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pREDISLOWIE

nIVE PRIWODQTSQ NEKOTORYE ZADA�I	 PREDLAGAW�IESQ STUDENTAM
MEHANIKO
MATEMATI�ESKOGO FAKULXTETA mgu NA PISXMENNYH

�KZAMENAH PO URAWNENIQM S �ASTNYMI PROIZWODNYMI I URAWNE�
NIQM MATEMATI�ESKOJ FIZIKI W ����
���� GODAH� pRI PODGOTOW�
KE DANNOGO SPISKA BYLO UMENX�ENO KOLI�ESTWO STANDARTNYH ZA�
DA�	 KOTORYE MOVNO NAJTI W SU�ESTWU��IH U�EBNIKAH I U�EB�
NYH POSOBIQH� kROME TOGO	 PRI NALI�II NESKOLXKIH BLIZKIH PO
FORMULIROWKAM ZADA� W SPISOK	 KAK PRAWILO	 WKL��ALASX LI�X
ODNA IZ NIH� w ZADA�NIK TAKVE NE WKL��ALISX TEORETI�ESKIE

WOPROSY IZ PROGRAMMY KURSA �OPREDELENIQ	 POSTANOWKI ZADA�	
FORMULIROWKI I DOKAZATELXSTWA TEOREM
	 KOTORYE OBQZATELXNO
PRISUTSTWOWALI W L�BOM �KZAMENACIONNOM WARIANTE� dLQ TOGO	
�TOBY U �ITATELQ WOZNIKLO PREDSTAWLENIE OB �TIH �KZAMENAH	
W KONCE ZADA�NIKA PRIWEDENY NEKOTORYE WARIANTY S UKAZANIEM

USLOWIJ PROWEDENIQ �KZAMENA I KRITERIEW OCENOK�
w SOSTAWLENII WARIANTOW �KZAMENACIONNYH ZADANIJ U�AST�

WOWALI PREPODAWATELI KAFEDRY DIFFERENCIALXNYH URAWNENIJ

MEHANIKO
MATEMATI�ESKOGO FAKULXTETA mgu IM� m�w� lOMO�
NOSOWA� t�d� wENTCELX	 a��� gORICKIJ	 a�s� kALA�NIKOW	
w�a� kONDRATXEW	 s�n� kRUVKOW	 e�m� lANDIS	 e�w� rADKE�
WI�	 g�a� �E�KIN	 a�s� �AMAEW	 t�a� �APO�NIKOWA� oTBOR
ZADA� ����
���� GODOW I IH REDAKTIROWANIE WYPOLNENY a�s�kA�
LA�NIKOWYM� w OKON�ATELXNOM SOSTAWLENII SBORNIKA PRINIMA�
LI U�ASTIE t�d� wENTCELX	 a��� gORICKIJ	 t�o� kAPUSTINA	
o�s� rOZANOWA	 g�a� �E�KIN�

zADA�I RAZDELENY NA PQTX TEMATI�ESKIH RAZDELOW� w KAV�
DOM RAZDELE KRATKO PRIWEDENY OSNOWNYE FAKTY	 OTNOSQ�IESQ K
DANNOJ TEME� �ASTX ZADA� SNABVENA PODROBNYMI RE�ENIQMI	 I
WSE ZADA�I �KROME ZADA� NA DOKAZATELXSTWO
 � OTWETAMI�

kURS URAWNENIJ S �ASTNYMI PROIZWODNYMI	 KAK POKAZYWAET
PRAKTIKA	 QWLQETSQ TRADICIONNO ODNOJ IZ SAMYH TRUDNOWOSPRI�
NIMAEMYH MATEMATI�ESKIH DISCIPLIN NA MEH�MATE� nADEEMSQ	
�TO �TOT SBORNIK POMOVET STUDENTAM LU��E OSWOITX MATERIAL

KURSA�

���������
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wWEDENIE

uKAVEM NEKOTORYE OPREDELENIQ I TEOREMY	 KOTORYE NEOBHODI�
MO ZNATX	 �TOBY RE�ATX ZADA�I NASTOQ�EGO SBORNIKA	 A TAKVE
U�EBNIKI	 W KOTORYH MOVNO NAJTI �TI FAKTY� nOMERA ZADA�	
PRIWODIMYE W POSLEDU��IH PUNKTAH	 PRIWEDENY DLQ PRIMERA

I MOGUT NE OHWATYWATX WSEH ZADA� NA DANNU� TEMU�

�� wSPOMOGATELXNYE SWEDENIQ IZ FUNKCIONALX�

NOGO ANALIZA

�	 oPREDELENIE OBOB�ENNYH FUNKCIJ	 OSNOWNYH OPERACIJ NAD
NIMI I FUNDAMENTALXNOGO RE�ENIQ DIFFERENCIALXNOGO OPERA�
TORA� ��	 gL� II	 xx �
�� �ZADA�I �	�
�	�� �	�� B



�	 oPREDELENIE PROSTRANSTW H� I
�
H�� ���	 gL� III	 x �� �ZADA�

�I �	�
�	��� �	��
�	��


�	 nERAWENSTWO fRIDRIHSA� ����	 ���� �ZADA�I �	��
�	��


�� oB�IE PONQTIQ TEORII URAWNENIJ S �ASTNY�

MI PROIZWODNYMI

�	 kLASSIFIKACIQ LINEJNYH URAWNENIJ WTOROGO PORQDKA I PRI�
WEDENIE IH K KANONI�ESKOMU WIDU� ���	 gL� I	 x �� �ZADA�I �	�
�	��
�	�
�	�� �	��� �	��� �	�� A



�	 oPREDELENIE HARAKTERISTIK� ���	 gL� I	 x �� �ZADA�I �	�
�	��
�	��
�	��� �	�� �	�


�	 tEOREMA kO�I
kOWALEWSKOJ O SU�ESTWOWANII I EDINSTWEN�
NOSTI ANALITI�ESKOGO RE�ENIQ ZADA�I kO�I� ���	 gL� I	 xx ��	 ���
�ZADA�I �	��	 �	�� a



�	 kORREKTNOSTX POSTANOWKI ZADA� DLQ URAWNENIJ S �ASTNYMI
PROIZWODNYMI� ���	 gL� I	 x �� �ZADA�I �	��
�	��


�� uRAWNENIQ GIPERBOLI�ESKOGO TIPA

�	 pOSTANOWKA ZADA�I kO�I DLQ ODNOMERNOGO URAWNENIQ KOLE�
BANIJ� fORMULa dALAMBERA� oBLASTX ZAWISIMOSTI� ���	 gL� II	
xx ��
��� �ZADA�I �	�
�	�� �	�
�	��


�



�	 zADA�A kO�I DLQ WOLNOWOGO URAWNENIQ W SLU�AE DWUH I TREH
PROSTRANSTWENNYH IZMERENIJ� fORMULY pUASSONA I kIRHGOFA�
iSPOLXZOWANIE SIMMETRII W NA�ALXNYH USLOWIQH� oBLASTX ZA�
WISIMOSTI� ���	 gL� II	 xx ��	 ��� �ZADA�I �	��
�	��


�	 kRAEWYE ZADA�I DLQ POLUOGRANI�ENNOJ STRUNY� uSLOWIQ SO�
GLASOWANIQ DLQ NA�ALXNYH I GRANI�NYH ZNA�ENIJ� mETOD PRO�
DOLVENIQ NA�ALXNYH ZNA�ENIJ I SWEDENIE KRAEWOJ ZADA�I K ZA�
DA�E kO�I� ���	 gL� II	 xx �	 �� �ZADA�I �	��
�	��� �	��� �	��


�	 pOSTANOWKA OSNOWNYH KRAEWYH ZADA�� �NERGETI�ESKOE TOV�
DESTWO DLQ RE�ENIJ KRAEWYH ZADA�� ���	 gL� II	 x ��� �ZADA�
�I �	��
�	��


�	 rE�ENIE KRAEWYH ZADA� S POMO�X� METODA fURXE� pERIODI��
NOSTX RE�ENIJ KRAEWYH ZADA�� ���	 gL� III	 x ���	 ���	 gL� II	 x ��
�ZADA�I �	��
�	��


�� uRAWNENIQ PARABOLI�ESKOGO TIPA�

�	 pOSTANOWKA ZADA�I kO�I I OSNOWNYH KRAEWYH ZADA�� ���	
gL� IV	 xx ��	 ���	 ���	 x ����
�	 pRINCIP MAKSIMUMA W CILINDRE� eDINSTWENNOSTX RE�ENIQ
PERWOJ KRAEWOJ ZADA�I ���	 gL� IV	 x ���	 ���	 x ���� �ZADA�I �	��
�	�� �	�� �	�� �	��� �	��


�	 rE�ENIE KRAEWYH ZADA� METODOM fURXE� ���	 gL� IV	 x ���
�ZADA�I �	�
�	��


�	 pRINCIP MAKSIMUMA W SLOE� ���	 gL� IV	 x ���	 ���	 x ���� �ZA�
DA�I �	��� �	��


�	 tEOREMY O STABILIZACII DLQ RE�ENIQ ZADA�I kO�I� �ZADA�
�I �	��
�	��


�� uRAWNENIQ �LLIPTI�ESKOGO TIPA�

�	 oPREDELENIE GARMONI�ESKIH FUNKCIJ� tEOREMY O SREDNEM�
tEOREMA lIUWILLQ� ���	 gL� III	 x ���	 ���	 xx ���	 ���� �ZADA�I �	�	
�	�	 �	�	 �	�	 �	�	 �	��	 �	��


�	 pRINCIP MAKSIMUMA�tEOREMA O NORMALXNOJ PROIZWODNOJ� ���	
gL� III	 x ��	 ���	 x ���� �ZADA�I �	�	 �	��	 �	��	 �	��	 �	��	 �	��	
�	��	 �	��
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�	 fORMULA gRINA� tEOREMA O POTOKE� ���	 xx ��	 ���	 ���	
xx ���	 ���� �ZADA�I �	��	 �	��	 �	��	 �	��	 �	��


�	 tEOREMA OB USTRANIMOJ OSOBENNOSTI� ���	 gL III	 x ���	 ���	
x ����� �ZADA�I �	��	 �	��	 �	��	 �	��


�	 tEORIQ POTENCIALOW� ���	 gL� III	 x ���	 ���	 x ����� �ZADA�
�I �	��	 �	��


�	 oBOB�ENNYE PROIZWODNYE W SMYSLE OBOB�ENNYH FUNKCIJ I
W SMYSLE sOBOLEWA� oBOB�ENNOE RE�ENIE ZADA�I dIRIHLE� wA�
RIACIONNYJ METOD RE�ENIQ ZADA�I dIRIHLE� ���	 x ����	 ���	 gL�
IV	 x �� �ZADA�I �	��	 �	��	 �	��	 �	��	 �	��
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NYJ KURS� � ��OE IZDANIE � m�� iZD�WO mOSK� UN�TA	
����� � ��� S�

��� �UBIN m�a� lEKCII OB URAWNENIQH MATEMATI�ESKOJ FI�
ZIKI � m�� iZD�WO mcnmo	 ����� � ��� S�

��� �WANS l�k� uRAWNENIQ S �ASTNYMI PROIZWODNYMI � nO�
WOSIBIRSK�� iZD�WO tAMARA rOVKOWSKAQ	 �����

�



� wSPOMOGATELXNYE SWEDENIQ IZ FUNK�

CIONALXNOGO ANALIZA

oBOB�ENNYE FUNKCII I FUNDAMENTALXNYE RE�ENIQ

oBOB�ENNYMI FUNKCIQMI NAZYWA�TSQ �LEMENTY PROSTRAN�
STWA D��Rn
 �ILI D���

	 T�E� PROSTRANSTWA LINEJNYH NEPRE�
RYWNYH FUNKCIONALOW NAD D�Rn
 � C�

� �R
n
 �SOOTWETSTWENNO	

NAD D��
 � C�
� ��

� dEJSTWIE FUNKCIONALA f � D� NA 	 � D

OBOZNA�AETSQ f�	
 ILI �f� 	
�
w PROSTRANSTWE OBOB�ENNYH FUNKCIJ WYDELQETSQ KLASS RE


GULQRNYH OBOB�ENNYH FUNKCIJ	 TO ESTX OBY�NYH FUNKCIJ

f�x
 � L�� loc�R
n
 �ILI f�x
 � L�� loc��

	 DEJSTWIE KOTORYH OPRE�

DELQETSQ TAK�

�f� 	
 �

Z
f�x
	�x
dx �	 � D

�INTEGRIROWANIE IDET PO PROSTRANSTWU Rn ILI PO OBLASTI �
SOOTWETSTWENNO
� oBOB�ENNYE FUNKCII	 NE QWLQ��IESQ REGU�
LQRNYMI	 NAZYWA�TSQ SINGULQRNYMI�pRIMEROM SINGULQRNOJ
OBOB�ENNOJ FUNKCII QWLQETSQ �
FUNKCIQ�
pROIZWODNOJ OBOB�ENNOJ FUNKCII f � D� PO PEREMENNOJ xi

