEICHNE PelleHuil TP
t < 0 ( rem Gosiee B MHOIOMEPHBIX 3aauaX) MPUXOIUTCS OMPAHUUABATELCS TIpeobpasoBanueM Oypbe.

C apyroii cTopousl, mycTh obobimennas dyuknus f(t) € . nomyckaer pas3ioxKeHHe B Pa3sHOCTh
f(t) = fi(t) — f-(t) dbyuknmii ¢ HOCHTEJSIME HA MOJOKUTEIBHON W OTPUIATETIHLHON MOTYyOCSIX CO-
oreercTBeHHo. Hampuwmep, ecin f(t) — jsokaabHO mHTErpnpyemasi GyHKIHNs, pacTyiias He ObicTpee
nosmaoma, to fi (1) = f(t)0(t), f_(t) = —f(t)0(—t). Torma npeobpazosanne Pypbe F[f(t)](k) ecr
cymma Fi (k) = F[f(8)](k) m F_(k) = F[f-(t)](k),

(10.1) F(k) = Fy (k) - F_(K),

rie byuknnn Fo (k) mveror Bu npeobpasosanuii Jlamnaca dyuknuit f1 () mpu coorBerctBun k = +ip
U SABJIAIOTCA AHATUTHICCKUMHU (DYHKIMSIMEI B BepXHei, COOTBETCTBEHHO, HUXKHEH IOTYILTOCKOCTSIM.
Takum obpasom, paznoxkenue (10.1) — 910 aHATUTHYIECKOE MpeJcTaBiIeHne mpeobpasopanus Dypbe
0000ITIeHHO# (DYHKITNH, OCYIIECTBAIEMOe ABYMS Npeobpa3oBaHusaMu Jlammaca.

10.2. Tlepuoguueckue ob6061ieHHBIe PyHKIUN. OCHOBHBIE OTIpeieieHud u cBoiicTBa. Omnpe-
JeJiuM TpoctpaictBo 7., tiae T > 0, kak nogmuoxkectBo f(x) € Z'(R), rakux aro f(z+T) = f(x) (B
cMbIcsie 0606mmeHHbIX (GyHKuii). CTaHIAPTHBIM TPUMEPOM TEPUOJAUIECKAX 0OOOIMIEHHBIX (hYHKIHIL
SIBJISIETCSI TIEPUOUIECKAST JIeTbTa-hyHKITHS:

(10.2) or(z) = 6(z —nT).

[Tockonbky as moboro ¢ € 7 nmeeM (0p(x), ¢(x)) = >, o, d(nT), 10 6p(2) € . Jdna nanpueiinte-
r0 HaM TOTPeOYeTCsl PAa3/IoKeHne eIMHAUIBI. BBeeM HeoTpuIaTeIbHyo 4eTHyo GyHKImo ep(x) > 0,

3T 3T
npudem er(x) € Z u supper C (_Z’ I) Bosee Toro, morpebyem wrobnl er(z) = 1 mpu Beex
T T
—y <T<pm er(x —T)=1—er(x) npn 15¢< Jlerko BuzeTnh, 9TO TOTNIA
(10.3) ZGT(x +nT) =1,

nez

pu Beex & € R. D10 passioykeHne eMHAIBI TTO3BOJISIET JOKA3ATh, YTO JJist JII000i f € P} BHITOIHEHO

(10.4) f = (erf) *or.

HeiicrBuresnbro, B ey (10.3):

f(x)=f(x)Y er(z+nT) =) f(x)er(z+nT) =
ne” nez
= f(z+nT)er(z +nT) = (erf) = or,
nez
rJie mocaeHee PaBeHTCTBO CJeAyeT W3 3aMedYaHus, UTO s J000i obobmenHoit (hbyuknuu ¢, aia
KOTOPOii cymecTByer ee cBepTka ¢ dp 10 (10.2) Bbinoaneno pasencrso (g op)(x) = >, ., g(x+nT).
JlokazaHHoe PaBeHCTBO O3HavaeT, uro Y € . Bamernm, 4t0o B cuity ero dr = (epdr) * dp, XOTs
cBepPTKa O * Op HE CYIIECTBYET.
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Paccmorpum crenmaabHBIN cydail, Korga obo0menHass MYHKIUS 3aJeTca (byHKIHed JTOKATIbHO
unrerpupyemoit: f € L N P Tlycrs ocHoBHast (byHKIUA NPUHAIEKUAT IPOCcTpaHcTBy ¢ € Cr,
T.e. MPOCTPAHCTRY TJIAJKUX OeCKOHEeYHO JTudDepeHnpyemMbiX mepuondeckux (pyHKIHi ¢ Tepuogom
T. Torna B cuiy (10.3) nmeem:

T

[ s@ Z/dxf Jer(z +nT)o(x) =
0 nez
(n+1 (n+1)T
_Z / dz f(x — nT)er(x)p(x — nT) Z / dz f(z)er(z)(z) =
nez T nez nT

— [ s fl@)erta)ota),
[TosTomy ecrecTBeHHO TONOKUTH Vf € P u moboit ocHoBHOI dyHKINN ¢ € C'°1, ITO

(10.5) (f,0)r = (f,erd).

U3 npeapiyinero 3aMedanus CJIeIyeT, 9YTo B cjaydae, Korjaa f JoKaabHO WHTErpupyema, 3To onpeje-
JIeHWe KOPPEKTHO, MOCKOJBKY He 3aBHCHT OT BhIGOpa (DYHKIMH ep B paszioxkennu eamruip (10.3).
Onnako B 00meM ciydae 3ToT GaKT CIeayer J0Ka3bBaTh. [lyers DyHKINS € 3a1aeT KaKoe-To JApy-
roe pas3jioKeHne eanHuIbl. Toraa, mocaenoBaresbHo uenoab3ys (10.4), cBoiicTBa cBepTKH, DABEHCTBO
(10.2), paBencrso (10.3) ayist GyHKIUE €., TOTYUIAEM:

(F. épd) = ((enf) * 67 ) = / d / dy ex(z) £ (2)07 () ép(z + y)(z + y) =
~ [dzer@)f@ / dy 50(y)eple +4)d(x 1 y) =
= Z/d:p er(z) f(x)er(z — nT)p(x — nT) =

nez

=Y [dwen@)f@ierta - nT)ola) = (f.er0)

nez

IJle MBI BOCIOJIB30BAINCH MEPHOAMIHOCTRIO ¢(x). TakuM 06pa3om onpeesenne KOPPeKTHO, YTO
CIeI0BAIO0 JO0Ka3aTh. OTMETHM, UTO B CHJIY 3TOTO OMpPEIe/IeHUS:
2T

(10.6) (e MY = T840, W=

rae 0, — cumBoa Kponekepa.

10.3. Pan ®Pypwe. 31ech st yaodcTBa Mbl OJI0KAM 1 = 277,

Teopema 10.1. Jasa awboti obobwennoti pynkyuu [ € Dy pad Pypve - o cq(f)e™, 2de

1

(10.7) cn(f) = %(f, e — Koadppuyuenmov. Oypoe,

cxodumea ¥ f 6 ', m.e.

(10.8) fl@) =2 en(f)e™.

nel

T[Tpeskie, 9emM JI0Ka3bIBATH ITY TEOPEMY BCIOMHUM NpPUMEDP 0ObIMHOrO paga Pypbe i riaajkoi
x
dbyukunu B (4.13). B cuny (4.14) ma unrepsane 0 < z < 27 npoussognas f'(x—m) = 5 g, W mepe-
T
1 elnx

JINOYECKU MOBTOPSeTCs Ha Beeit ocu, a nuddepennupys psia, moaydaem: f'(z — ) = )
n
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1
®ynknus f'(x) paspeisaa, a noromy f”(z —m) = ~5- + dox(z). duddepennupyst psiz erie pas,

nosydaeM psa Pypbe 119 HepHoanIecKoil aeabra-hyHKINN:

(10.9) bor(2) = % > e

nezZ

[0 TIOCTPOEHUIO, CXOudIuiica B %",
JlokazarebcTBO TeopeMbl JIerko cieayer u3 pasercts (10.4) u (10.5):

f(z) = %(eTf) * Zei"z = % Z(eTf) * N =

nez ne”

52 3 [ dre ) ) = Y e (),

nez ne”L

Taknum obpasom, Kazxgast 00obmennast GbyHKIWS U3 2y OIXHO3HAYHO OIPENEeNISIeTCs] CBOMMH KO-
spdurmenravu Oypre. Herpyano mokazarh, 910 it 0600IIeHHBIX (DYHKIUIT BHITTOJHEHO paBeH-
cro Iapcesans (f, ¢)r = >,y cn(f)c—n(d), a paa Pypbe MozkHO M0UTeHHO AUdOEPEHINPOBATS:
ca(f1) = (in)ea(f).