NAZYWAETSQ OBOB�ENNAQ FUNKCIQ	 OPREDELQEMAQ RAWENSTWOM

� �f
�xi

� 	
�
� �

�
f�

�	

�xi

�
�	 � D�

pO INDUKCII OPREDELQ�TSQ PROIZWODNYE OBOB�ENNOJ FUNKCII

PROIZWOLXNOGO PORQDKA�
fUNDAMENTALXNYM RE�ENIEM DIFFERENCIALXNOGO OPE�

RATORA L NAZYWAETSQ �WOOB�E GOWORQ	 OBOB�ENNAQ
 FUNKCIQ E
TAKAQ	 �TO L�E
 � �	 TO ESTX �L�E
� 	
 � 	��
 �	 � D�

��



pRIWEDEM PRIMERY FUNDAMENTALXNYH RE�ENIJ NEKOTORYH

DIFFERENCIALXNYH OPERATOROW�
fUNDAMENTALXNOE RE�ENIE OPERATORA lAPLASA L � � W PRO�

STRANSTWE RAZMERNOSTI n IMEET WID

En�x
 � �


n��� n
jxjn�� � n � ��

E��x
 � �

��
ln jxj� n � ��

dLQ OPERATORA TEPLOPROWODNOSTI L � �

�t
� a�� FUNDAMEN�

TALXNYM RE�ENIEM QWLQETSQ FUNKCIQ

E�x� t
 � ��t
�
�a
p
�t
�n e

� jxj�
�a�t �

wOLNOWOJ OPERATOR L �
��

�t�
� a�� W ZAWISIMOSTI OT RAZ�

MERNOSTI n	 n � �� �� �	 PROSTRANSTWENNOJ PEREMENNOJ x IMEET

SLEDU��IE FUNDAMENTALXNYE RE�ENIQ

E��x� t
 � �

�a
��at � jxj
� n � ��

E��x� t
 � ��at� jxj

��a

p
a�t� � jxj� � n � ��

E��x� t
 � �

��a�t
��jxj � at
� n � ��

w OTLI�IE OT SLU�AEW ODNOJ ILI DWUH PROSTRANSTWENNYH PERE�
MENNYH	 E� QWLQETSQ SINGULQRNOJ OBOB�ENNOJ FUNKCIEJ	 DEJST�
WIE KOTOROJ NA OSNOWNYE FUNKCII OPREDELENO RAWENSTWOM

�E�� 	
 �
Z
R

�

��a�t

�Z
jxj�at

	�x� t
 dSx
�
dt �	�x� t
 � D�R�
�

dSx � �LEMENT PLO�ADI NA SFERE S�
at��
�
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�	�	 pUSTX u�x� y
 � HARAKTERISTI�ESKAQ FUNKCIQ KWADRATA

���� �
 � ���� �
� nAJTI ��u

�x �y
W SMYSLE TEORII OBOB��ENNYH

FUNKCIJ�

�	�	 pRI KAKIH ZNA�ENIQH PARAMETRA a � R� FUNKCIQ

u�x� t
 �

�
� PRI t � ax�

� PRI t � ax�
�x� t
 � R��

QWLQETSQ RE�ENIEM URAWNENIQ ut � ux W SMYSLE TEORII OBOB�
�ENNYH FUNKCIJ�

�	�	 pUSTX FUNKCIQ y�x
 � D��R
 I UDOWLETWORQET URAWNENI�
y� � y KAK OBOB�ENNAQ FUNKCIQ� dOKAVITE	 �TO y�x
 ESTX REGU�
LQRNAQ OBOB�ENNAQ FUNKCIQ Cex	 C � const�

�	�	 nAJTI WSE FUNDAMENTALXNYE RE�ENIQ OPERATORA

Lu�x
 � d�u�x


dx�
�
du�x


dx
�

�	�	 nAJTI FUNDAMENTALXNOE RE�ENIE OPERATORA

Lu�x� y
 � uxx�x� y
� uyy�x� y
�

OBRA�A��EESQ W NULX PRI y � ��

�	�	 dOKAVITE	 �TO FUNKCIQ

E�x� x�
 � �cos�
p
c r


��r
� r � jx� x�j�

QWLQETSQ FUNDAMENTALXNYM RE�ENIEM OPERATORA

�� c� GDE c � const � �� n � ��
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pROSTRANSTWA sOBOLEWA

oBOB�ENNOJ PROIZWODNOJ W SMYSLE sOBOLEWA FUNKCII u�x

PO PEREMENNOJ xi W OBLASTI � NAZYWAETSQ FUNKCIQ v�x
 �OBOZNA�
�ENIE� v�x
 � �u��xi
	 UDOWLETWORQ��AQ INTEGRALXNOMU TOV�
DESTWU Z

�

v�x
	�x
 dx � �
Z
�

u�x

�	�x


�xi
dx �	 � C�

� ��
�

pROSTRANSTWOM sOBOLEWA H���
 NAZYWAETSQ PROSTRANST�
WO FUNKCIJ u�x
	 PRINADLEVA�IH PROSTRANSTWU L���
 WMESTE
SO SWOIMI OBOB�ENNYMI PROIZWODNYMI �u��xi	 i � �� � � � � n	 W
SMYSLE sOBOLEWA PERWOGO PORQDKA�

pROSTRANSTWO H���
 QWLQETSQ BANAHOWYM �T� E� POLNYM NOR�
MIROWANNYM
 PROSTRANSTWOM� nORMA W NEM OPREDELQETSQ SLEDU�
��IM OBRAZOM�

kuk�H���	 � kuk�L���	 � kruk��L���		n �
Z
�

�
juj� �

nX
i��

��� �u
�xi

�����dx�

pROSTRANSTWOM sOBOLEWA
�
H���
 NAZYWAETSQ ZAMYKANIE

PODPROSTRANSTWA C�
� ��
 W PROSTRANSTWE H

���
�
nERAWENSTWO fRIDRIHSA	 dLQ L�BOJ OGRANI�ENNOJ OB�

LASTI � SU�ESTWUET KONSTANTA C��
	 TAKAQ �TO

Z
�

juj�dx � C��


Z
�

nX
i��

��� �u
�xi

����dx �u �
�
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�

w SILU NERAWENSTWA fRIDRIHSA SLEDU��IJ FUNKCIONAL W
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H���
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� kruk��L���		n �
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nX
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��� �u
�xi
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pROSTRANSTWO
�
H���
 QWLQETSQ GILXBERTOWYM OTNOSITELXNO

SKALQRNOGO PROIZWEDENIQ

�u� v� � �ru�rv
�L���		n �
Z
�

nX
i��

�u

�xi

�v

�xi
dx�

pROSTRANSTWO H���
 TAKVE QWLQETSQ GILXBERTOWYM SO SKALQR�
NYM PROIZWEDENIEM

�u� v
H���	 � �u� v
 � �u� v�� GDE �u� v
 �

Z
�

u�x
v�x
 dx

� STANDARTNOE SKALQRNOE PROIZWEDENIE W L���
�

�	�	 pUSTX f�x
 � H���
	 a�x
 � C���
� dOKAZATX	 �TO FUNK�
CIQ f�x
a�x
 QWLQETSQ DIFFERENCIRUEMOJ W SMYSLE sOBOLEWA	 I
DLQ NAHOVDENIQ EE PROIZWODNYH PERWOGO PORQDKA SPRAWEDLIWA

OBY�NAQ FORMULA lEJBNICA� wERNO LI	 �TO f�x
a�x
 � H���
�

�	�	 pUSTX f � H��Bn
� ��

� wOZMOVNO LI	 �TO f �� L��Bn

� ��


A
 PRI n � �� B
 PRI n � �� W
 PRI n � ��

�	�	 pUSTX u�x
 � OGRANI�ENNAQ W B�
���
 FUNKCIQ	 GLADKAQ W

B�
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 n f�g� mOVNO LI UTWERVDATX	 �TO u � H��B�
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�

�	��	 A
 dOKAVITE	 �TO WSQKAQ FUNKCIQ IZ
�
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�
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�
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B
 wSQKAQ LI NEPRERYWNAQ FUNKCIQ u�x
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TAKAQ	 �TO u��
 � u��
 � �	 PRINADLEVIT
�
H�

�
��� �


�
�

�	��	 pUSTX u � C��
�H���
 I u�x
 � � PRI x � ��� dOKAZATX	

�TO u �
�
H���
�

�	��	 pRI KAKIH 
 FUNKCIQ u�x� y
 �
�� ln�x� � y�


��� PRINADLE�
VIT PROSTRANSTWU H���
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A
 � � B�
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B
 � � B�
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nB�
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�	��	 pRI KAKIH 
 FUNKCIQ u�x� y
 �
��ln�x� � xy � �y�


��� PRI�
NADLEVIT H���
	 GDE � � ������ ���
� ������ ���
�
�	��	 A
 pRI KAKIH 
 I n FUNKCIQ f�x
 � �ln jxj
��jxj� PRINAD�
LEVIT PROSTRANSTWU H��Bn

�����

�

B
 tOT VE WOPROS DLQ PROSTRANSTWA H��Bn
� ��

�

�	��	 pRI KAKIH 
� � FUNKCIQ f�x
 � jxj� cos �x PRINADLEVIT
PROSTRANSTWU

�
H�
�
���� �
��

�	��	 pRI KAKIH 
� � � RFUNKCIQ f�x
 � ��ln jxj��� cos��jxj
	 GDE
x � �x�� � � � � xn
	 PRINADLEVIT PROSTRANSTWU

�
H��Bn

�����

�

�	��	 pUSTX

D � f�x�� � � � � xn
 � Rn j x�� � � � �� x�n�� � ax�n� � � xn � ��g�
dOKAZATX	 �TO DLQ L�BOJ POSTOQNNOJ C � � NAJDUTSQ TAKAQ

OGRANI�ENNAQ OBLASTX � � D I TAKAQ FUNKCIQ f �
�
H���
	 �TOZ

�

f��x
 dx � C

Z
�

jrf�x
j�dx�

�	��	 sPRAWEDLIWO LI NERAWENSTWO fRIDRIHSA W POLOSE

� �
�
�x� y
 j � � x � �� �� � y � ��� � R��

�	��	 pUSTX Q � Bn
� ��
� sPRAWEDLIWO LI SLEDU��EE UTWERV�

DENIE� SU�ESTWUET POSTOQNNAQ C � � TAKAQ	 �TO

ju��
j � CkukH��Q	 �u�x
 � C��Q
 �

�	��	 rASSMOTRIM W PROSTRANSTWE
�
H�
�
���� �
� MNOVESTWO A

GLADKIH FINITNYH FUNKCIJ 	�x
	 UDOWLETWORQ��IH USLOWI�

	���
 � 
	��
 � �	 
 � R� nAJDITE KORAZMERNOSTX ZAMYKANIQ A
MNOVESTWA A W

�
H�
�
���� �
��

�	��	 pOSTROJTE PRIMER OGRANI�ENNOJ OBLASTI � NA PLOSKOS�
TIR�	 TAKOJ �TO FUNKCII C���
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MNOVESTWA W PROSTRANSTWE H���
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�
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� oB�IE PONQTIQ TEORII URAWNENIJ S