JIuteparypa k jexmuun 10: B.C.Baaguvupos , B.B.Z2Kapunos “Ypasuenust maremarudeckoit (puszn-
ku’; FO. H. JIpoxxkunor, B. 1. 3aBesios “Beenenne B Teoputo 06001menubx yHKIMii JIeKinmonune
kypcet HOIL MUAH, Bormyck 5.
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11. JIEKIMus 11

11.1. ®ynmamenTaabHbie penteHus n ¢yuknuu ['puHa, cBeleHUMe HaAYAJIBHOII 3agadm K
3a/lave C HYJEBBIMU HAYAJIbHBIMU JAaHHBIMU. [lycTh Tpebyercs penmuth npu z > () HAYaJIBHYIO
3a7a4y JIJIsI YPaBHEHHSI C MOCTOSTHHBIMEA KO MUIMEHTaMU:

Lu(z) = Z amﬁmu(x) = f(x),

ox™
u(0) = ug, w'(0) =wu,...,u™D(0) = up_.
[Tosnoxkum u(x) = u(x)f(z). Torma
U (z) = u'(2)0(x) + upd(x),
" (z) = u"(2)0(x) + ud(x) + ued' (),

m—1
i (z) = u™(2)0(x) + D 6" (@),
=0
Takum obpa3oM, HCXOTHASA 33424 CBeJach K 3a7a4Ue MOCTPOeHUT 000DIIEHHOTO pellleHns ypaBHeHUT

M m—1
Li(z) = f(2) + > am Y tmd™ " V(2)
m=1 m/=0

¢ HocuresieM Ha uHTepBase [0, +00.

11.2. JuddepeHnunanbHubie YypaBHEHUS C MTOCTOSHHBIMU KO3 dumumenramu. Pemrenne mnud-
depeHIraIbLHBIX YPaBHEHUIT C MOCTOAHHBIMU KO puimenTamu
N

Lu(z) = Zanﬁnu(a:) = f(x)

n
—~ ox

B KJ1acce raagkux anddepenmupyembix GyHKIUH OCHOBAHO Ha CBOWCTBe mpeobpazoBanns Dyphe:

Flopf] = (=ip)"F[f],

r7ie I OCHOBHBIX M MHTETPUPYEMbBIX (DYHKITHM

Flol) = [dee™ot@),  F@) = 5= [ dpe o).

[Ipumensiss ero kK oboumM dactaMm auddepeHuaIbHOT0 ypaBHeHUs, ToIydaeM YpaBHEeHNe BHIA

P(p)Flu](p) = F[f](p),

rae MmMoJIMHOM

P(p) = Zan(—zp)"
T.e. bopmanabuo
' _ P
Flul(p) = 5

[Tpeanoao:KuM, 9T0 TaKoe JIeIeHne BO3MOXKHO, T.e., 9T0 P(p) He nMeer BemecTBeHHbIX Hyseil. Torma,
coBepIag oOpaTHOe IMpeoOpa3oBaHue, MOTyIaeM

u(z) = / dyG(z — ) f(y),

I/le BO3HUKJIO DYHIaMeHTAJIbHOe pereHne onepartopa L:

o=+ 4 {5
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TaK 49TO

LG(z) = d(x).

Takum oOpa3oM B TaHHOM ciy4ae (pyHIaMEeHTaIbHOE PelleHne CyIMecTBYeT U OMpeIeIeHO OTHO3HAY-
HO, TIOCKOJIbKY OJHO3HAYHA TPOIEIypa JIeJIeHUs, B 3HAMEHaTele HeT HyJeil, TaK 9TO WHTErpaj Cy-
mecTByeT u cxoauTcs. CoOCTBEHHO, TO Ke caMoe BepHOe U s OOJIBIIEero YHuc/Ia N3MepPeHuid.

Pacemorpum Gosee obmuii crydaii, Korma y moanaoMa P(p) IMeoTcs BemecTBeHHbIe HYJTH, TIPUIeM
OymeM CYNTaTh, YTO OHHU MPOCThie. Kak M3BeCTHO, BCErAa MOYKHO 3aIlMCATD

P(p) = [ an(=0)"(p — qn)-

[Tycrh, ckaxkewM, ¢ BemecTBeHeH. Torma, Bo-epBbix, 1/P(p) cuHTYIsIpeH 1 ciieyer BrIGpaTh KAk Mbl
nonnmaeM 1/(p — ¢p): rmaBnoe 3uavenne, uwin 1/(p — ¢ +i0), wim 1/(p — g1 — i0), wan erme Kak-To.
Ho mocse 3Toro Bo3HHKaeT mpoOsiemMa HeOTHO3HATHOCTH — BCIOMHUTH 3aga4y xf(x) = 0. Hy u Tax
Jasee IS BCeX BEMeCTBEHHBIX KOPHeil mosuHoMma P(p).

11.3. ®ynmamenTtanabpubie penieHns ypaBHeHud llltypma—JInyBmansg ¢ Hy/JI€eBBIM HOTEH-
IIMAJIOM ¥ BOJIHOBOTO ypaBHEHHUdA. B KauecTBe NpeaBapuTebHOIO YIPayKHEHUS HAYHEM C TO-
crpoenus (ynpaMenTaabHOro perrenus ypasuenus [IItypma—/InyBusiis ¢ HyJeBbIM MOTEHIIHAJIOM:

_ di;i(zx) _ ka(x) = f(z), rtme k # 0 — BemecTBeHHBI TapaMeTp,

TaK 9TO
d*G

_ dx(f) _K2G(x) = 6(x).
31ech

P(p) =p* —
a IOTOMY

__ Flfiw)
F[w]@) = (p— /{;)(p—l—k).

Koneuno, HyKHO (HUKCHPOBATH BBIOOP 0000IIEHHBIX (DYHKIUH U yIeCTh HEOTHOZHATHOCTD JIEIEHUSI.

[Tomoxkum
B Flf(p)
(11.1) F[Y](p) = (p — k+10)(p + k +10)

TJe ¢_ W ¢, — HeolpeJe/eHHble KOHCTAHThI (uMeeTcst BBUY 1o p). CoBepimas obpaTHoe mpeobpas3o-
Banme Pypbe, MoTyIaeM

+c d(p—k)+cidlp+ k),

(z) = / dy Gl — y, k) f(y) + c_e ¥ 4 e,

1 dp e~
Gz, k) = — :
(z, k) 27r/(p—k‘+z'0)(p+k+i0)

Brruncigg sTor unTerpana mo jgemMe 2KopaaHa, EMeeM:

sin kx

k

[TpousBoJ B BEIGOpE KOHCTAHT (PUKCUPYETCS TPAHUIHBIMU YCJIOBUSIMU, HATIPUMED,

»(0) =0,  ¢.(0)=0,

G(z, k) = —0(2)

qTO JIaeT:

o= [ an|-Glw ) £ 16w 100
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OTBer Tak »Ke MOXKHO 3aIlCaTh B BHUIE

b(z) = / dy Gol,y, k) f ()

rie renepb Go(x,y, k) He ectb DYHKIMS pasHOCTH T — Y
sink(x — vy
Gole. k) = [0(—y) — (o — ) EE Y]

T

P(x) = /dy %Z_y)f(y)-

Haiimem teneph ¢dpyHIaMeHTAIbHOE pelleHne 0JJHOMEPHOI'O BOJTHOBOI'O ypPaBHEHUS

0*u 0*u
w—a?@ = (t,x), (a>0)

T.€., pelenne ypaBHeHud

PG(tx)  ,PG(ta)

— =6(t)(x).
ot? 0x? (t)o(x)
HpI/IMeHI/IM, HallpuMep, K IOoCJIeJHEMY YPaBHEHHUIO npeo6pa3OBaHI/Ie CDypbe 1o HepeMeHHOﬁ xX:
azG(tv k) 21.2
T — KRG E) = 8(1).

[Tpu dbukcupoBanHOM k cOOTBETCTBYIOIIEe OOBIKHOBeHHOE anddepeHnaibHoe ypaBHeHue 1mo ¢ ObLIOo
PACCMOTPEHO BBITIE; OJIHO U3 ero (PyHJIaAMEHTAJIbLHBIX PEIIeHuil nMeeT BU/I
sin akt

ak

DyngaMeHTATHEHOE peIlleHne BOTHOBOTO ypaBHeHHs mojydaeMm mpumenenuneM K G(t, k) obpaTHOTO
npeodpazoBanust Oypoe. OTBer:

(11.2) Gt k) = 0(t)

(11.3) Gt z) = %H(at ~j2)).

JIUIST JTIOKA3aTeIbCTBA JIOCTATOYHO BBIYUCIUTH mpeoopasosanne Oypne 1mo x ot 31oit dpyuknuu. [To-
CKOJIBKY pedb HJeT 00 OOBIYHBIX JIOKAJIHLHO WHTEIPUPYEMbBIX (DYHKIIUSAX, JOCTATOYHO BBHIYUC/IUTH WH-

Terpal
‘ 0, t <0,

eFrdy = sin akt
, t>0,

+oo

RG] - [

—00

*TQ(t, x)dr = /

|z|<at

aro coBnasaer ¢ (11.2). Permum ¢ TOMOIIbIO MOy YeHHOTO (DYHIaMeHTATBHOrO perienns 3aaady Korn
JI7IsT BOJTHOBOTO YPaBHEHUST:

Pu 0%

w—a@:f(t,x), t>0
u(0, ) = up(x), %(O,x) = uy(x)

Dra 3a7a4da SKBHBAJEHTHA OJHOMY ypaBHEHHIO Ha 0000menunyo dynkmuo v(t,x) = 0(t)u(t,z) c
HOCHTEIeM B IIOJIYILIOCKOCTH t > 0:
Pv 0%

a2~ @ g = FH2)0() +ue(2)8' (1) + ui(2)d(t).

v
B camom mene, mpousBoaHas — B cMbICTe 00OOIEHHBIX (DYHKIINI paBHA

ot
du(t,r)  Oult,x) ou(t, )

o = g O Fult2)0i(t) = () + un(x)d(0),

Po(t,z)  d*u(t,x) /
5 = W) T uo(@)d(t) +ui(2)d(t).

AaHaJIOTUYHO
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[Tostomy v(t, x) = G(t,x)*(f(t,2)0(t) + up(x)d (t) + ui(x)d(t)), vne G(t,x) nana B (11.3) u cBepT-

Ka IMPOBOAMUTCA IO 0060UM HepeMeHHbIM'

v(t, ) / ds / dyG(t —s,x —y) (f(s,9)0(s) + uo(y)d'(s) + ui(y)d(s)) .

[pu t > 0 dbyuKIUN u(t x) m v(t,r) coBmamaT, Tak 9o

/ ds / dy0(t — 5 — |z — y]) (/(5,9)8(5) + uo()(5) + u(1)5(s)) =

z+a(t—s) r+at
1 1
:—/ds / dyf(s,y)—ir% / dyul(y)—l—§(uo(az—at)—|—u0(a:—|—at)),
z—a(t—s) r—at

9TO ecTh 3HaMeHuTast ¢popmysta larambepa.

Jlureparypa k meknun 11: M.Pux, B.Caiimon “MeToasl coBpeMeHHOIT MaTeMaTHIecKoil (pu3uku’,
toM 1, “©ynknuonanbubiit anatn3”; B.C.Baragumupos , B.B.2Kapunos “YpaBHenus MareMaTuIecKoi
dusuku”’, I.Bpemepman, “Pacnpenenenns, KOMILIEKCHbIEe ITepeMeHHbIe 1 ITpeobpaszoBanne Oypobe”.
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12. JIEKIUA 12

12.1. CBenenue HavaabHOIT 3amaun ajada AndepeHnnaabHOr0 YPaBHEHNI K WHTErpaib-
HOMY ypaBHeHHUIO0. Paccmorpum onsth ypasuenue [IItypma—/IuyBu/iist ¢ HeHYJI€BBIM TOTEHIIHAIOM
(omroMepHOe ypasuenue [1Ipeanarepa):
d*y(x)
_ 72 B .
e +u(x)Y(x) = k“Y(x), rtme k # 0 — BermecTBeHHBIH Tapamerp,

u HyIeBoil “mpaBoii dacTbio”. IIpeobpaszoBanne Pypbe B TaKoil CHTyallud MPUHOCUT MAJO TOJIB3HI,
MOCKOJIBKY BMeCTO ()1 (z) Mbl moxyauMm cBeptky. Oaaaxo dyuknus ['puna nos3sosser cectn aud-
dbepenmnuanbHOe ypaBHEHNE C HAYATBHBIMU JAHHBIME K WHTEIPAJTBHOMY, UTO JTA€T BO3MOKHOCTH UC-

cietoBaTh cBoiicTBa pemtenwuii. [lomoxkum B mpegpiaymux dopmynax f(x) = —u(z)y(z), Torma (x)
VJIOBJIETBOPSIET
—ikx ikx r sink(:p - y)
wie) = e et — [ ay = uy)u).

Onsarh KOHCTAHTHI (DUKCUPYPYIOTCS HAYATBHBIMU YCIOBHAME. [Ipeamonoxkum, aro u(x) — raaakas,
oeicTpo yObIBaoIas Ha GeckonedHocTn dbyHkimst (Hanpumvep, u3 .¥). Torga ecrecTBEHHO 0KUIATH,
aro Ha GeckoHedHOCTH (x) Beger cebs Kak perrenne ypasHenus ¢ u(x) = 0. O6o3naunm (z, k) ~
e~ ipn & — —o0, Tounee, 3anaauM permenne ¥(x, k) ycaosnem

. ik

lim e™(z, k) = 1.

T——00

[Tepenuiem nHTErpajJbHOE YPABHEHNE B BUJIE

T

ik 2ika 1 — ek iky
eY(r) = e+ e e+ [ dy ()™ (y),
T.e. KaK WHTErpaabHoe ypasnenne ua ¢ **1)(z). Yeaosue na acummroruke gaet . = 1, ¢, = 0. Uraxk,
ik i sink(x — vy
vty = e [ ay =D )0, ),
ik [ 1= ke ik
) =14 [y () (. b

Mp#bI mosryunIn OJHO3HAYHOE ypaBHEHWEe, T0Ka3aTe/JIhCTBO CYIIECTBOBAHWST PENIEHHWsT KOTOPOTO yiKe
MOYKHO MPOBOJIUTh, CKayKeM METOIOM IOCIe0BATETbHBIX TpuOInKeHnil. Bropas Bepcust 3Toro ypas-
HEHUsI MTO3BOJISET I0KA3aTh, UTO 1(z, k) JOMyCcKaeT AHATUTHIECKOE MPOIOIZKEHIe B BEPXHIOK MOy~
I0CKOCTD mapamMerpa k. Takme pemennst Ha3blBaioTcs perennsyu Locra.

12.2. O6061ieHHEbIE PYHKIINN HECKOJBKNX MepeMeHHbIX. OCHOBHBIE OIpejeeHus 3/1eCh dB-
JISIOTCST HEIOCPEJICTBEHHBIM 0000IIeHneM orpeie/ieHrit 0JJHOMEPHOTO CJIydvasi, B 9aCTHOCTH OIpee-
nenust 5.1 npn © = (21,...,x,) € R™. Tak, onpeienenue mpocrpaHcTBa 2 cOBHAJaeT B TOYHOCTH €
nyHkTom 1) onpenenenns 5.1. Onpenesenne ke NpocTpaHcTBa . B MyHKTE 2) TpeGYeT JIHUIIb CJIeLyo-
IIEro yTOYHEHHsT YKA3aHHOTO TaM HepaBeHcTBa. [lycth o = (aq, ..., a;) — MYJIBTHHHIEKC, T.e. HAOOD
N TEJBIX HeOTpunaTeabHbx ducent. [Iycts |of = a; +as+ - - -+ a,,. Torma 6eckonedno nuddepennu-
pyemast byHKINSA ¢(r) TPUHATEKUT MPOCTPAHCTBY . TOTAA W TOJBKO TOT/JA, KOTJIA CYMECTBYIOT
Takue KOHCTAHTHI Clq| |/, 9TO BLINOIHACTCA HEPABEHCTBO

OBl F(x
| —; /) 77| < Clalis
8:6116'1‘22 A axnn
it To0bIX € R™ n 106bIX MyJABTHHHIEKCOB « U 3, Takux [to |af, || = 0,1,2,... w rme |z| =

Vai+ .42
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12.3. O6061ieHHBIe PYHKINN KOMILJIEKCHOTO MEePEeMEeHHOro. Besse 31ech oO003HAUEHHE TUIIA
&(2), f(2), vne z = x+1Y = 2Re+121m, KaK JJIsT OCHOBHBIX, TaK ¥ JJist 0000MEeHHBIX (byHKIHMIT He TIpe/i-
MOJIATAET, 9TO 3TO (DYHKIINK aHAJTUTHIECKHE, a SIBJISETCS COKPAIIEHHBIM 0003HaYeHNEeM 11t (DYHKIIIT
JIBYX BEIeCTBEHHBIX MEPEeMEeHHBIX, COOTBeTCTBeHHO, ¢(z,y) u f(z,y). Mbl ncnosibp3yeM 371ech Ciieiy-
fore 0003HAYCHU:

(12.1) &Pz = dody — dz;id?

o 1/0 0 _ o 1[0 0
12.2 =4 __(2_ ;2 g2 _1(0 0
(12.2) %= 3 2(ax Z@y)’ =0 =5 2(8x+Z8y)’

U TperoJiaraeM, 9To U3 Kypca aHaJin3a U3BecTHB hopmy/ibl ['puna

(12.3) 2i/d2z 0.f(2) = fdzf(z), 2i/d2z 0.f(z) = — fdz (2,

D oD D oD

rae 001acTh D HAXOAUTCS CJIeBa OT KOHTypa 0D IpH MHTErpHpOBAHHUE 110 HEMY, a TakKxke (hopMmyma
Komu—I"puna:

(12.4) f(z) = —% dz’% +%/zd_zz, 9. f(2),
oD D

st z € D\ 0D, rae D — orpannuennas obsiacts B C ¢ rmaakoil rpanuneii 0D.