�ASTNYMI PROIZWODNYMI

kLASSIFIKACIQ URAWNENIJ	 hARAKTERISTIKI

lINEJNOE URAWNENIE WTOROGO PORQDKA IMEET WID

nX
i�j��

aijuxixj �
nX
i��

aiuxi � au � g�x
� x � Rn� aij � aji� ��


wEKTOR � � ���� � � � � �n
 IMEET HARAKTERISTI�ESKOE NA�
PRAWLENIE	 ESLI

nX
i�j��

aij�i�j � ��

pOWERHNOSTX  �x
 � � NAZYWAETSQ HARAKTERISTIKOJ URAW�
NENIQ ��
	 ESLI NORMALX K �TOJ POWERHNOSTI � � r IMEET HA�
RAKTERISTI�ESKOE NAPRAWLENIE W KAVDOJ TO�KE	 T�E�

nX
i�j��

aij
� 

�xi

� 

�xj
� ��

eSLI MATRICU
�
aij
�
PRIWESTI K DIAGONALXNOMU WIDU	 TO W

SOOTWETSTWII SO ZNAKAMI DIAGONALXNYH �LEMENTOW	 URAWNENIQ
PODRAZDELQ�TSQ NA �LLIPTI�ESKIE �KOGDA WSE �LEMENTY NENU�
LEWYE I ODNOGO ZNAKA
	 GIPERBOLI�ESKIE �KOGDA WSE �LEMEN�
TY NENULEWYE I ROWNO ODIN OTLI�AETSQ PO ZNAKU OT OSTALX�
NYH
	 PARABOLI�ESKIE �KOGDA SU�ESTWUET ROWNO ODIN NULEWOJ	
A OSTALXNYE �LEMENTY ODNOGO ZNAKA
� oSTALXNYE TIPY MY NE

NAZYWAEM�

u URAWNENIQ WTOROGO PORQDKA S DWUMQ NEZAWISIMYMI PERE�
MENNYMI

a��uxx � �a��uxy � a��uyy � b�ux � b�uy � cu � g�x� y


HARAKTERISTIKAMI QWLQ�TSQ KRIWYE	 KOTORYE NAHODQTSQ IZ

URAWNENIQ

a���dy

� � �a��dx dy � a���dx


� � ��
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NAZYWAEMOGO HARAKTERISTI�ESKIM� eSLI a�� 	� �	 TO I�EM

RE�ENIE W WIDE y � y�x
	 GDE

dy

dx
�

a�� 

p
D

a��
� D � a��� � a��a�� � DISKRIMINANT	

w ZAWISIMOSTI OT ZNAKA DISKRIMINANTA WOZNIKA�T TRI SLU�AQ�

gIPERBOLI�ESKIJ SLU�AJ� D � �	 DWA SEMEJSTWA HARAKTE�
RISTIK ��x� y
 � C I ��x� y
 � C� pRI ZAMENE�

� � ��x� y
�
� � ��x� y
�

URAWNENIE PRIWODITSQ KO WTOROJ KANONI�ESKOJ FORME

u�� � MLAD�IE �LENY � ��

w SLU�AE ZAMENY �

 � � � ��
� � � � �

URAWNENIE PRIWODITSQ K PERWOJ KANONI�ESKOJ FORME

u�� � u�� � MLAD�IE �LENY � ��

pARABOLI�ESKIJ SLU�AJ� D � �	 ODNO SEMEJSTWA HARAKTE�
RISTIK ��x� y
 � C� l�BOJ NEWYROVDENNOJ ZAMENOJ WIDA�

� � ��x� y
�
� � ��x� y
�

GDE ��x� y
 � NEKOTORAQ FUNKCIQ OT DWUH PEREMENNYH	 URAWNENIE
PRIWODITSQ K KANONI�ESKOJ FORME

u�� � MLAD�IE �LENY � ��

�LLIPTI�ESKIJ SLU�AJ� D � �	 DEJSTWITELXNYH HARAK�
TERISTIK NET	 NO ESTX DWA SEMEJSTWA KOMPLEKSNO SOPRQVENNYH
HARAKTERISTIK ��x� y

 i��x� y
 � C� dLQ PRIWEDENIQ K KANONI�
�ESKOJ FORME �TOLXKO K PERWOJ
 NEOBHODIMO SDELATX ZAMENU�

� � ��x� y
�
� � ��x� y
�

��



w �TOM SLU�AE URAWNENIQ PRIWODITSQ K WIDU

u�� � u�� � MLAD�IE �LENY � ��

�	�	 sU�ESTWUET LI URAWNENIE WIDA

nX
i�j��

aij�x�� � � � � xn
uxixj � �� aij � C�Rn
�

QWLQ��EESQ �LLIPTI�ESKIM NA NEPUSTOM MNOVESTWE D � Rn	
D 	� Rn	 I GIPERBOLI�ESKIM NA EGO DOPOLNENII RnnD�
�	�	 wERNY LI SLEDU��IE UTWERVDENIQ� ESLI URAWNENIE

nX
i�j��

aij�x�� � � � � xn
uxixj � �� aij � C�Rn
�

� GIPERBOLI�ESKOE ��LLIPTI�ESKOE	 PARABOLI�ESKOE
 W TO�KE

�x�� � � � � xn
	 TO ONO QWLQETSQ GIPERBOLI�ESKIM �SOOTWETSTWENNO
�LLIPTI�ESKIM	 PARABOLI�ESKIM
 TAKVE W NEKOTOROJ OKRESTNOS�
TI �TOJ TO�KI�

�	�	 dLQ KAKIH IZ TR�EH URAWNENIJ NA PLOSKOSTI

ut � uxx� utt � uxx� utt � �uxx
SU�ESTWUET NEPOSTOQNNOE RE�ENIE S OGRANI�ENNYMI I ZAMKNU�
TYMI LINIQMI UROWNQ�

�	�	 pRI KAKIH �x� y� z
 � R� URAWNENIE
uxy � ��x� y � z
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QWLQETSQ GIPERBOLI�ESKIM�
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�
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�	�	 A
 nAJTI WSE HARAKTERISTIKI URAWNENIQ

uxy � uyy � ux � uy � ��

B
 nAJTI EGO OB�EE RE�ENIE�

�	�	 A
 oPREDELITX TIP URAWNENIQ �uxx � uxy � ��
B
 nAJTI EGO HARAKTERISTIKI�
W
 nAJTI EGO OB�EE RE�ENIE�
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 oPREDELITX TIP URAWNENIQ
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W
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PEREMENNYH �x� y
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�	��	 nA PLOSKOSTI �x� t
 � R� RASSMATRIWA�TSQ URAWNENIQ
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�utt � �
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�utx � �
uxx � �� ��


A
 nAJTI HARAKTERISTIKI URAWNENIQ ��
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B
 pRI KAKIH 
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NIE u�x� t
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 ZNA�ENIJ PARAMETRA 
�

W
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�
G
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RE�ENIQ NET�

D
 tOT VE WOPROS OB OGRANI�ENNOM RE�ENII�
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utt � uxx � uyy�
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�	��	 pRI KAKIH WE�ESTWENNYH 
 I � TEOREMA O SU�ESTWOWANII
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��
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��
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�	��	 pUSTX u � C���

x�t �Q
�C�Q
 � RE�ENIE WQ �� Q�
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��
x��
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��
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� �� u
��
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� 	�x
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 � 	��
 � �	 WYPOLNENO

lim
t���u�x� t
 � � �x � ��� ���

�	��	 pUSTX u�x� t
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���
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��
x��

� u
��
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� �� u
��
t��

� 	�x
�
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 � �� uKAZATX KLASS WSEH TAKIH
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lim
t��� etu�x� t
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��



�	��	 pUSTX u�x� t
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��
x��

� u
��
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� �� u
��
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	 	��
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A
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t��� etu�x� t
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���
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ut � uxx� u
��
x��

� �� u
��
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� �� u�x� �
 � cos� x� � sin� x�
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t���u�x� t
�

�	��	 pUSTX u � C���
x�t �Q
 � C�Q
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� � ��� �
� ��� �
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��
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��
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lim
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�	��	 pUSTX FUNKCIQ u�x� t
 � RE�ENIE W Q�
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ut � uxx� ux
��
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� ux
��
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� �� u
��
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�
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��
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� ��� u
��
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�
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 fUNKCIQ u�x� t
 	� const UDOWLETWORQET URAWNENI�
ut � uxx

W OBLASTI �T � f�x� t
 j � � t � T� � � x � �� exp��t
g�
dOKAZATX	 �TO MAKSIMUM �TOJ FUNKCII NA �T NE MOVET DO�
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B
 pUSTX u�x� t
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�
u
��
x��

� u
��
x���exp��t	 � �� u

��
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GDE 	�x
 � C�
�

�
��� �


�
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��� �


�
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�	��	 pUSTX u�x� t
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��
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 � ��
A
 dOKAZATX	 �TO sup
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Q �� Q�
����	 KRAEWOJ ZADA�I
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��
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��
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� 	�x
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 � C��T 
	 OPREDE�
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 d� �
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t � �uk
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dLQ OGRANI�ENNYH RE�ENIJ URAWNENIQ TEPLOPROWODNOSTI

SPRAWEDLIW PRINCIP MAKSIMUMA W SLOE�
ESLI FUNKCIQ u�x� t
 � C���T 
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 UDOWLETWORQET W SLOE
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inf
x�Rn
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 � u�x� t
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 �
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�
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�	��	 pUSTX u � C��QT
R

 �C�QT

R

 � RE�ENIE W POLOSE QT

R
ZA�

DA�I kO�I

ut � uxx� u
��
t��

� � I ju�x� t
j� Cjxj�

dOKAZATX	 �TO u � � W QT
R
�

�	��	 pUSTX � �� R� R� n f��� �
g � POLUPLOSKOSTX S ODNOJ

�WYKOLOTOJ� TO�KOJ� u�x� t
 � RE�ENIE URAWNENIQ TEPLOPROWOD�
NOSTI W � I ju�x� t
j � M PRI �x� t
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� uRAWNENIQ �LLIPTI�ESKOGO TIPA

gARMONI�ESKIE FUNKCII

fUNKCIQ u � C���
 NAZYWAETSQ GARMONI�ESKOJ W OBLASTI �	
ESLI

�u � ��

tEOREMA O SREDNEM	 eSLI u� GARMONI�ESKAQ W OBLASTI �
FUNKCIQ	 TO

u�x�
 �
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jSnR�x�
j
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u�x
 ds�
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 �
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 ��
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�

�
� FUNKCIQ u�x
 QWLQETSQ GARMONI�ES�

KOJ I OGRANI�ENNOJ W QnL� dOKAZATX	 �TO FUNKCIQ u�x
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� ZADANNAQ W �ARE B�
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I u�x
 � � W �ARE B�
� ��
 RADIUSA �� � � const� � � � � ��
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kLASSI�ESKAQ POSTANOWKA OSNOWNYH KRAEWYH ZADA�
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 OGRANI�ENNAQ OBLASTX	 �� 
 POWERHNOSTX KLASSA
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x��� � 	�x
�

GDE f�x
 � C��
� 	�x
 � C���
 
 ZADANNYE FUNKCII�
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wNUTRENNQQ ZADA�A nEJMANA
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�ENIQ ���
	 TO u��x
� u��x
 � const �

wNE�NQQ ZADA�A dIRIHLE
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� x � ��� u
��
x���� � 	�x
�

I USLOWI� NA BESKONE�NOSTI

u�x
� � PRI jxj � � �n � �
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rE�ENIE WNE�NEJ ZADA�I dIRIHLE SU�ESTWUET I EDINSTWEN�
NO�

wNE�NQQ ZADA�A nEJMANA

kLASSI�ESKOJ WNE�NEJ ZADA�EJ nEJMANA W NEOGRANI�ENNOJ OB�
LASTI �� NAZYWAETSQ ZADA�A O NAHOVDENII FUNKCII u�x
 �
C����
 �C����
� UDOWLETWORQ��EJ

�u � f�x
� x � ��� �u

��

����
x����

� 	�x
�

��



I USLOWI� ���
 NA BESKONE�NOSTI� ZDESX f�x
 � C���
�L����
�
	�x
 � C���
 
 ZADANNYE FUNKCII	 � � WEKTOR WNE�NEJ NORMA�
LI K ����

pRI n � � SU�ESTWUET EDINSTWENNOE RE�ENIE WNE�NEJ ZADA�
�I nEJMANA�
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�
� DLQ ZADA�I WO WNE�NOSTI KRUGA �� � R
 B� � An � Cn � �
�n � �� �� ��� 
�

oSTAW�IESQ KO�FFICIENTY OPREDELQ�TSQ IZ GRANI�NOGO

USLOWIQ� nAPRIMER	 DLQ RE�ENIQ WNUTRENNEJ ZADA�I dIRIHLE

�u � �� � � R� u
��
��R

� f��
�

��



RAZLOVIW FUNKCI� f��
 W RQD fURXE PO BAZISU�
�� cosn�� sinn��n � �� �� ���

�
� POLU�IM

A� �
�

��

�
Z
�

f��
 d�� An �
�

�Rn

�
Z
�

f��
 cos n� d��

Cn �
�

�Rn

�
Z
�

f��
 sin n� d��

pOTENCIALY

rASSMOTRIM OBLASTX �� GRANICA KOTOROJ UDOWLETWORQET SLEDU�
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 w KAVDOJ TO�KE GRANICY SU�ESTWUET OPREDEL�ENNAQ NORMALX
�KASATELXNAQ PLOSKOSTX
�

�
 sU�ESTWUET TAKOE �ISLO d � �	 �TO PRQMYE	 PARALLELXNYE
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S CENTROM P �

�
 uGOL	 OBRAZOWANNYJ NORMALQMI W TO�KAH A I B	 UDOWLETWO�
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pOTENCIAL PROSTOGO SLOQ
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 �
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pOTENCIAL DWOJNOGO SLOQ
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 �
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�
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�
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fUNKCIQ gRINA

fUNKCIEJ gRINA PERWOJ KRAEWOJ ZADA�I W OBLASTI � NAZYWAETSQ
FUNKCIQ WIDA�
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 � E�x� y
 � g�x� y
�
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�ui
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�
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 pUSTX K �
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�
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�u

�n
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� 	��x�� x�
� u
��
jxj�� � 	��x�� x�
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 PROIZWOLXNYE NEPRERYWNYE FUNKCII NA OKRUVNOSTQH�jxj � �� I �jxj � �� SOOTWETSTWENNO�
B
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 ZADA�I	 ESLI
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�	��	 A
 dOKAVITE	 �TO RE�ENIE ZADA�I dIRIHLE W POLOSE � ��
�x� y
 � � � x � �� �� � y � ���

�u � � W �� u
��
x��

� 	��y
� u
��
x��

� 	��y
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	�� 	� � C�R�
� NEEDINSTWENNO�
B
 eDINSTWENNO LI RE�ENIE PREDYDU�EJ ZADA�I S DOPOLNI�
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u�x� y
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�	��	 pUSTX Q� OGRANI�ENNAQ OBLASTX S GRANICEJ �Q KLASSA

C�� mOVET LI RE�ENIE u � C��Q
 � C��Q
 KRAEWOJ ZADA�I

�u� u � � W Q�
�u

�n

����
�Q

� ��

��n� WNE�NQQ NORMALX K �Q
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���
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� ��
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�
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�
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�	��	 pUSTX � 
 OGRANI�ENNAQ OBLASTX NA PLOSKOSTI	 u�x
 �
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�

�u � � W ��

	�x
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x�x�
x��

u�x
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u
��
��

� 	�x
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 � C���
�C��
 WNE�NEJ ZADA�I dIRIHLE

�u�x
 � �� jxj � �� u
��
jxj�� � �
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Z
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��� d� � O��
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Z
j��xj��

��u��
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�
�X
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GDE p I q 
 ZADANNYE NATURALXNYE �ISLA�
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oBOB�ENNYE RE�ENIQ

zADA�A dIRIHLE

rASSMOTRIM ZADA�U dIRIHLE W OBLASTI � W KLASSI�ESKOJ POSTA�
NOWKE �

�u � f W ��
u � 	 NA ���

���


pUSTX f � L���
� 	 � H���
�
fUNKCIQ u � H���
 NAZYWAETSQ OBOB��ENNYM RE�ENIEM

KRAEWOJ ZADA�I ���
	 ESLIZ
�

rurv dx � �
Z
�

fv dx

DLQ L�BOJ v �
�
H���
 I u� 	 �

�
H���
�

wARIACIONNOJ POSTANOWKOJ ZADA�I ���
 NAZYWAETSQ SLE�
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w�H���	� w���

�

H���	

� Z
�

jrwj�dx� �
Z
�

fw dx

�
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�
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Z
�
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Z
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�u � f W ��
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pUSTX f � L���
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fUNKCIQ u � H���
 NAZYWAETSQ OBOB��ENNYM RE�ENIEM

KRAEWOJ ZADA�I nEJMANA ���
	 ESLIZ
�

rurv dx �
Z
��

�v ds �
Z
�

fv dx

DLQ L�BOJ v � H���
�
wARIACIONNOJ POSTANOWKOJ ZADA�I ���
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inf
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�
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Z
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rASSMOTRIM TRETX� KRAEWU� ZADA�U W OBLASTI� W KLASSI�ESKOJ
POSTANOWKE �

�u � f W ��
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oTMETIM	 �TO ZADA�A nEJMANA IMEET EDINSTWENNOE RE�ENIE
S TO�NOSTX� DO ADDITIWNOJ POSTOQNNOJ� dLQ ODNOZNA�NOJ RAZ�
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WITSQ ODNOZNA�NO RAZRE�IMOJ I W �TOM SLU�AE MOVNO PRIME�
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�
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�
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�
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� rE�ENIQ OTDELXNYH ZADA�

zADA�A ����

nAJTI FUNDAMENTALXNOE RE�ENIE OPERATORA

Lu�x� y
 � uxx�x� y
� uyy�x� y
�

OBRA�A��EESQ W NULX PRI y � ��
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� �
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� ��
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� �
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 � �

�
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�
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�
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 � �

�
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 �C�
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�
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 � �

�
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 �C�
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KUSO�NO POSTOQNNAQ	 RAWNAQ W I	 II	 III I IV �ETWERTQH �OTNO�
SITELXNO KOORDINAT �z� w

 SOOTWETSTWENNO �C� � �
�C� � �
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�C���
C���	 C��C���
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�C� � �
�C� � �
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�� � C�C��� � �
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�
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 �
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�
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WWIDU TOGO	 �TO j ln rj��r � � PRI r � ���
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r
rr� jruj � C
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r

�
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 � ����� w �TOM SLU�AE u � L���
�
iSSLEDUEM	 KOGDAZ

�
jruj�dxdy � ��C�

Z �

���

j ln rj�����	
r

dr � ���

��



pODYNTEGRALXNAQ FUNKCIQ PRI r� � �KWIWALENTNA jr��j�����		
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��
� �
 � ��� TO ESTX 
 � ����

�nA �TOT RAZ OTDELXNO RASSMATRIWAEMYJ SLU�AJ 
 � � �TOMU
NERAWENSTWU NE UDOWLETWORQET	 NO W OTWET DOLVEN BYTX WKL��
�EN�


oTWET� A
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 � � �SM� ZADA�U ����
� tAK KAK FUNKCII

IZ H��a� b
 NEPRERYWNY	 TO
�
H��a� b
 SOSTOIT IZ NEPRERYWNYH NA

�a� b
 FUNKCIJ	 TAKIH	 �TO f�a
 � f�b
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 � � �� � � �� ESLI f�z
 �
H���� �
� TO ESTX SHODQTSQ INTEGRALY C�

k

Z �

�

z�dz I C�
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A lim
t��u��y� t
 �

�

��


Z
�


sin� ydy �
�

�
�TEOREMA �
�

tAKIM OBRAZOM	 lim
t��u�x� y� t
 �

�

�
�

zADA�A ����

nAJTI WSE GARMONI�ESKIE W R� FUNKCII u�x� y
� DLQ KOTORYH

ux�x� y
 � uy�x� y
 � �x� y
 � R��

rE�ENIE	 eSLI u�x� y
 � GARMONI�ESKAQ FUNKCIQ W R�	 TO I EE
PROIZWODNYE � GARMONI�ESKIE FUNKCII� pO�TOMU v � ux � uy
� GARMONI�ESKAQ WO WSEJ PLOSKOSTI� pO TEOREME lIUWILLQ �
�TO KONSTANTA� tAKIM OBRAZOM	 ux � uy � C�

rE�AEM �TO LINEJNOE NEODNORODNOE URAWNENIE S �ASTNYMI

PROIZWODNYMI �
GO PORQDKA STANDARTNYM OBRAZOM� uRAWNENIQ
HARAKTERISTIK�

dx � �dy � du

C
�

�TA SISTEMA IMEET DWA NEZAWISIMYH PERWYH INTEGRALA

x� y � C�� u� Cx � C��

T�E� RE�ENIE IMEET WID u � Cx� 	�x � y
 S PROIZWOLXNOJ GAR�
MONI�ESKOJ FUNKCIEJ 	� tAKIM OBRAZOM	

� � 	xx � 	yy � �	
���

a �TO OZNA�AET	 �TO 	�x � y
 � K��x � y
 � K� ILI u�x� y
 �
M�x�M�y �M�� t�K� ux � uy	 TO M� � M��

��



zADA�A ����

pUSTX � �
�
�x� y
 � R� �� � � x � �� � � y � �

�
� u � C���
�

�u � � W �� u
��
y��

� u
��
y��

� � PRI � � x � ��

mOVET LI FUNKCIQ f�x
 ��

�Z
�

u��x� y
 dy IMETX TO�KU PEREGIBA

WNUTRI INTERWALA ��� �
�

rE�ENIE	 fUNKCIQ u��x� y
 � C���
	 PO�TOMU

�Z
�

u��x� y
 dy

MOVNO DWAVDY DIFFERENCIROWATX PO PEREMENNOJ x� tOGDA	 IS�
POLXZUQ GARMONI�NOSTX FUNKCII u	 IMEEM

f ���x
 � �

�Z
�

�
u�x � uuxx

�
dy � �

�Z
�

�
u�x � uuyy

�
dy�

iNTEGRIRUQ PO �ASTQM WTOROE SLAGAEMOE W PRAWOJ �ASTI	 S
U�ETOM KRAEWYH USLOWIJ POLU�AEM

f ���x
 � �

�Z
�

�
u�x � u�y

�
dy � �� x � ��� ���

�TO OZNA�AET	 �TO PEREGIBA BYTX NE MOVET�

zADA�A ��
�

pUSTX u�x
 � C��B�
���

 � C�B�

���

�

�u�x
 � �� x �� �x�� x�
 � B�
���
�

u�x
 � x��� x � S�
���
� x� � ��

u�x
 � x�� x � S�
���
� x� � ��

nAJTI

Z
B�
���

��	

u�x
 dx�

��



rE�ENIE	 sOGLASNO TEOREME O POWERHNOSTNOM SREDNEM DLQ GAR�
MONI�ESKOJ FUNKCII PRI n � � IMEEM	 �TO

u��
 �
�

��R

Z
S�R��	

u��
d��

GDE �n � PLO�ADX EDINI�NOJ SFERY W Rn� �� � ��� pODSTAWLQQ
ZNA�ENIQ u�x
 NA OKRUVNOSTI S�

R��
 �S U�ETOM TOGO	 �TO NA RAZ�
NYH EE �ASTQH �TI ZNA�ENIQ ZADA�TSQ RAZNYMI WYRAVENIQMI

I PEREHODQ K POLQRNYM KOORDINATAM	 POLU�IM	 �TO

u��
 �
�

��

�
� 
Z
�

sin�	d	�

�
Z



sin	d	

�
� � �

�
� �

�
�

s DRUGOJ STORONY	 PO TEOREME O PROSTRANSTWENNOM SREDNEM

u��
 �
�

��R�

Z
B�
R��	

u�x
dx�

tAKIM OBRAZOM	

Z
B�
���

��	

u�x
dx �
�

��
� �

�
�

zADA�A ����

pUSTX �u�x
 � �� x � B�
���
nB�

���
� �TO BOLX�E�Z
S�� ��	

�u

��
��� �
 ds ILI

Z
S�� ��	

�u

��
��� �
 ds�

rE�ENIE	 pRIMENIM FORMULU gAUSSA
oSTROGRADSKOGO	 IMEQ W
WIDU	 �TO

�u

��
�

�u

��
PRI s � S�

� ��
�
�u

��
� ��u

��
PRI s � S�

���
�

GDE � � WNE�NQQ NORMALX K GRANICE OBLASTI� iMEEM

�� �

Z
B�
�
��	nB�

�
��	

� dxdy �

Z
B�
�
��	nB�

�
��	

�u dxdy �

Z
S�
�
��	

�u

��
ds�

Z
S�
�
��	

�u

��
ds�

��



i	 SLEDOWATELXNO	Z
S�� ��	

�u

��
ds �

Z
S�� ��	

�u

��
ds � �� �

Z
S�� ��	

�u

��
ds�

zADA�A �����

pUSTX u � C���
 �C��
� q � C��
�

�u�x
 � q�x
u�x
 � �� x � �� M � max
�

u�x
� m � max
��

u�x
�

wOZMOVNO LI	 �TO M � m	 ESLI
A
 q�x
 � ��
B
 q�x
 � ��
W
 q�x
 � �� M � ��
G
 q�x
 � �� M � ��

rE�ENIE	 A
 NEWOZMOVNO �PRINCIP MAKSIMUMA
�
B
 WOZMOVNO	 PRIMER �W SLU�AE n � �


u�� � u � � PRI x � ���

�
�
�

�

�

PRI �TOM FUNKCIQ u � cos x QWLQETSQ RE�ENIEM URAWNENIQ	 DLQ
KOTOROJ WERNO UTWERVDENIE�

W
 NEWOZMOVNO	 T�K� ESLI WO WNUTRENNEJ TO�KE x� � � DOSTI�
GAETSQ MAKSIMUM �u�x�
 �M 
	 TO �u � ��

G
 WOZMOVNO	 PRIMER �W SLU�AE n � �


u�� � u � � PRI x � ���� �
�
PRI �TOM FUNKCIQ u � � chx QWLQETSQ RE�ENIEM URAWNENIQ	 DLQ
KOTOROJ WERNO UTWERVDENIE�

zADA�A �����

pUSTX � �
�
�x� y
 � R� �� � � x� � �y� � �

�
� u � C���
�

�u�x� y
 � �� �x� y
 � ��
u�x� y
 � x� y� x� � �y� � ��

�u�x� y


��
� ��� x
u�x� y
 � �� x� � �y� � ��

���



nAJTI max
�

��u�x� y
���
rE�ENIE	 pO PRINCIPU MAKSIMUMA max

�
ju�x� y
j DOSTIGAETSQ

NA GRANICE OBLASTI� sLEDOWATELXNO	 NEOBHODIMO SRAWNITX ZNA�
�ENIQ RE�ENIQ NA GRANICE�

pOKAVEM	 �TO NA U�ASTKE GRANICY x���y� � � WYPOLNQETSQ
TOVDESTWO u � �� pO LEMME hOPFA
oLEJNIK W TO�KE MAKSIMUMA
�max � �� �MINIMUMA �min � ��
 NA GRANICE