MpbI paccMOTPHUM TYT TOJIHKO HEKOTOPbBIE IIPUMEPHI 0000IIEHHBIX (DYHKIINIT KOMITIJIEKCHOTO TIepeMeH-
Horo. /lenbra-pynknus ompesessercs Kak mpsiMoe Mpou3BeeHne JieJibTa-pyHKIUH BEIeCTBeHHOW 1
MHUMOW 4YacTeil:

(12.5) 6(2) = 0(2Re)d(21m),

(12.6) /d225(z)gb(z) = ¢(0).

Ormernm Taxzke, uto s Jodoro a € C, a # 0 emosnsercs 6(az) = |a|~26(z).

O6obmennas dyuknus 1/2", n = 1,2,..., B npocrparctse .’ (C) (pacupe/enenue) onpeeisiercs
IOCPEJCTBOM PABEHCTB
1 d?z
— — i hudlied
(50) =ty [ Toe
|z|>€

rae ¢ € . (C). B wactaocTn
1 d? d?
(0)= [ Tor+ [ Set - oo,
|z|>1 |z]<1

[Tokazarh, uTo obpe3aHne Ha ypoBHE |z| = 1 MOXKHO 3aMeHUTh Ha JI00oe |z| = a > 0 u 3HavYeHne TpH
3TOM He u3MeHuTcd. [loka3aTh, 4TO U3 TUX ONpeJlesIeHuil cieLyeT

1 n
(12.7) 8zz—n = Ty

Jlokakem paBeHTCTBO:

1 1 A —
xS 2 P TAR) +o(d), A=,
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rie o(A) o3Havaer 0600IMeHAY 0 GDYHKINIO, CTpeMsIyocs K mHymo mpa A — 0. s mokazatenbeTBa

paccMOTpHUM:
1 1 d?
[ (1) 0= [t a)- o) -
- _ / dz QZ dz1 — (A0.6(2) + Ad:¢(2)) +o(A) =
= —lim . di (AD.0(2) + Ad:=0(2)) + o(A) =
, 42z . d*z
= —Alim T -¢(2) — Alim T :9(2) +0(A) =
A _ d
|z|=€
A _
= (500) + Br0(0) + ()
Torna

1
82; = 7T5<Z).

3amMeruM, 9To Kak U B OJHOMEpHOM ciaydae z0(z) = 0. OgHako Temepb 3TOMY K€ PaABEHCTBY YIOBJIe-
TBOPSIOT BCE MPOU3BOIHLI IeTbTa-pyHKIUA 10 Z: 0:0(z2), 020(z), u T.1.

12.4. dynmameHTaabHOE pelnieHue omeparopa Jlammaca B pa3dmepnoctu 2. [lonarasi, kak
00bIuHO, z = T + iy = pe'®, e ¢ = argz u —1 < ¢ < m, B ety dopmya (12.2) umeem:

e 1 e 1
Torma

(8 10g2’ f) logz,ﬁzf
5 | o [ dstops 1 icle (e -

0

l\DI»—t

™

~5 | do [ dohogo—1isle ripe) 1 5 [ o gt icle (o) -

0 2

/ / dpe™ f(pe )+7T/Ooodpf(—P):
(% )+7r/0 dp f(—p)

1 — 1
(12.9) 0. logz = 2 + 70(—2Re )0 (21m), 0. logz = = + 70(—2Re )0 (21m),

N)lH

—T

TaK 49TO

rJie BTOPOe PaBeCHTBO €CTh KOMILTEKCHOE CONPSZKeHne MepBOTo. Takoil yKe BBIKIAJIKON MOTydaeM,
qTO

(12.10) 0:log z = —m0(—2Re)(2mm), 0. logZ = —m0(—2re)(2m)-
Urak, mbr BuanM, ato 0, log z # 1/z and 0, log z # 0. C npyroii cTOPOHBI
(12.11) d,log|z|> =0.(Inz+1n%) = -

Tak 9to B cuay (12.3)

(12.12) 0.,9. log|2| = gé(z).
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Hanee, o (12.2) ypaBaenue
(07 + 02)G(x,y) = 6(x)d(y) oxsusanentno 0,0,G = 45(z)

TaK 4T0 (byHIAMEHTATbHOE PellleHre omepaTopa Jlammaca B IByMEepHOM IPOCTPAHCTBE €CTh

1
(12.13) G(z,y) = Py In /2% + 42
7T

12.5. O606menuble GyHKIUA HA €AUHUIHOM KOHType. Ilycrh ¢(z) € C5C. Tomokum 2 = ',
0 < z < 27. Beemem dyHkimo 1(z) KOMIIEKCHON MepeMeHHOI Ha eMHUYIHOM KOHTYpe, |z| = 1,
nocpejicteoM )(e®) = ¢(x). Toustitro, uto ecu () — Geckoneuno auddepenuupyemas GyHKIUSA
Ha eJUHAYHOM Kpyre, TO ¢(x) € C5°. B 9acTHOCTH, sl HEPUOIMIECKON JeTbTa-(DYHKITUT UMEeM:

(52n. 6) Z/dm v — 2mn)ean(2)6(x) = B(1).

ne’l

Ananornano, Mbl 060§t 0600meHHON byukmn f(r) € 2 comocTaBiseM 0000MEHHYIO bYHKIHIO
fe(2) (c or coBa contour) Ha eTUHAYHOM KpyTe:

(1214) (f(l’), (b('r))?w = (fc<z>71/}<z>>c

Ecau dbyuknug f(z) 10KagIbHO HHTErpUpyeMa, TO JOKATbHO nHTerpupyeMa u dyukmus f.(z) = f(x),
2 = e mpuueM

(12.15) ()0 = § L)

|2[=1

a IS IPOU3BOJIbHOI 0600Mmennoil dbyHKIun n3 %5 mpaByio 9acTh CJIeyeT TOHNMATh KaK 0003Ha-
deHme JIeBoit, onpeaenennoii mo (10.5) u (12.14).
Payx @ypbe st 06001eHHON (DyHKINH, T.€. paBeHCTBa (10.7) m (10.8) HpI/IHI/IMaeT BUI;

(12.16) P =S e al) =g (es o= § 50 n)

ne’l |2l=1

B wactaocTu mo (10.9)

1
de(2) = — E 2",
2
nez
3 3Toro paBeHCTBa CJieyeT aHAJOD d)opMyJIbl Coxornkoro—TLiemerts:

0el(2) = 5 (Z Z —") =5 Ellzg()(é(ze—e)" - % i(zef)—n) -

1 . 1 1 1 1 1
= — lim — = — —
2me=+0\ z — e ¢ 2z — €€ 2n\z—1- 2z-—1t

rjie 10 aHAJIOTUU CO CIydaeM ODOOIIEeHHBIX (DYHKIMI Ha BEIIeCTBEHHON OCH MbI BBEIU ODODIIEHHBIE
dyHKIIN

1 . 1
——— = lim ,
z—1% 530z —ef
SBJISIONIHECS TIpeaeaMu (DYHKIUN aHATUTHIECKAX BHYTPU M BHE €IMHUIHOIO KOHTYpa, COOTBET-
CTBEHHO.
JIureparypa k jgeknuu 13: U.M.Tenndang, I.E.I1luros “O600mmenubie (hbyHKIUN U JeHCTBAST HAI
anvn’, 1. 11; B.C.Baraguvupos , B.B.2Kapunos “Ypasuenust maremarnaeckoii puznkn”’, [.Bpemep-

MaH, “Pacrnpejenennsi, KOMIJIEKCHbIE TTepeMeHHbie u nmpeodbpazoBanne Oypne”.
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13. JIEKIUd 13

13.1. CtpykTypa 060011eHHbIX (DYyHKIUT MeIJIEeHHOTO pocTa. (O4UeBwIHO, B YJACTHOCTH U3 PAC-
CMOTPEHHBIX TPUMEPOB, UTO TepBooOpa3Has 0600MeHHON (DYHKIMN “MeHee CHHTYJISIpHA’, 9eM caMa
00001eHHasT PYHKIU. 31eCh MBI ¢COPMYINPYEM ITO HADIIOAEHUE CTPOTO /st 000OMIEHHBIX (DYHK-
muit u3 npocrpancTsa &', [ljist 370ro Ham nmorpedyeTcst BCIOMHUTD JIBE TEOPEMbI U3 Kypca (DyHKIH-
OHAJTBHOTO AHAJN3A:

Teopema 13.1 (Teopema Xama—Banaxa). [Tycms X — Komnaekcroe 6ekmoproe npocmpancmeo, p
— BEWECMBEHHAA NONOHCUMENOHAA PYHKYUS, onpedesernad Ha X U YO0BAEMBOPAOULAA YCAOBUND
plaz + py) < |alp(x) + |Blp(y) npu aobvz x,y € X u amobwzx o, f € C maxuz, wmo |of + |B| = 1.
Hycms X\ — Komnaexchutl sunetinodd GyHryuonar, onpedesennvili Ha noonpocmpancmee Y C X u
ydosaemeopamowut yeaosuro |A(x)| < p(z) npu mobom x € Y. Tozda cywecmeyem womnaexcro
aunetnod pynkyuonan A, onpedesernnud na X, ydosaemsoparowui ycaosuro |A(z)| < p(x) npu
mobom x € X u makot, wmo A(x) = A(z) npux €Y.

Teopema 13.2 (Teopema ®. Pucca). Jaa a06020 auneiinozo nenpepuenozo gynryuonara T Ha
2uavbepmosom npocmpancmee H cyuecmeyem eduncmseennvit aremenm t € H, makxot, umo 0is
moboz0 © € H swnoaneno T(x) = (t,x).

Bepuemcst k 0600menabiM (pyHKIHsIM. BBegem B . cHeTHOE YUCIO HOPM, ONPEIETeHHBIX KaK
(13.1) 191l = sup(l + [2?PRlo2e(x)], p=0,1,....
TEX
a<p

OueBnHO, 9TO

(13.2) ¢llo < llolls < llolla < ...,
a CXOJIUMOCTH B . MOYKHO dKBHUBAJIEHTHO ONPEIETUTH CJAEAYIONIIM 00pa30M: MOCIEI0BATEIBHOCTH
byHRIHI @1, @9, ... U3 . cxoauTcd K Hym0, ¢p — 0 B . npu k — 0o, ecim a1 Beex p = 0,1, ...

ocsiefoBaTeabuocTa ||Pgll, — 0 mpu k — oo.
IIycrs ., o3mavaer momojHeHue . no p-oit HopMme. Kaknoe .7, — 6aHax0BO IPOCTPAHCTBO 1
ClIpaBeIJINBLI BJIO2KCHUW A

yoDleyQD...,

pHYeM KazkJoe BIOXKeHne .7, 1 C ., Henpepsisuo B cuiy (13.2). MoxkHo g0Ka3aTh, 9TO 9TO BIOKE-
HUE BIOJIHE HEMPEPHIBHO (KOMIAKTHO), T.€. U3 BCSIKOrO DECKOHEYHOTO OTPAHUYIEHHOTO MHOXKECTBA B
p+1 MOZKHO BBIOPATDb IOCTE0BATEIBHOCTD, CXOAAIILYIOCHh B .7, OTCIONa BBITEKaeT, 4T0 & — MOJTHOe
IPOCTPAHCTBO U ¥ = anO .

Teopema 13.3 (Teopema Jlopana [Isapua). ITycmo M’ — caabo oeparunentoe mroscecmeo hymr-
yuonaros us ', m.e. |(f,¢)| < Cy daa ecex f € M u ¢ € .. Toeda cywecmseyrom maxue wucaa
K>0um >0, umo

(13.3) |(f,9)] < K||¢||lm, Ona mobwz f e M, ¢e.&.

Jlokazarenpcrpo. Ecim wepasencro (13.3) mecnmpaBeminBo, TO HaiiyTcsi MOCJIEI0BATEIBHOCTH
{fr} — byuxmonanos uz M’ n ¢, — dbynkunii u3 . Takue, 410

(13'4) ‘(fku(bk” > k”(kakv k=1,2,....

[TocnemoBarebHOCTDL (DYHKITHIT

RU/1C))
B = e TR

crpemutcsa K 0 B ., ubo npu k > p:

&%l 1

— < .
[ rlolh = Vi
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[TocnenoBarenbaocTh bynknmonanos {fi} orpanmdeHa Ha KaKI0i OCHOBHOW (yHKIUH ¢ u3 7.
[Tosromy mist vee (fy, ) — 0 npu k — oo. C apyroii cropousr, HepaseHcTBo (13.4) maer

_ (e 00)

[Torydennoe mpoTHBOpedee M JTOKA3BIBAET TEOPEMY.
CuaencrBue 13.1. Beakasa 0606wernan GYHKUUA YMEPEHHO20 POCMG UMEEM KOHEUHBLT NOPAJOK,

m.e. donyckaem npodosscenue Kak AUHeUHT Henpepuervll GYHKUUOHAA U3 HEKOMOP020 (HauMeHb-
We20) CONPANCENHO20 NPOCMPAHCMEa L., Npu Imom nepasercmeo (13.3) npunumaem 6ud

(13.5) [(f, 0] < Wfll-mll@llm, &€
ede || f||l—m — mopma Ppynxyuonara f 6 7., m — nopadox f.
Takum obpa3om crrpaBe i INBbI COOTHOITEHUST
ScHcHc.., S=
p=>0
Terepb MBI MOYKEM JIOKA3ATh CIEYIONIYI0 TEOPEMY:

Teopema 13.4. Ecau [ € ' (XZ™), mo cywecmsyem Henpepuienas GYHKUUA § MEOAELHHO20 POCMA
na Z" u uyeaoe wucao m > 0 makue, wmo f(x) = D7 ...D"g(x).

Joka3zarernctBo. IIpoBenem ero jis ciayuas n = 1. [To reopeme IlIBapia cymecrsyor uncia K n
p Takue, ITO s JTI000i p € . uveem

d
() < Kl < Kmax [ de| 211+ @)

)

T

TaK 49TO

D114 222 (2]

<K
|(f;0)l < Kmax) -

L1
d

[Monoxum v, = d—[(l + 22)P/2p(®) (7)]. Do comocTaBngeT Kaxk0H byHKIIH @ € .7 HAGOpP {14},
x

T.e. MBI MMeeM orobpaxkenne ¢ — {1} u3 npoctpancTBa ¥ B MPOCTPAHCTBO B, L' ¢ HOPMOIL
I{fa}l] = maxa<p || follc1- Ha mameiinom mommmoxectse {{t,}, ¢ € &} npocrpancrsa Gq<,L' BBe-
e smHeitHbli hyaknnonan f* mocpemctsom paserctBa (f*,{1.}) = (f, ). B cuny mokazamnoro
BBIIIIE

I(F7 e )l = |(f, )] < Kmax[dallzr < K]l {a}l;

Tak 4To (hbyHKIHoHaT f* HempepwsiBeH. Torma B cuny Teopem Xana—banaxa n @. Pucca cymecrByer
BeKTOpP DYHKIHUA X € Da<pL™ TaKasd, ITO

() = X, [ doxala)ao)

a<p
Baech L°() — MHOXKECTBO KOMILJIEKCHO3HAYHBIX M3MePUMBIX (BYHKIHi Ha 7, TAKUX 9TO MOYTH

Beomy 1o Mepe Jlebera |f(x)| < M npu nekoropom M < oo. Hopma || f||z~ — Hanvenbiee n3 takux
M. TIpocrpancrBo L°(Z#) 6anaxoBo. rak, st ao6oro ¢ € .7

19 =3 [ drxal@) i+ 222 ) =

a<lp

_Z/dxg )t (z).

a<lp

31ech nobasiena oxHa nponssoaHas B T2 4To6 06ecneunTh HENPEPHIBHOCTL (MYHKIHH (g, STB-
JstoNIeiica mepsoobpasnoit hakTopos ¢t (1) B meproit crpouke. OKOHYATETLHO MOTyTaeM:
dm

f(x) = p (z), tme m =p+ 2,
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YTO U TPEOOBATIOCH JOKA3ATh.

13.2. YpaBHeHUEe CKAJSIPHOTO IOJS C UCTOYHUKOM. Paccmorpum ypaBHeHne Ha (YHKIIHIO
¢(t7 L1y 7xN) BHUIA

2 2 2 2\ /4. — (4
(13.6) (8t — (0, +---+0;)+m )qb(t, X1y ooy Tp) = J(t 21,00 2y),
7€ M - MOJOKATETBHBI TTapaMeTp (Macca CKaagpHoro mons), j(t; xy, . .., x,) — 3a7anaas QyHKnus
BpPEeMeHHU ¢ ¥ KOODJUHAT 1, . .., %, (BHEIIHUH UCTOUYHUK).
Pemenne 3Toro guHEHHOTO 10 MOMIO ¢ (t; 71, . . ., T,) YPABHEHAS MOXKHO 3aIlUCATL B BHJIE

dt;xy, ..., x,) = (tay, ..., 2)+
+/d7—/dy1"'dyng(taT;xlayla'"axnayn)j(T;yla"'ayn)a

snech ¢°(t;xy, ..., x,) — pemrenne ypapHenns (13.6) ¢ mpapoii 4acTbi0, paBHOI HYJTIO,
E(t,T;21,Y1, -, Tn, Yn) — DyHIAMEHTATHHOE DellleHne YpaBHEHUsI

(8252 - (8:%1 +oee +a§n) +m2)5(t77;x1ay17 .. axnayn) =
=0(t —1)0(x1 —y1) ... 0(xp — Yn).