�u

��
��max
 � ���u

��
��min
 � �

�
� s U�ETOM TOGO	 �TO

�� � x
 � � PRI x� � �y� � �

ZAKL��AEM	 �TO W TO�KE MAKSIMUMA NA �TOM U�ASTKE GRANICY

ZNA�ENIE FUNKCII DOLVNO BYTX NEPOLOVITELXNYM	 A W TO�KE

MINIMUMA NEOTRICATELXNYM� �TO OZNA�AET	 �TO FUNKCIQ DOLV�
NA BYTX NULEWOJ KONSTANTOJ�

tEPERX NAJDEM MAKSIMUM RE�ENIQ NA WTOROJ �ASTI GRANICY	
T�E�

max
x���y���

x� y�

lEGKO WIDETX	 �TO MAKSIMUM DOSTIGAETSQ W PERWOM KWADRAN�
TE� �TO OZNA�AET	 �TO NADO ISKATX MAKSIMUM FUNKCII f�y
 �p
�� �y��y DLQ POLOVITELXNYH y� oN DOSTIGAETSQ PRI y � �p

�
I RAWEN

p
��

zADA�A ���	�

pRI KAKIH 
� � SU�ESTWUET RE�ENIE KRAEWOJ ZADA�I DLQ URAW�
NENIQ lAPLASA W KOLXCE B�

���
nB�
���
 S GRANI�NYMI USLOWIQMI

�u

��

����
���

� ��

�
�u

��
� 
u

�����
���

� ��

nAJTI RE�ENIE WO WSEH SLU�AQH	 KOGDA ONO SU�ESTWUET�

���



rE�ENIE	 oB�IJ WID RE�ENIQ URAWNENIQ lAPLASA W KOLXCE�

u��� �
 � A� �B� ln ��
�X
k��

�
Ak�

k �Bk�
�k� cos k� �

�
�X
k��

�
Ck�

k �Dk�
�k� sin k��

sOOTWETSTWENNO	

�u

��
��� �
 �

B�

�
�

�X
k��

�
kAk�

k�� � kBk�
�k��� cos k� �

�
�X
k��

�
kCk�

k�� � kDk�
�k��� sin k��

tOGDA W SILU GRANI�NYH USLOWIJ

B� �
�X
k��

�kAk � kBk
 cos k� �
�X
k��

�kCk � kDk
 sin k� � �

I

B�

�
�

�X
k��

�
kAk�

k�� � kBk�
�k��� cos k� �

�
�X
k��

�
kCk�

k�� � kDk�
�k��� sin k� �

� 


�
A� �B� ln � �

�X
k��

�
Ak�

k �Bk�
�k� cos k� �

�
�X
k��

�
Ck�

k �Dk�
�k� sin k�� � ��

oTS�DA NEPOSREDSTWENNO SLEDUET	 �TO
������
������

B� � ��

B�

�
� 
A� � 
B� ln � � ��

Ak � Bk � �� k � N
���



tAKIM OBRAZOM	 ESLI 
 � �� TO � �
�

�
I RE�ENIE IMEET WID

u��� �
 � A�� ln� �T�E� S TO�NOSTX� DO ADDITIWNOJ KONSTANTY
�

eSLI 
 	� �� TO A� �
� � �

�



� ln �	 PRI �TOM � � L�BOE I

u��� �
 �
�� � �
�


� ln
�

�
�

zADA�A �����

A
 eDINSTWENNO LI RE�ENIE SLEDU��EJ ZADA�I� u � C���
	 GDE

� � B�
� ��
nB�

���
�

�u�x
 � �� x � ��
�u�x


��
� 
�u�x
 � f��x
� x � S�

� ��
�

�u�x


��
� 
�u�x
 � f��x
� x � S�

� ��
�


k � const � � �k � �� �
�
B
 tOT VE WOPROS PRI 
k � const � � �k � �� �
�

rE�ENIE	 pUSTX u��x
 I u��x
 � DWA RE�ENIQ POSTAWLENNOJ

ZADA�I� rASSMOTRIM RAZNOSTX v�x
 � u��x
 � u��x
	 KOTORAQ QW�
LQETSQ RE�ENIEM ANALOGI�NOJ ZADA�I S ODNORODNYMI KRAEWYMI

USLOWIQMI�
pRIMENIM PERWU� FORMULU gRINA DLQ FUNKCII v�x
� iMEEM

� �

Z
�

v�v dx � �
Z

S�
�
��	

�v

��
v ds�

Z
S�
�
��	

�v

��
v ds�

Z
�

jrvj�dx�

s U�ETOM GRANI�NYH USLOWIJ


�

Z
S�
�
��	

v� ds� 
�

Z
S�
�
��	

v� ds �

Z
�

jrvj�dx � ��

tAKIM OBRAZOM	 PRI 
� � �� 
� � � �TO TOVDESTWO MOVET
WYPOLNQTXSQ TOLXKO DLQ v � ��

���



eSLI VE 
� � � I 
� � �	 TO RE�ENIEM ZADA�I S ODNORODNYMI

KRAEWYMI USLOWIQMI BUDET FUNKCIQ v�x
 � A� �
B�

�
	 PRI �TOM


�
�

B� � 
��A� � B�
 � ��
B�

�
� 
�

�
A� �

B�

�

�
� �

���


i	 SLEDOWATELXNO	 KO�FFICIENTY 
� I 
� DOLVNY UDOWLETWORQTX

SOOTNO�ENI�


�

�
� 
� �


�
�

�
� �� ���


w �TOM SLU�AE RE�ENIE ISHODNOJ ZADA�I NEEDINSTWENNO�
lEGKO UWIDETX	 �TO W PROTIWNOM SLU�AE �ESLI NE WYPOLNQ�

ETSQ SOOTNO�ENIE ���

 SISTEMA ���
 IMEET TOLXKO ODNO NULEWOE
RE�ENIE	 �TO PRIWODIT K SOWPADENI� u� I u� �T�E� EDINSTWEN�
NOSTI RE�ENIQ
�

zADA�A �����

nAJTI WSE TAKIE 
 � �	 �TO RE�ENIE u�x� y
 ZADA�I dIRIHLE DLQ
URAWNENIQ lAPLASA W POLUPLOSKOSTI R��R� UDOWLETWORQ��EE
NERAWENSTWU ��u�x� y
�� �M

�
� � x� jyj���

GDE M � const � �	 EDINSTWENNO�

rE�ENIE	 pUSTX SU�ESTWUET DWA RE�ENIQ u� I u�� oBOZNA�IM
v�x� y
 � u��x� y
 � u��x� y
� lEGKO WIDETX	 �TO v UDOWLETWORQ�
ET ODNORODNOJ ZADA�E dIRIHLE� oB�EE RE�ENIE TAKOJ ZADA�I W
POLUPLOSKOSTI IMEET WID

v��� �
 �
�X
k��

�
Ck�

k �Dk�
�k
�
sin k��

s U�ETOM USLOWIQ

jvj � ju�j� ju�j �M�

�
� � � cos � � j� sin �j�� �M��� � �
�

���



ZAKL��AEM	 �TO RE�ENIE IMEET WID v��� �
 �
KP
k��

Ck�
k sin k��

zDESX KONSTANTA K RAWNA CELOJ �ASTI 
�
tAKIM OBRAZOM	 PRI 
 � � SU�ESTWUET NENULEWAQ FUNKCIQ v

I	 SLEDOWATELXNO	 RE�ENIE ISHODNOJ ZADA�I NEEDINSTWENNO� pRI

 � � SU�ESTWUET TOLXKO NULEWOE v	 PO�TOMU RE�ENIE ISHODNOJ
ZADA�I EDINSTWENNO�

zADA�A �����

nAJTI WSE TAKIE 
 � �	 �TO RE�ENIE u�x� y
 ZADA�I dIRIHLE DLQ

URAWNENIQ lAPLASA W OBLASTI
n
�x� y
 � R�

��� jyj � xp
�

o
� UDOWLE�

TWORQ��EE NERAWENSTWU��u�x� y
�� �M
�
� � x� � y�

��
�

GDE M � const � �� EDINSTWENNO�

rE�ENIE	 pEREJDEM W POLQRNYE KOORDINATY� oBLASTX	 W KOTO�
ROJ RASSMATRIWAETSQ ZADA�A dIRIHLE	 PREDSTAWLQET SOBOJ UGLO�

WOJ SEKTOR j	j � �

�
	 NERAWENSTWO PEREPI�ETSQ W WIDE

ju�r� 	
j � M �� � r�
�� ���


eSLI w�r� 	
 � DRUGOE RE�ENIE DANNOJ ZADA�I dIRIHLE	 TO
v�r� 	
 � u�r� 	
 � w�r� 	
 � GARMONI�ESKAQ FUNKCIQ W DANNOJ

OBLASTI	 UDOWLETWORQ��AQ NULEWYM GRANI�NYM USLOWIQM� oNA
TOVE POD�INENA NERAWENSTWU ���
 �WOZMOVNO	 S BOLX�EJ KON�
STANTOJ
	 TAK KAK jvj � ju � wj � juj � jwj� tAKIM OBRAZOM	
NAM NADO NAJTI USLOWIQ	 PRI KOTORYH v � TOVDESTWENNYJ NULX�

fUNKCIQ v IMEET OB�IJ WID

v�r� 	
 �
X
k��

�Akr
k �Bkr

�k
 cos k	�
X
k�


�Ckr
k �Dkr

�k
 sin k	�

tAK KAK W SILU NERAWENSTWA ��
 �TA FUNKCIQ OGRANI�ENA W NULE	
TO WSE KO�FFICIENTY Bi� i � �� ��� I Di� i � �� ��� RAWNY NUL��
�TOBY ISKL��ITX RE�ENIQ ZADA�I dIRIHLE S NULEWYMI GRA�
NI�NYMI USLOWIQMI	 OTLI�NYE OT TOVDESTWENNOGO NULQ	 NADO
POTREBOWATX	 �TOBY ROST jv�r� 	
j NA BESKONE�NOSTI BYL STROGO
MENX�E	 �EM U r�� tAKIM OBRAZOM	 
 �

�

�
�

���



zADA�A �����

pUSTX � 
 OGRANI�ENNAQ OBLASTX NA PLOSKOSTI	 u�x
 � C���
�

�u � � W ��

	�x
 � NEPRERYWNAQ FUNKCIQ NA �� I

lim
x�x�
x��

u�x
 � 	�x�


DLQ WSEH x� � �� KROME EDINSTWENNOJ TO�KI x� � ��� nA�
ZOWEM TAKU� FUNKCI� �RE�ENIEM ZADA�I dIRIHLE �u � ��
u
��
��

� 	�x
 KROME ODNOJ GRANI�NOJ TO�KI x��� eDINSTWENNO
LI RE�ENIE TAKOJ ZADA�I dIRIHLE�

rE�ENIE	 rASSMOTRIM OBLASTX � � f� � r � �� � � 	 �
���g � R�� GDE �r� 	
 � POLQRNYE KOORDINATY NA PLOSKOSTI	 I
GRANI�NU� TO�KU x� � � � ��� rASSMOTRIM ZADA�U dIRIHLE