Eciu Ha mocTaBmeHHYIO 337249y HAJTOKHUTD CIIEIHAIbHBIE YCIOBHSA, (DUKCUPYIONINE IIPOU3BOJI, CBI3aH-
HBIl ¢ BBIDOPOM pellleHns OJHOPOTHOTO YpaBHEHHS, TO pelleHne MOYKHO MPEeICTaABUTh B BUJIE

(13.7) o(t;x,. .., Ty) :/dT/d;gl...dynD(t,T;xl,yl,...,xn,yn)j(T;yl,...,yn),

e D(t, 7321, Y1y - - - s Tny Yn) - GYHKIHEST IPHHA PACCMOTPEHHOTO YPABHEHHsI ¢ YCIOBHAMHE, (DUKCHDY-
IOIMUMAU ITPOU3BOJI.

CaMO paccMOTpeHHOe ypaBHEHHe WHBAPUAHTHO OTHOCHTEIBHO OJHODPOJIHOIO CJABHTA 110 BDEMEHH N
IIPOCTPAHCTBY, €CJIM JTOH JKe MHBAPHAHTHOCTBHIO 00JIAJAI0T HAJIOXKEHHbIE YCJIOBHs, TO (Hoaymaiire
KaK JIOKA3aTh)

(13.8) D(t, 721, Y1, Tny Yn) = Dt —T521 — Y1y - ooy Ty — Yn)-
B 3ToM cayuae HY:KHO pemiaTh 00Jee IpOCToe yPaBHEeHHEe
(13.9) (07 — (03, 4+ 02 )+ m*)D(t; 2y, ..., @) = 0(t)5(21) ... 0(zp).

Permmum 310 ypasuenue merogom rnpeodbpazoBanus Pypwe. Nimem pernienue B Buje
dw [ dk;...dk, . .
Dt;xy,...,x0) = | — | ————D(w; ky,...,k,)e Witikizttiknen
( s L1, ) n) / 2T / (271')” ( y V1, ; n)

Hnst D(w; ky, . . ., ky) noxydaem anrebpanveckoe ypaBHeHHe, KOTOPOe Ceayer permarh B S’
(13.10) (w—er)(w+e)D(w; ky ..y ky) = =1, e =Vm?+ k2,

rme k? = k3 + -+ k2.
Pemenne sroro ypasuenus B S’
1 1 1 1

(13.11) D(w; ki, ..., kn) + C1(k)d(w — €) + Co(k)o(w + €),

_2ekw+ek QEkW—Ek
rie (w = €)' moEmMaerca B cMBICTe IaBHOTO 3HadYeHus. [Ipeactapum obobmennbe GyHKIuI, dhu-
IYPHUPYIOIIUEe B OTBETE, B BUIE MpeaenoB (pyHKIMI, aHAJTUTHICCKUX JTHOO B BepxXHeil, 1100 B HUKHEil
MOJYIJIOCKOCTAX KOMILJIEKCHOI TTepeMeHHOU w

%:%<mim+xim»
5(x) 1< 1 1 )

T %ir\z —10 =z +i0
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Teneps oTBeT 17151 pypbe-odpaza dyHKIUN ['pruHa MOKHO MPEeICTaBUTh B BHIE

D(w;ky, ... ky) =
1 1 Ci(k 1 1 Ci(k
S S 1 2) |- L alm),
w—e€,+10| 4deg 2im w—e€,— 10| 4deg 2im
n 1 L B Cy(k) 1 L n Cy(k)
w + € +10 | deg 2im w + €, — 10 | 4ep, 2ir |

13.3. Bana3zapiBaromias pyHkmug ['puaa. Oyuxknusa ['puHa Ha3bIBaeTCs 3ama3IbIBAOIIEH, eI
sHavenune nost ¢(t; Ty, . .., T,) B MOMEHT BpeMEHH ¢ OMPeIeIIeTCs 3HAYCHUSIMA UCTOTHUKA (75 Y1, - . . ,
) TOJIKO B MOMEHTHI BPEMEHHU T, TPE/IIIECTBYIONHE BpeMeHn ¢ (IPUHIUI MIPUIUHHOCTH). DTO O3HA-
qaeT, uTo

(13.12) DRt r 2,91 ..., 2p,yn) =0 mpm T >t

9T0 yciaoBH€ HHBAPpHAHTHO OTHOCHUTE/JIBLHO CABHUI'OB IIO BPEMEHH, IIO3TOMY MOJI4d pacCCMaTpHUBaeMOI'O
YpaBHEHHA

(13.13) DR(t;wy...,m,) =0 mpm t<O.

Paccmorpum dypne-obpas 3amnazapiBatomnieiit pyukiun ['puna
DR (wiky ... k) = /dt / dzy ... de, DR (t;xy ..., @, e TRz iz

= / dt / dxy ... da:nDR(t; Ti... ,xn)ew*iklz“”'*ik"w".
0

[Tocmorpum Ha dypbe-odopas dpyukimn ['puaa Kak Ha QYHKIINIO KOMILIEKCHON 9acTOThl W = W1 + iWs.
M3 npuBeeHHOTO BBIPAYKeHHsT BUIHO, UTO NMPH we > () MHTErpas 1Mo BpeMeHH CXOAUTCA H, CJAeI0Ba-
tenbno, DE(w;ky ... k) - anasumuuna 6 eeprreti noayniockocmu wacmomaol, Kak MYHKITH KOM-
ILTEKCHOI TTepeMeHHOM.

Otcrona cpasy ke ciaeayeT, 4To B obmieit bopmyne s dypbe-odpasa dyHKiun ['puHa ciaemxyer
3aHYJIUTh BTOPOil U YeTBEPThIil Y/ICHbL:

im im
k)= — k)=———.
Cr(k) 2¢ Ca(k) 2€y,
U, cnenoBaTenabHO,
1
13.14 DR wiky... ky) = ————o.
(13.14) Wik s fon) (w+1i0)2 — ¢

13.4. Omepexkarormaga pyukiuga ['pura. Oyuknusa ['puna Ha3bIBaeTCs omeperKaroleii, ecan 3Ha-
venne moss ¢(t; Ty, ..., T,) B MOMEHT BDEMEHH t OTPEIEISeTCS 3HAYEHUIAMI UCTOTHUKA (75 Y1, - - -, Yn)
TOJILKO B MOMEHTBI BpEMEHH T, IMOCJCAYIONUMEA 3a BpeMeHeM ¢ . DTO 03HAYAET, ITO

(13.15) DAL, T2, Y1 TnyYn) =0 mpu T <t

[ToBTOpSsisi paccykaeHusi, aHAJOTUIHBIE TTPOBEJIECHHBIM JIJIs 3amna3/ibiBaoiieil pynkmnun ['puna, yoex-
JIAEMCST, ITO onepescarou,as Gynkyus I'puna anaiumuuna 6 HudtcHeld noAYNAOCKOCMU KOMNAEKCHOT
yacmomol. B 3TOM cirydae

im im
k)=—— k)= —
Cilk) = =5, Calk) = 5.
U, TAKAM 00pa3oM,
1
(13.16) DMwiky ... ky) = —

(w—10)2 — &’
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13.5. Ilpuunuanas dyuknusa Fpuna. Oupenennv npuananyio (win GefHMAHOBCKYIO) (BYHKINIO
['puna depes anajmTudeckue cBoiicTBa ee pypbe-obpasa nmo dacrore. [lycrs jyist npuannnoit Gpynk-
nun ['prHa TOJIIOC C MOJOKUTEILHON JIeHCTBUTEILHOW YaCThIO JIEYKUT B HHUYKHEH MOJIYIJIOCKOCTH
KOMILIEKCHOIT 9acToThl (Kak Jist 3ana3/psaomnieil dbyukimun ['prHa), a moJIoc ¢ OTpHIATeTbHOl f1efi-
CTBUTEJLHON YaCThiO - B BePXHeH MOJIYMJIOCKOCTH KOMIIEKCHON 9acTOThl (KakK JJIs OneperKaroreii
dbykunn 'puna).
9TO 03HAYAET, UTO
im
Cl(k) = C?(k) = 2—‘514:’

1, OKOHYATETHHO,

1

w? — e +10°

(13.17) DF (wiky... ky) = —

13.6. 3ama3zapiBaroriuii moTennuas. [Ipu peniennn ypaBHeHUs] HA JI€KTPOMATrHUTHBIN OTEHIU-
aJI, CO37IaBAeMBbIil JBUKYTIIUMUCS 3apsIIaMu, HAM CIeyeT PEITUThb OJHO W3 ypaBHeHmit MakcBesia:

(13.18) O¢(x) = 4mp(z).

riae p(x) — miorHocTs 3apsaaos, x = {2°, 2!, 2% 2%} — 4erspex-Bekrop, O = 9%, — A — omeparop
Jlamambepa. IIpu sTom HaM TpeOyercs He obIee pelleHue, a JIMIIbL TO, B KOTOPOM peIlleHHe B TOUYKe
I 3aBHCUT OT MOBEIEHUS 3aPSII0B TOJBKO B MPOILIOM, T.e. OT €ro MOBEeIeHHs HPH TeX Y, KOTOPBIe
yaosaersopsaior yeaosuio 0 > y°. Takas ¢ynkmus ['puia HazbBaeTCs 3amas3ablBaIoONIeil W gaeTcs
cBouM mpeobpazoBaneM Pypre (mompobree cM. npeabiayime pasaeas, m = 0, n = 3)

-1 e—ika}
(13.19) D™ (z) = - /d4k .
(2m) (kO +i0)? — k2
B Tepmunax 00001eHHbIX (DYHKINNE JaHHBIH WHTErpasl MOYXKET ObITh BBIYHC/ICH siBHO. [[powHTerpn-
pyem ero no k°, 3aMbIKas KOHTYp HHTeIPHPOBAHHS IIPH To > 0 B HEKHel TOTYILTIOCKOCTH:

D () = i0(2°) [ &’k (VR0 kR _ iV ) |
2(27T)3 A /Ez

[Tosraras 31ech r = V2, nepexois K chepruvaecKuM KOOpJAUHATAM W WHTErPUPYsl 1O YIJIOBBIM Hepe-
MEHHBIM, MBI TTOJTyIaeM:

ret 9(1,0) [ —ip(x0—r) —ip(z0+r) ip(z0+r) ip(x0—r)
D (:c):m dp(e —e —e +e ),
0
nJjmn
re 0(1,0) —ip(x0—r ip(x04r 9(1,0)
D t(l’):m/dp(e pla”=r) _ girl +)) = (5(1’0—T)—5<5L’0+7’)).

Beuny 6(z°) m onpemenenns r Bropag genbra-byHKIma BeImazaer. 3amedas, uto 0(z°)d(z?) =
§(x® —r)
2r

(13.20) D™ (x) = %Q(xo)ﬂxz).

, TTOJTyJaeM:

Takum o6pazom, perenne ypasuenus (13.18) maercst kak

‘_» _»‘

Ecu 3apsif e ABUzKeTCs 10 3aJaHHON TpaeKTopun ¢(t), TO COOTBETCTBYOIINI TOTEHITHAT HA3BIBALTCS
noTeHmua oM JIrenapa—Buxepra.

13.7. IIpumepsbr 00001IeHHBIX (PYHKIIUIT COCPEOOTOYEHHBIX HA MOBEPXHOCTH — MOTEHINA-
JIBI IPOCTOTO M JIBOMHOTO CJIOH.
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13.7.1. IIpocmoti caoti. OupenesnM TOBEePXHOCTHYIO JAeTbTa~-(yHKINIO caeayiomuM obpaszom. [lyctn
S — KycouHO-TIa Kast moBepxHocTh B R u pu(x) — wenpepwiBHast dynkuns va S. Beegem 06001eHHY 0
dbyHKINIO 105 KAK

(13.22) (s, ) = / W@)g(z)dS,  pe 8.

[TousitHo, uro uds € ., uds = 0, suppuds C S, Tak 9T0 Ldg — CUHTYISIPHAST Mepa TPU HEHYy-
neBoit . Takast 0boOIenHast (DyHKIMS HA3BIBAETCS MPOCTBIM CJIOeM Ha moBepxHocTu S. OHa
OMUCHIBAET MPOCTPAHCTBEHHYIO MJIOTHOCTH MACC WJIU 3aPsi/IOB, COCPEIOTOUEHHBIX HA TTOBEPXHOCTH S
C TTOBEPXHOCTHOM MJIOTHOCTHIO L. T.€. MJIOTHOCTH MPOCTOTO CJIOSE OMPEIEIseTCsl KaK CaadbIil mpejes
IJIOTHOCTEi, COOTBETCTBYIOMINX JTUCKPETHOMY PACIIPEICTeHNI0 HA TOBEPXHOCTH S':

Z w(xg)o(x — x) ASy, x, €S,
K

IpU HEOTPAHUIEHHOM H3METbUeHNN MOBEPXHOCTH S.
[Torenmas mMpocToro CJIost ONpejesisieTcsi Kak yOpIBaoiiee Ha OECKOHEYHOCTH PEIIeHNe B CMBIC/IE
0000ITeHHbIX (DYHKIINIT YpaBHEHHS

(13.23) Ag(x) = —dmp(x)os(z).

13.7.2. /Iunoaw. Beraucjimm MmJIOTHOCTH 3apsi/IOB, COOTBETCTBYIOIIMX JUIOJII0 MOMeHTa +1, pamnoJo-
JKEHHOTO B TOUKe = = () 1 OPHEHTHPOBAHHOTO BJOJb 33 JaHHOTO Hampasienns | = (Iy,...,1,), || = 1.
[TpubIMKeHHO eMy COOTBETCTBYET ILIOTHOCTDL 3apsia

(13.24) éé(x ., éé(x) £>0,
TaK 4TO B Ipejee I ¢ € I uMmeeM:
1 - 1 1 -
(13.25) tim (6(0), 200 = ) = La(0) ) = 1, L (0]~ 0(0)) -
o))
13.26 ~Loy=(6Z) = (%L s),
(13.26) o) ol o’

rjae nckomMas IJIOTHOCTh paBHa

TTommbrii 3aps gumons paser myto: —(98/01, 1) = 0, a ero moment pasen — (98 /01, Yoro ) = 1.

13.7.3. Jlsotinoti caoti. ObobIIeHNEM MPeIblIyIIero MpuMepa gBIseTcs JBOWHOM CJIOi Ha MOBepX-
Hoctu. IlycTth S — KycouHo riajkas ABYCTOPOHSASA MOBEPXHOCTH. IlycTh 77 — HOpMaIb K Hell U v —

HempepbiBHag GYHKIHUS Ha S. BBemem 0000IIeHAY O (byHKLLI/IIO—F(I/dg) Kak
n

(13.27) (—85%@) = /SdSu(x)a(i;(ﬁx),

rae ¢ € .. Ona, 04eBHIHO, TPUHAIEKUT &, UMeeT HOCUTEIb Ha S W OMUCHIBAET MPOCTPAHCTBEH-
HYIO TJIOTHOCTH 3aPsiJIOB, COOTBETCTBYIOILYIO PACIPEILTIEHUIO JUTOJel Ha TOBEPXHOCTH S € TOBEPX-
HOCTHOI TJIOTHOCTHIO MOMEHTa V() W OPHEHTHPOBAHHBIX BIOJIb 3aIaHHOTO HATIPABJIEHHsI HOPMAJIH 71
ua S. Tak uro (popMaIbLHO IIOTHOCTH ABORHOIO CJI0S OIPEIEIAeTCd KaK CIabblil mpeae mI0THOCTeI,
COOTBETCTBYIOIIUX JIUCKPETHOMY PACIPEIeJIeHUIO JIUIOIeH Ha IMOBEPXHOCTH S.

[Torennuan ABOMHOIO CJI0S OIpeeIsdeTcd KaK yObIBalollee Ha OECKOHETHOCTH PeHIeHHe B CMBICTIE
0600meHHbIX dbyHKIMi ypaBHerus (cp. (13.23)

(13.28) Ap(z) = 47?%(1/(:5)55(55)).
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14. JIEKIIUA 14

14.1. O606mennas dyukmus 1. [omoxnm r = |z| = /22 + -+ + 12 u BBesem byHKIEOAAT 7
(14.1) (. 6) = / dro(z), b€,
R

XOPOIIIO OIIpeiesIeHHbIi mpu JocTarouno 6oapmux Re A > —n. Ilpun Takux A\ mHTerpan Moxuo aud-
depeHnupoBaTh, YTO J1aeT

Lg\)’\@ = /da:'r)‘ Inré(x),

Rn

TaK 4TO 7 TMpeacTaBageT coboil aHATNTHYeCKYI0 MYyHKIMIO oT A mpu Re A > —n. [TocKOMBKY TIpH
Re )\ < —n dbyHKINS 7 10KATBHO HHTEIPHPYEMa, MPOIOIKAM ee KaK 0000MeHHYI0 GYHKITHIO TyTeM
CBeJIeHUsT ee K PACCMOTPEHHOI paHee (DyHKIINN xi‘r . Iepeiimem B (14.1) K chepraecknm KOOpITHATAM:

r1 =rsinagsinag - - -sin,_1,
To9 = T COSQqsinas -+ -sin a,_1,

T3 = I COS Qo sinag -+ -sin a,_1,

T, = T COS Qi1

flkobuan 3Toro nmpeodbpazoBaHus paBeH

J=r""tsinassin® ag---sin” 2 a,_;.
Torna
0
(r*, ¢) = /d’r pAtn-l /dw d(rw),
0 S

rJle rw = I 10 TpeJbIAyIeil MOJCTAHOBKe U dw — 31eMeHT eauHnaHoi cdepnr S. [Lnomans €2, sroit
cepsr paBha

nr/2 . /2
riE+1)  T@)