�u � �� x � �� u�x

��
x���� x��� � ��

rE�ENIE DANNOJ ZADA�I NEEDINSTWENNO� u��r� 	
 � �� u��r� 	
 ��
r� � �

r�

�
sin �	�

zADA�A �����

pUSTX � � R� � WNE�NOSTX EDINI�NOGO �ARA� eDINSTWENNO LI
RE�ENIE u�x
 � C���
 �C��
 WNE�NEJ ZADA�I dIRIHLE

�u�x
 � �� jxj � �� u
��
jxj�� � �

PRI DOPOLNITELXNOM USLOWII

A


Z
j��xj��

��u��
��� d� � O��
 B


Z
j��xj��

��u��
��� d� � o��


PRI jxj � ���

rE�ENIE	 iZWESTNO	 �TO RE�ENIE WNE�NEJ ZADA�I dIRIHLE W

R� EDINSTWENNO PRI DOPOLNITELXNOM USLOWII u�x
 � � PRI

���



jxj � ��� oCENIM u�x
� pO TEOREME O SREDNEM DLQ GARMONI�
�ESKIH FUNKCIJ PO �ARU S CENTROM W TO�KE x RADIUSA �

��u�x
��� � ���� �

����

Z
j��xj��

u��
 d�

����
�

�

�
NERAWENSTWO kO�I
bUNQKOWSKOGO

�
�

�

�����
�

Z
j��xj��

d� �
Z

j��xj��

��u��
��� d� � �

����

Z
j��xj��

��u��
��� d��
uSLOWIE �A
 �KWIWALENTNO USLOWI�

��u�x
�� � O��
 PRI jxj �
��� KOTOROGO NEDOSTATO�NO DLQ EDINSTWENNOSTI RE�ENIQ W

R�� rE�ENIE TAKOJ ZADA�I NEEDINSTWENNO� pRIMER� u��x
 � ��
u��x
 � �� jxj���

��u��x
�� � � PRI jxj � ��

�u��x
 � �� jxj � �� u�
��
jxj�� � ��Z

j��xj��

��u���
��� d� � Z
j��xj��

d� �
��

�
� O��
 PRI jxj � ���

iZ USLOWIQ �B
 SLEDUET	 �TO u�x
� � PRI jxj � ��� ZNA�IT	
RE�ENIE TAKOJ ZADA�I EDINSTWENNO�

zADA�A ���
�

A
 nAJTI RE�ENIE u��� �
 ZADA�I dIRIHLE DLQ URAWNENIQ lAP�
LASA W B�

� ��
 S GRANI�NYM USLOWIEM

u
��
���

�
�X
k��

k�p�� sin�kq�
�

GDE p I q 
 ZADANNYE NATURALXNYE �ISLA�
B
 pRI KAKIH p	 q �TO RE�ENIE PRINADLEVIT PROSTRANSTWU

H��B�
���

�

rE�ENIE	 a
 oB�IJ WID RE�ENIQ ZADA�I dIRIHLE W KRUGE

u��� �
 � A� �
�X
n��

An�
n cos n� �

�X
n��

Cn�
n sinn��

���



iZ GRANI�NOGO USLOWIQ WYTEKAET	 �TO An � �	 n � �� �� � � � PRI
�TOM n � kq I Cn � k�p���

tAKIM OBRAZOM	 RE�ENIE

u��� �
 �
�X
k��

k�p���k
q

sin kq��

B
 lEGKO POS�ITATX KWADRAT GRADIENTA RE�ENIQ �PRI � 	� �


jru��� �
j� �
�
�u

��

��

�
�

��
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� BALLOW� �UDOWLETWORITELXNO� � � BALLOW PRI MAKSIMALXNO

WOZMOVNOJ SUMME �� BALLOW� wREMQ NAPISANIQ � �	� ASTRONO�
MI�ESKIH �ASA�

���� GOD� POTOK MEHANIKOW� OSNOWNOJ �KZAMEN� LEKTOR
g	a	�E�KIN

pERWAQ �ASTX	
�	 A
 ��
 dAJTE OPREDELENIE OBOB��ENNOGO RE�ENIQ URAWNENIQ

ut �

�
u�

�

�
x

� �� ���


B
 ��
 pUSTX u�t� x
 � KUSO�NO GLADKOE FINITNOE OBOB��ENNOE
RE�ENIE URAWNENIQ ���
 S LINIEJ RAZRYWA x � x�t
� oBOZNA�IM

S�t
 �

�Z
��

u�t� x
 dx�

���



dOKAVITE	 �TO S�t
 NE ZAWISIT OT t�
�	 A
 ��
 dAJTE OPREDELENIE GARMONI�ESKOJ FUNKCII
B
 ��
 sFORMULIRUJTE TEOREMU lIUWILLQ DLQ GARMONI�ESKIH

FUNKCIJ�
W
 ��B
 nAJDITE WSE GARMONI�ESKIE W R� FUNKCII	 DLQ KOTORYH

uy�x� y
 � i xy � i e�x�iy	�

�	 A
 ��
 dAJTE OPREDELENIE KORREKTNOSTI POSTANOWKI ZADA�I�
B
 ��B
 kORREKTNA LI ZADA�A kO�I DLQ URAWNENIQ

ut � �uxx�

oTWET OBOSNOWATX�
kRITERIJ OCENOK�

pERWAQ �ASTX

�
� � �UDOWLETWORITELXNO�	

�
�� � �DOPUSK� KO WTOROJ �ASTI �KZAMENA�
wREMQ NAPISANIQ � �	� ASTRONOMI�ESKIH �ASA�

wTORAQ �ASTX	

�	 ��
 pUSTX G�x� y
 � FUNKCIQ gRINA ZADA�I dIRIHLE DLQ OPE�
RATORA lAPLASA� dOKAVITE	 �TO G�x� y
 � G�y� x
�
�	 rASSMOTRIM ZADA�U�

�u � f W ��
�u
�� � � NA ���

���


A
 ��
 dAJTE WARIACIONNU� POSTANOWKU ZADA�I ���
�
B
 ��
 dOKAVITE IMPLIKACI�

kLASSI�ESKOE RE�ENIE ���

�

oBOB��ENNOE RE�ENIE ���

m

rE�ENIE WARIACIONNOJ ZADA�I� SOOTWETSTWU��EJ ���
�

�	 pUSTX Q � ��� l
� ��� T 
�
���



rASSMOTRIM KRAEWU� ZADA�U
���
���

��u
�t� �

�
�x

�
�cos x� �
�u�x

�� �sin 
x
l 
u W Q�

u � sin 
x
l PRI t � �� � � x � l�

ut � � PRI t � �� � � x � l�
u � � PRI x � �� l� � � t � T�

���


A
 ��
 nAPI�ITE SHEMU METODA fURXE DLQ TAKOJ ZADA�I
B
 ��
 dOKAVITE	 �TO

E�t
 �
lZ

�

h
�cosx� �
�ux


� � �sin
�x

l

u� � �ut


�
i
dx

NE ZAWISIT OT WREMENI�
kRITERIJ OCENOK�
wTORAQ �ASTX

�
� � �UDOWLETWORITELXNO�	
�
� � �HORO�O�	
�
�� � �OTLI�NO�
wREMQ NAPISANIQ � �	� ASTRONOMI�ESKIH �ASA�

���� GOD� POTOK MEHANIKOW� PERESDA�A� LEKTOR

g	a	�E�KIN

pERWAQ �ASTX	
�	 rASSMATRIWAETSQ ZADA�A kO�I�

ut � lnu ux � ��

u
���
t��

� u��x
�
���


pOSTROITX RE�ENIE ���� BALLA
	 PROWERITX WYPOLNENIE

USLOWIQ rANKINA�g�GONIO I USLOWIQ WOZRASTANIQ �NTROPII

���� BALL
	 ESLI

a
 u��x
 �

�
� PRI x � ��
� PRI x � ��

B
 u��x
 �

�
� PRI x � ��
� PRI x � ��

�	 ��
 nARISOWATX GRAFIK RE�ENIQ u�t� x
 W MOMENT t � � DLQ

NA�ALXNOJ ZADA�I

utt �
�

�
uxx� u��� x
 � �� ut��� x
 �

�
sinx� x � ��� ����
�� x �� ��� ����

���



�	 pUSTX � � f�x� y
 � IR�
���� � x� � �y� � �g� "� � f�x� y
 �

IR�
���x� � �y� � �g� "� � f�x� y
 � IR�

���x� � �y� � �g� rASSMOTRIM
KRAEWU� ZADA�U W OBLASTI � �
�

�
�u � � W ��

xux � �yuy �
p
x� � ��y�u � � NA "��

xux � �yuy �
p
x� � ��y�u � � NA "�

���


a
 ��
 eDINSTWENNO LI RE�ENIE ZADA�I ���
�
B
 ��
 nAJTI ZNA�ENIE RE�ENIQ W TO�KE ��� �
�
W
 ��
 nAPISATX OPREDELENIE OBOB��ENNOGO RE�ENIQ ZADA�I ���
�
G
 �� BALLA
 nAPISATX WARIACIONNU� POSTANOWKU ZADA�I ���
�
kRITERIJ OCENOK�
pERWAQ �ASTX

�
�� � �UDOWLETWORITELXNO�	
��
�� � �DOPUSK� KO WTOROJ �ASTI �KZAMENA�
wREMQ NAPISANIQ � �	� ASTRONOMI�ESKIH �ASA�

wTORAQ �ASTX	

�	 A
 ��
 nAJTI WSE HARAKTERISTIKI URAWNENIQ

uxy � uyy � ux � uy � ��

B
 ��
 nAJTI EGO OB�EE RE�ENIE�
�	 ��
 nAJTI max

x��y���
U �x� y
	 GDE U �x� y
 � RE�ENIE ZADA�I kO�I

y
�u

�x
� x� � x

�u

�y
� y�� u��� y
 �

�

y�
�

�	 ��
 nAJTI RE�ENIE ZADA�I

uxx � utt � sinx� sin t� f� � x � �� t � �g�

u
���
x��

� �� u
���
x�


� �� u
���
t��

�
x

�
�
�u

�t

���
t��

� ��

�	 iMEETSQ ZADA�A �TURMA�lIUWILLQ�
p�x
X�

��
� q�x
X � �X � �� x � ��� l��

���



p � C�
�
��� l�

�
� q � C

�
��� l�

�
� p � p� � �� q � �� X � C�

�
��� l�

�
�

A
 ��
 pOKAZATX	 �TO � � �
B
 ��
 dOKAZATX	 �TO SOBSTWENNYE �ISLA STREMQTSQ K ���
kRITERIJ OCENOK�
wTORAQ �ASTX

�
� � �UDOWLETWORITELXNO�	
�
� � �HORO�O�	
��
�� � �OTLI�NO�
wREMQ NAPISANIQ � �	� ASTRONOMI�ESKIH �ASA�

���� GOD� POTOK MATEMATIKOW� OSNOWNOJ �KZAMEN� LEKTOR
e	w	rADKEWI�

�	 A
 ��
 dATX OPREDELENIE SLABOGO RE�ENIQ �RE�ENIQ W SMYSLE
INTEGRALXNOGO TOVDESTWA
 URAWNENIQ hOPFA�
B
 ��
 pOSTROITX KUSO�NO
POSTOQNNOE RE�ENIE S ��TX� LINIQMI

RAZRYWA�
W
 ��
 dOKAZATX	 �TO NE SU�ESTWUET KUSO�NO
POSTOQNNOGO RE�E�
NIQ S ��MQ LINIQMI RAZRYWA�
�	 A
 ��
 dATX OPREDELENIE AWTOMODELXNOGO RE�ENIQ I NAJTI