Bsenem cpeanee 3nHauenne GyHKIUU ¢ HA cdepe paadyca 7

(14.2) Q, =

(14.3) Se(r) = Qin /dw o(rw),
5
TaK 9UTO
(14.4) (r, ¢) = Qn/dr'r’””lS(b('r’).
0

Dyuxrusa Sy(r) onpenenena npu r > 0, dunnrHa, 6eckonedno quddepennupyema i Bce ee HedeT-
HBIe TPOU3BOIHBIE OOpamatoTcs B HOMb npu r = (. UHATHOCTH ee cieayer u3 GUHATHOCTH ¢(T).
Harmee, paznoxum ¢(z) mo dbopmyae Teitmopa 10 HEKOTOPOrO KOHEYHOTO MOPSIIKA C OCTATOTHBIM
YJIEHOM:

1 1
§0,55(r) = /dw [cb(o) + Y 600z + BT > bis(0)ajm; + 3l > bign(O)zszsm + |
4 j i Cigk
BUIHO, YTO KazKJ0€ CJaaraemMoe, KpoMe OCTaTOYHOI'0 YjI€eHa, cOoJepzKallee HeYeTHOe KOJIUYIEeCTBO 2’ 0B

oOpalmaercst B HyJIb BBUY CUMMETpUH Cephl, TaK 9TO

Ss(r) = ¢(0) + arr® + agr* + . apr® + 0(r2k).
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[TockonbKy k TPOM3BOBLHO, TO BHAMM, UTO 3Ta (hyHKIHA OecKoHedHO AuddepeHnmpyeMa u Bce ee
HedeTHbIE MPOM3BOJHBIE B HysIe 00OPAINAOTCS B Hy/Ib. [109TOMy Sy(r) MOXKHO CIMTATH YETHON OC-
HOBHOI (byHKkImeid nepemennoii r. Taknm obpasom muTerpasn (14.4) ecth pesyabrar TpPHMEHEHUsT
obobmentoit dyukmun ,2" k ocnosuoit dynkimn Sy(x), e p = A+n— 1. Oynxuus 2t/ (cM. pasz.
8.1) momyckaer aHAJIUTHYECKOe TMPOjoKenne n3 Rep > —1 Ha BCIO KOMIUIEKCHYIO TJIOCKOCTD [ 38
UCKTIOYEHNEM BBIKOJIOTHIX TOUYeK (= —1, —2,.... B 9Tux TOYKax OHa MMeeT MOJI0ca, MPUIEM BHIYET
B TOUKE (L = —mM PaBeH

(_1)m—15m—1(x)
res xf =

p=—m (m—1)!

Bnaunt GyHKIma (1), ¢) A0MycKaeT aHATUTHYCCKOE MPOJIOIKeHHEe Ha KOMILTEKCHYIO IMIOCKOCTh A C
BBIKOJIOTBIMU TOYKAMU A = —n — m + 1, m > 0, B KOTOPBIX OHA UMEET BBIYETHI

S ()
A _ @
)\:frnemeJrl(r #) = (m—1)!"

HO KaK MBI BHJEJHW HEYETHBbIE MPOU3BOJHBIE OOpAIIAIOTCS B HYJb, 3HAYUT BBHIYETHI UMEIOT MECTO
TOJIBKO TIPU HEYETHBHIX m: A = —n — 2k, k > O:

(14.5) AZE?L%%(T/\’ @)= an

C apyroii CTOPOHBI, HEIOCPEICTBEHHOE TpUMeHeHne oreparopa Jlammaca A k 7 npu Re A > 0
Jaer

(14.6) A2 = (A +2)(A +n)r,

YTO JIONYCKAeT aHAJNTUYIECKOe MPOJA0JIKeHne Ha Te ke 3HadeHust \. [Tonmarast 3gech A = —n B cuity
onpejiesieHnst Bbidera u papercTra (14.5) moayvaem, 9To

(AT:? , ¢) = (2 — 1), S4(0).

Ho B cury (14.3) S4(0) = (6, ¢), Tak [To0

(14.7) AL o),

Tnf2 o

T.e. obobmennas dbyukmus 1/r""2 naer dyHgaMeHTATBHOE pelIeHne

r(2) 1 L'(n/2—1)
14.8 = 2 = _

(14.8) £(x) 2(2 — n)mn/2 pn—2 4/ 2pn—2
qst oreparopa Jlamraca B R™:

(14.9) AE(z) =0(z), n=2,3,....

B ciyuae n = 2 dyngamenTaabHoe pererne Mbl moayauan B (12.13).

14.2. TIpeo6pasoBanue Pypre pyrkmuu r*. B cayuae HECKOJLKIX MepeMeHHBIX TPeobpa3oBa-
ane Pypbe ocHOBHBIX byHKIMI (Kak w3 ., Tak ¥ u3 Z) ONpejessieTcsi aHAJOIMIHO OJHOMEPHOMY
caydaro:

(14.10) (k) = Fl¢] = /dm(ag)ei(m), k={ki,... k.Y, (k)= ijxj.

CootBercTBerHo, nmpeodpasoBanne Pypre 0000mEeHHON (DYHKINKT 3a02eTC KaK

(14.11) (F[f],0) = (f, Flo]),
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rae oo f € S u ¢ € F, mbo [ € D' up € Z. Paccmorpum moBesieHne MpeoOPa30BAHNUS
Dypne npu TUHEHHOM MPEOOPA30BAHIN KOOPAUHAT: T = Uy, TJE U — 1 X . MATPHUIA, TPEOOPAZOBAHMTS.
Coorsercriento, y = u™ 'z, dv = |u|dy n

(14.12) Plo(ua))k) = [ do ot o)™ = Jul [ dyo(u)e® = ful Flglk),

rae v — TpacIoHUpOBaHasg MaTpuia. Torma g 0000meHHol DyHKIMKE [ UMeeM:

(FIf ' 2)](k), (k) = (f(u'2), Flp(k)](z)) = |ul(f(z), Fl$(k)](uz)) = (f(x), Flo(u'""k)](z)) =
(14.13) = (FIAK), 60 k) = [ul (PIFIR), 6(F)).

B wacrHocTH, ecam obobimennas dbynkuns chepuaeckn cummverpnyna, f(ux) = f(x), To n ee npeob-

pazoBanmne Pyphe chepuieckn CHMMETPHIHO.

[Ipumep Taxoit dpyHKImE gaer f = r, KOTOpas OmpeieJeHa MPH BCeX A\ # —n,—n — 2,... 1

cepudeckn cummerpudna. PaccMorpum ee npeobpazosanne Oypne

(14.14) g(k) = /d:cr elko),

KOTOPOe TOYKe CUMMETPHUYHO, a mHTerpas cxomutcs npu —n < Re A < 0. Torma on ecth dyHKIMSA

or p = /k?+ ...+ k2. Kpome toro aus joboro t > 0 umeem g(tk) = t~*""g(t), Tax uro g(k)

ecTb ogHOpOAHAs (DYHKIMA yKa3aHHOI/I CTeIeHH, & MOTOMy g(k) = Cp=~" u ocTaercs HaiiTH TOIBKO
2
xoucranty C. omoxum ¢(k) = e #*/2. Torma Fle ?"/?] = (2r)"/2e~""/2, qak uro

C 2
7(27‘()"/2 /dkp” Ae=P/2 = /d:cr’\er 2,

[Tepexoast B oboux vactax K chepudecKuM KOOpPAMHATAM W Jesd Ha IJIOMA/lh eJINHUIHON cdepbl

MOy JaeM:
C
T n

TaK 9TO UHTErpaJibl BhIYUCJIAIOTCA TTOCPEACTBOM F&MM&—(i)yHKL[I/II/II

A
/dpp—)\—le—p2/2 — 2—)\/2—11—\<_§)

/ dp pA—1e=m2/2 — 9M24n/2-1 ()‘ + n) ’

2
TaK 4TO N
C = 2>\+n7rn/2F(T)
-
P(=3)
OkoHuYaTEeTHHO:
(2t
(14.15) FWTA]::2A+"W"/2—£—2x2pA".
r(-3)
DTO paBeHCTBO BhIBeJeHO pn —n < Re A < 0, onHako ero MOXKHO MPOJOIKUTH aHATUTHIECKH HA
BCe A He paBHble —n, —n — 2,.... B yactHocTn ipu A = 2 — n noJsrydaem
1 4 n/2
(14.16) F . —
R
aro B cuiy (14.8) maer dypre-o6pas dbyHaaMeHTATILHOTO perieHust ypaBHenus Jlamiaca:
1
(14.17) F[E](k) = —E.

ﬂHTepaTypa K jgeknun 14: I.M.[ensdang, [LE.Illumos “Ob6ob6mennbie (DyHKIUA U JeHCTBUS HAI
anvu’; B.C.Bragumupos , B.B.2Kapunos “VpaBHenus maremaTudeckoit (pusnkm”’,