AWTOMODELXNYE RE�ENIQ URAWNENIQ

ut � u�ux � �

B
 ��
 dOKAZATX EDINSTWENNOSTX RE�ENIQ	 UDOWLETWORQ��EGO
USLOWI� NEWOZRASTANIQ �NTROPII	 W KLASSE AWTOMODELXNYH RE�
�ENIJ�
�	 A
 ��
 sFORMULIROWATX USLOWIE SU�ESTWOWANIQ KLASSI�ESKOGO
RE�ENIQ ZADA�I kO�I DLQ WOLNOWOGO URAWNENIQ�
B
 ��
 pUSTX u � KLASSI�ESKOE RE�ENIE ZADA�I kO�I

utt � uxx� � � t � T� x � R��
u
��
t��

� 	�x
� ut
��
t��

� ��

A uN � KLASSI�ESKOE RE�ENIE SME�ANOJ ZADA�I

uNtt � uNxx� � � t � T� x � ��N�N ��

uN
��
t��

� 	N �x
� uNt
��
t��

� ��
�uN

�x

����
x�N

� ��

���



pRI �TOM

	N � 	 PRI x � ��M � 
� M � 

 I

	N � � PRI x 	� ��N � �� N � �


DLQ DOSTATO�NO MALYH FIKSIROWANNYH 
 I � TAKIH	 �TOM�
 �
N � �� dOKAZATX	 �TO SU�ESTWUET TAKOE N�� �TO u � uN NA

OTREZKE ��M�M � PRI N � N��
�	 ��
 dLQ KAKIH IZ TR�EH URAWNENIJ NA PLOSKOSTI

ut � uxx� utt � uxx� utt � �uxx
SU�ESTWUET NETRIWIALXNOE RE�ENIE S OGRANI�ENNYMI I ZAMK�
NUTYMI LINIQMI UROWNQ�
�	 A
 ��
 sFORMULIROWATX LEMMU O NORMALXNOJ PROIZWODNOJ�
B
 ��
 dOKAZATX	 �TO GARMONI�ESKAQ FUNKCIQ u � C���
�

�u

��
� � NA "�� u � � NA "��

"� � "� � ��� mesn��"� 	� �� TOVDESTWENNO RAWNA NUL��
�	 A
 ��
 sFORMULIROWATX TEOREMU O SREDNEM DLQ GARMONI�ES�
KIH FUNKCIJ�
B
 ��
 dOKAZATX	 �TO FUNKCIQ u � C���
	 UDOWLETWORQ��AQ TEO�
REME O SREDNEM DLQ L�BOGO �ARA K � �	 QWLQETSQ GARMONI�ES�
KOJ�
�	 ��
 pUSTX C � KONUS

�
�x� y


�� 
 � x
y � �

�
� dOKAZATX	 �TO

NE SU�ESTWUET OB�EJ KONSTANTY W NERAWENSTWE fRIDRIHSA DLQ

WSEH OGRANI�ENNYH � � C�
kRITERII OCENOK� �OTLI�NO� � �� BALLOW� �HORO�O� �

�� BALLOW� �UDOWLETWORITELXNO� � � BALLOW PRI MAKSIMALXNO
WOZMOVNOJ SUMME �� BALLOW� wREMQ NAPISANIQ � � ASTRONOMI�
�ESKIH �ASA�

���� GOD� POTOK MATEMATIKOW� DOSRO�NYJ �KZAMEN� LEK

TOR a	s	�AMAEW

�	 A
 ��
 nAPI�ITE FORMULU dALAMBERA DLQ RE�ENIQ URAWNENIQ
KOLEBANIJ STRUNY�
B
 ��
 pUSTX K �

�
�x� y
 � R� �� x� � y� � �

�
� EDINI�NYJ

���



KRUG W R�� kORREKTNA LI ZADA�A� NAJTI u�x� y
 � C��K
�C�K
�
TAKU� �TO

uxx � uyy � � W K� u
��
�K

� 	�x� y
�

	�x� y
 � C��K
 � PROIZWOLXNAQ NEPRERYWNAQ FUNKCIQ�

�	 A
 ��
 dAJTE OPREDELENIE PROSTRANSTWA
�
H��Q
�

B
 ��
 dOKAVITE POLNOTU PROSTRANSTWA H��Q
�
W
 ��
 pUSTX Q �

�jxj � �� x � R��� sPRAWEDLIWO LI SLEDU��EE
UTWERVDENIE� SU�ESTWUET POSTOQNNAQ C � �� TAKAQ	 �TO DLQ

L�BOJ u�x
 � C��Q
 ��u��
�� � C
��u��

H��Q	
�

eSLI �DA� � DOKAVITE	 �NET� � PRIWEDITE OPROWERGA��IJ

PRIMER�
�	 A
 ��
 pUSTX K �

�
� � jxj � �

�
� �KOLXCEWAQ� OBLASTX W R��

eDINSTWENNO LI RE�ENIE SLEDU��EJ KRAEWOJ ZADA�I�

�u � � W K� u � C��K
 �C��K
�

�u

�n

����
jxj��

� 	��x�� x�
� u
��
jxj�� � 	��x�� x�
�

	�� 	� � PROIZWOLXNYE NEPRERYWNYE FUNKCII NA OKRUVNOSTQH�jxj � �� I �jxj � �� SOOTWETSTWENNO� oTWET OBOSNUJTE�
B
 ��
 nAJDITE RE�ENIE POSTAWLENNOJ W P� �a
 ZADA�I	 ESLI

	� � cos �� 	� � sin �

�� � POLQRNYJ UGOL NA PLOSKOSTI
�
�	 A
 ��
 sFORMULIRUJTE PRINCIP MAKSIMUMA DLQ URAWNENIQ

lAPLASA�
B
 ��
 sPRAWEDLIW LI PRINCIP MAKSIMUMA DLQ URAWNENIQ

�u� ux � u � �� � �
��

�x�
�

��

�y�
�

W OGRANI�ENNOJ OBLASTI Q NA PLOSKOSTI W TOJ VE FORME	 KAK
DLQ URAWNENIQ lAPLASA� oTWET OBOSNUJTE�

���



�	 A
 ��
 sFORMULIRUJTE TEOREMU lIUWILLQ DLQ URAWNENIQ lAP�
LASA�
B
 ��
 pUSTX u�x
 � GARMONI�ESKAQ W R� FUNKCIQ IZZZ

R�

u��x
 dx

�� � jxj
� ���

wERNO LI	 �TO u�x
 � const W R�� oTWET OBOSNUJTE�
�	 A
 ��
 dAJTE OPREDELENIE POTENCIALA DWOJNOGO SLOQ�
B
 ��
 dOKAVITE	 �TO POTENCIAL DWOJNOGO SLOQ	 SOZDAWAEMYJ
ZAMKNUTOJ POWERHNOSTX� lQPUNOWA S I IME��IJ EDINI�NU�

PLOTNOSTX	 RAWEN � WNE S I �� WNUTRI S�
�	 A
 ��
 nAPI�ITE FORMULU pUASSONA DLQ RE�ENIQ ZADA�I kO�
�I DLQ URAWNENIQ TEPLOPROWODNOSTI�
B
 ��
 pUSTX u�x� t
 � RE�ENIE URAWNENIQ TEPLOPROWODNOSTI S

�POTENCIALOM��

ut � uxx � u� t � �� x � R��
UDOWLETWORQ��EE NA�ALXNOMU USLOWI�

u
��
t��

� sin� x�

dOKAVITE	 �TO SU�ESTWUET POSTOQNNAQ A� TAKAQ	 �TO��u�t� x
�Ae�t
�� � 
�t
e�t�

GDE FUNKCIQ 
�t
� � PRI t��� nAJDITE POSTOQNNU� A�
wSEGO �� BALL

���� GOD� POTOK MATEMATIKOW� OSNOWNOJ �KZAMEN� LEKTOR
a	s	�AMAEW

�	 A
 ��
 sFORMULIRUJTE OPREDELENIE HARAKTERISTI�ESKOJ PO�
WERHNOSTI DLQ DIFFERENCIALXNOGO OPERATORA WTOROGO PORQDKA�
B
 ��
 rASSMOTRIM ZADA�U� NAJTI W SEKTORE

K �
�
�x� t
j x � �� t � �� t � �x

�
FUNKCI� u�x� t
 � C��K
�C�K
� UDOWLETWORQ��U� URAWNENI�

utt � uxx

���



I NA�ALXNYM I GRANI�NYM USLOWIQM

u
��
t��

� 	�x
� ut
��
t��

� ��x
� u
��
t��x
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	�x
� ��x
 � C������
�� iMEET LI �TA ZADA�A RE�ENIE I ESLI
�DA� � EDINSTWENNO LI ONO� oTWET OBOSNUJTE�
�	 A
 ��
 dOKAVITE NERAWENSTWO fRIDRIHSA�
B
 ��
 sPRAWEDLIWO LI NERAWENSTWO fRIDRIHSA W POLOSE

� �
�
�x� y
 � � � x � �� �� � y ����

eSLI �DA� � DOKAVITE	 �NET� � PRIWEDITE OPROWERGA��IJ

PRIMER�
�	 A
 ��
 pRIWEDITE KLASSI�ESKU� POSTANOWKU ZADA�I dIRIHLE W

OGRANI�ENNOJ OBLASTI Q I DOKAVITE EDINSTWENNOSTX RE�ENIQ�
B
 ��
 dOKAVITE	 �TO RE�ENIE ZADA�I dIRIHLE W POLOSE � ��
�x� y
 � � � x � �� �� � y � ���

�u � � W �� u
��
x��

� 	��y
� u
��
x��

� 	��y
�

	�� 	� � C�R�
 NEEDINSTWENNO�
W
 ��
 eDINSTWENNO LI RE�ENIE PREDYDU�EJ ZADA�I S DOPOLNI�
TELXNYM USLOWIEM

u�x� y
� � PRI jyj � ��
oTWET OBOSNUJTE�
�	 ��
 pUSTX Q �

�
x � R�� jxj � �

�
� �AR W �ETYREHMERNOM

PROSTRANSTWE	 � �
�
x � R� � x� � �� x� � �� x� � �� � � x� � ���

�
� OTREZOK WR�� Q� � Qn�� nAJDITE OBOB�ENNOE RE�ENIE ZADA�I
dIRIHLE u�x
 � Z

Q�

�ru�rv
 dx � � �v � �
H��Q�
�

u� 	�x
 �
�
H��Q�
�

	�x
 � C�
� �Q
 I 	�x
 � � PRI x � ��

�	 ��
 sU�ESTWUET LI POLOVITELXNAQ GARMONI�ESKAQ FUNKCIQ

W �ARE Q �
�jxj � �

�
� x � R�� TAKAQ	 �TO u��� �� �
 � ��

u��� �� ���
 � ��� oTWET OBOSNUJTE�

���



�	 ��
 pUSTX u�t� x
 � C���
 � C��
 � KLASSI�ESKOE RE�ENIE

URAWNENIQ

ut � uxx � v�t� x
�

GDE � � �����
���� �
� v�t� x
 � OGRANI�ENNAQ IZMERIMAQ FUNK�
CIQ	 UDOWLETWORQ��AQ OCENKE jvj � C� C � � � ZADANNAQ POSTO�
QNNAQ� pUSTX

u
��
t��

� 	�x
� GDE 	�x
 � C����� ����
u
��
x��

� u
��
x��

� � �t � ��

mOVNO LI TAK WYBRATX FUNKCI� v�t� x
� �TO u�t� x
 � � �t � t��
t� � NEKOTORAQ POLOVITELXNAQ POSTOQNNAQ� oTWET OBOSNUJTE�
�	 ��
 pRI KAKIH ZNA�ENIQH PARAMETRA a � R� FUNKCIQ u�t� x
�
RAWNAQ NUL� PRI t � ax I EDINICE PRI t � ax� �t� x
 � R��
QWLQETSQ RE�ENIEM URAWNENIQ

ut � ux

W SMYSLE TEORII OBOB�ENNYH FUNKCIJ� oTWET OBOSNUJTE�
�	 ��
 pUSTX u�t� x
 � C���
 � C���
 � KLASSI�ESKOE RE�ENIE

URAWNENIQ

ut � uxx � �u W POLOSE � � �����
� ��� �
�
UDOWLETWORQ��EE KRAEWYM USLOWIQM

u
��
x��

� u
��
x��

� �� t � ��

dOKAVITE	 �TO DLQ u�t� x
 IMEET MESTO NERAWENSTWO��u�t� x
�� � Ce�
t�

GDE C � � � NEKOTORAQ POSTOQNNAQ�
wSEGO �� BALL

���� GOD� POTOK MATEMATIKOW� PERESDA�A� LEKTOR

a	s	�AMAEW

�	 A
 ��
 sFORMULIRUJTE TEOREMU kO�I�kOWALEWSKOJ�
B
 ��
 pRI KAKIH WE�ESTWENNYH 
 SU�ESTWUET RE�ENIE

u�x� t
 � C��K
 �C��K
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�
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SLEDU��EJ KRAEWOJ ZADA�I�
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B
 ��
 sPRAWEDLIW LI PRINCIP MAKSIMUMA DLQ URAWNENIQ

utt � uxx�

eSLI �DA� � DOKAVITE	 �NET� � PRIWEDITE OPROWERGA��IJ
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� � DLQ t � ��

u�x� t
 � C���
�C���
 I u�x�� t
 � � DLQ WSEH t � t�� t� � const �
� I x�

� � IRRACIONALXNOE �ISLO� wERNO LI	 �TO u�x� t
 � � W ��
oTWET OBOSNUJTE�
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 ��
 nAPI�ITE FORMULU pUASSONA DLQ RE�ENIQ ZADA�I kO�
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B
 ��
 dOKAVITE	 �TO FUNKCIQ	 OPREDELQEMAQ FORMULOJ pUASSO�
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�	 ��
 pUSTX FUNKCIQ u�x
� ZADANNAQ W �ARE Q� �

�
x � R�� jxj �

�
�
� UDOWLETWORQET URAWNENI�

�u � �u �� � const � �


I u�x
 � � W �ARE RADIUSA �� Q� �
�
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�

�	�x
 � ZADANNAQ FUNKCIQ
 W PARE PROSTRANSTW �E�� E�
� GDE

E� � C�R�x
 �B�R�
x
� E� � C���
 �C��
 �B��
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k	kE�
� sup
R�x

j	�x
j� kukE�
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�x�t	��
ju�x� t
j�

oTWET OBOSNUJTE�
�	 A
 ��
 dAJTE OPREDELENIE POTENCIALA PROSTOGO SLOQ�
B
 ��
 dOKAVITE	 �TO POTENCIAL PROSTOGO SLOQ UBYWAET PRI r�
� KAK C

r � GDE r� RASSTOQNIE OT TEKU�EJ TO�KI DO POWERHNOSTI

S� S � OGRANI�ENNAQ POWERHNOSTX�
wSEGO �� BALLA

���� GOD� POTOK MATEMATIKOW� �� �KZAMEN� LEKTOR

a	s	�AMAEW

wARIANT � �PERWAQ �ASTX�	

�	 ��
 rE�ITE KRAEWU� ZADA�U

utt � uxx � �� t � �x� x � ��
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��
t��x
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��
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�
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�
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�����
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�r

����
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r � RADIALXNAQ KOORDINATA�
�	 ��
 dANA ZADA�A kO�I DLQ WOLNOWOGO URAWNENIQ

utt � �u�t� x
� x � R�� t � ��
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�
�
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t��

� sin jxj�
nAJDITE WELI�INU u���� �� �� �
�

wARIANT � �WTORAQ �ASTX�	

�	 A
 ��
 sFORMULIRUJTE PRINCIP MAKSIMUMA DLQ URAWNENIQ

TEPLOPROWODNOSTI�
B
 ��
 sFORMULIRUJTE TEOREMY O SREDNEM DLQ GARMONI�ESKIH

FUNKCIJ�
�	 ��
 nAJDITE HOTQ BY ODNO RE�ENIE URAWNENIQ

u�� � u � ���

W KLASSE OBOB�ENNYH FUNKCIJ�
�	 ��
 oPREDELITE POTENCIAL PROSTOGO SLOQ I DOKAVITE	 �TO ON

UBYWAET NA BESKONE�NOSTI KAK C
jxj �

�	 ��
 eDINSTWENNO LI RE�ENIE SLEDU��EJ WNE�NEJ ZADA�I dI�
RIHLE�

�u � � W R� n�� u
��
��
� 	�x
� 	�x
 � C���
�Z
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�
� � jxj�u��x
 dx ���

oTWET OBOSNUJTE�
�	 ��
 dOKAVITE NERAWENSTWO fRIDRIHSA� pUSTX �� I �� � DWE

OGRANI�ENNYE OBLASTI I OB	EM �� BOLX�E OB	EMA ���mOVNO LI
NA OSNOWANII �TOGO SRAWNITX POSTOQNNYE W NERAWENSTWAH fRID�
RIHSA DLQ DWUH OBLASTEJ� oTWET OBOSNUJTE�

wARIANT � �PERWAQ �ASTX�	

�	 ��
 rE�ITE KRAEWU� ZADA�U

utt � uxx � �� x � �� t � ���
�u

�x
� �u
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��
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 pUSTX u�t� x
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��
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�

GDE 	�x
 � � PRI � � jxj � �� I 	�x
 � � DLQ DRUGIH ZNA�E�
NIJ x � R�� pRI KAKIH ZNA�ENIQH PEREMENNOJ t � � WOZMOVNO
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 � � DLQ NEKOTOROGO x � R�� oTWET OBOSNUJTE�

wARIANT � �WTORAQ �ASTX�	
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 ��
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B
 ��
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W KLASSE OBOB�ENNYH FUNKCIJ�
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�
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� dO�
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 sFORMULIRUJTE STROGIJ PRINCIP MAKSIMUMA DLQ GAR�
MONI�ESKOJ FUNKCII W OBLASTI�
B
 ��
 sFORMULIRUJTE TEOREMU EDINSTWENNOSTI ZADA�I kO�I
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u�x
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�
�

GDE C � � � NEKOTORAQ POSTOQNNAQ�
�	 ��
 dAJTE OPREDELENIE PROSTRANSTW H���
 I DOKAVITE EGO

POLNOTU� pUSTX � � OGRANI�ENNAQ OBLASTX W Rn� C���
 �
MNOVESTWO GLADKIH W � FUNKCIJ	 IME��IH WSE PROIZWODNYE	
NEPRERYWNO PRODOLVA��IESQ NA �� wSEGDA LI �TO MNOVESTWO

FUNKCIJ PLOTNO W H���
� oTWET OBOSNUJTE�
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 � � PRI t��� u � C�
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 � EE FUNKCIQ gRI�
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�	 ��
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DLQ WSEH x� � �� KROME EDINSTWENNOJ TO�KI x� � ��� nA�
ZOWEM TAKU� FUNKCI� �RE�ENIEM ZADA�I dIRIHLE �u � ��
u
��
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� 	�x
 KROME ODNOJ GRANI�NOJ TO�KI x��� eDINSTWENNO
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 kORREKTNA LI ZADA�A kO�I NA PLOSKOSTI

�u�
�u

�x
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�
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� oTWET OBOSNUJTE�
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 W �TOJ
TO�KE	 �TO ONA BUDET RE�ENIEM URAWNENIQ TEPLOPROWODNOSTI W

Rx� ft � �g�
wSEGO �� BALLOW

���� GOD� oLIMPIADA� LEKTOR a	s	�AMAEW
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WOZRASTATX PRI t���
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�	 ��
 rASSMOTRIM ZADA�U kO�I DLQ WOLNOWOGO URAWNENIQ
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 OGRANI�ENNAQ OBLASTX PROSTRANSTWA
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 pUSTX u�x
 
 GARMONI�ESKAQ FUNKCIQ W OKRESTNOSTI TO�KI
f�g PROSTRANSTWA Rn�
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 �
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X
j�j�i
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� �� � f�x� t
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��
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 OGRANI�ENNAQ NEPRERYWNAQ FUNKCIQ	 NE RAWNAQ TOVDEST�
WENNO NUL�� dOKAVITE	 �TO NE SU�ESTWUET TAKOGO T � �� PRI
KOTOROM u�t� x
 � �� ESLI T � t� �iNA�E GOWORQ	 NAGRETYJ STER�
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 SOBSTWENNAQ
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 � �� x � �g BYTX OTREZKOM
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�	 ��
 pUSTX K 
 EDINI�NYJ KRUG NA PLOSKOSTI S CENTROM W
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 � C��K
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 � � W ��
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 ESLI PRODOLVITX �v�x
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� oTWET OBOSNUJTE�
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��AR �WZRYWAETSQ�
� nARISUJTE u�t� r
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u
��
x��

� �� ux
��
x�


� �� u
��
t��

� ��

���



B� ��
 nAJTI lim
t��u�x� t
� oTWET OBOSNOWATX�

wTORAQ �ASTX ��	� ASTRONOMI�ESKIH �ASA�

�	 ��
 pUSTX � �
�
�x� t


�� � � x � �� � � t � ���� u � C���
�

utt � a�uxx W ��
u
��
x��

� �� ux
��
x�


� f�t
� u
��
t��

� ut
��
t��

� ��

f � C�������
�� f��
 � �� sup

���	

��f�t
�� � ��� wERNO LI	 �TO

sup
�

��u�x� t
�� � ���
oTWET OBOSNOWATX�

�	 a� ��
 pOTENCIAL DWOJNOGO SLOQ S PLOTNOSTX� ���x
 RAWEN
NUL�	 KOGDA x LEVIT WNE ZAMKNUTOJ POWERHNOSTI " � ��� TO
ESTX PRI x � Rn n �� wERNO LI	 �TO ���x
 � � NA "� oTWET
OBOSNOWATX�

B� ��
 pOTENCIAL PROSTOGO SLOQ S PLOTNOSTX� ���x
 RAWEN
NUL�	 KOGDA x LEVIT WNE ZAMKNUTOJ POWERHNOSTI "� wERNO LI	
�TO ���x
 � � NA "�
�	 ��
 nAJTI KAKOE
NIBUDX RE�ENIE W D� � SISTEMY

%y � Ay � b��x
� y �

�
y�
y�

�
� A �

�
� ���
� ���

�
� b �

�
�
�

�
�

�	 ��
 pUSTX u�x� y
 � OGRANI�ENNAQ	 GARMONI�ESKAQ NA POLU�
PLOSKOSTI � �

�
�x� y
 � R� �� y � �

�
FUNKCIQ	 u � C��
� dOKA�

ZATX	 �TO

sup
�

u � sup
R�

u�x� �
�

kRITERII OCENOK� �OTLI�NO� � � �� BALLA� �HORO�O� �
� �� BALLOW� �UDOWLETWORITELXNO� � � � BALLOW PRI MAKSI�
MALXNO WOZMOVNOJ SUMME �� BALLOW�

���



���� GOD� POTOK MATEMATIKOW� OSNOWNOJ �KZAMEN� LEKTOR
t	a	�APO�NIKOWA

pERWAQ �ASTX ��	� ASTRONOMI�ESKIH �ASA�

�	 ��
 nAJTI HARAKTERISTIKI URAWNENIQ

utt � uxx � uyy�

PERESEKA��IESQ S PLOSKOSTX� t � � PO PRQMOJ �l� x
 � �� GDE
l � �l�� l�
 	� ��
�	 ��
 rE�ITE KRAEWU� ZADA�U DLQ URAWNENIQ lAPLASA W PRQMO�
UGOLXNIKE � � x � a� � � y � b SO SLEDU��IMI GRANI�NYMI

USLOWIQMI

u
���
x��

�
�u

�x

���
x�a

� �� u
���
y��

� �� u
���
y�b

� sin
�x � �
�a

�

�	 ��
 pUSTX u�t� x
 � RE�ENIE ZADA�I kO�I

utt � �u� x � �x�� x�
 � R�� t � ��
u
��
t��

� 	�x
� ut
��
t��

� ��x
�

fUNKCII 	 I � IZWESTNY TOLXKO W PRQMOUGOLXNIKE x� � ��� a��
x� � ��� b�� gDE MOVNO OPREDELITX u�t� x
� t � �� nARISUJTE W
R�t�x��x� �TU OBLASTX�

�	 ��
 rE�ITE ZADA�U

ut � uxx� x � ��� l
� t � ��
u
��
t��

� �� u
��
x��

� A� � const� u
��
x�l

� A� � const� t � ��

nAJDITE lim
t��u�t� x
�

wTORAQ �ASTX ��	� ASTRONOMI�ESKIH �ASA�

�	 ��
 pUSTX � �
�
�x�� x�


�� � � xj � �� j � �� �
�
� dOKAVITE	

�TO DLQ L�BOJ FUNKCII v �
�
H���
� UDOWLETWORQ��EJ USLOWI�Z

�

sin�x� � sin�x� � v�x�� x�
 dx� dx� � ��

���



SPRAWEDLIWO NERAWENSTWO

��v���
L���	

�
�

���
��rv���

L���	
�

�	 ��
 nAJDITE POTENCIAL PROSTOGO SLOQ	 RASPREDELENNOGO S PO�
STOQNNOJ PLOTNOSTX� � NA CILINDRE

�
x���x

�
� � R�� � � x� � H

�
W TO�KAH	 LEVA�IH NA OSI x��

�	 ��
 fUNKCIQ u�x� t
 UDOWLETWORQET URAWNENI� TEPLOPROWOD�
NOSTI

ut � �u

W CILINDRE Q��������
� x���Rn� t � �� �� �jxjj� �

�
�

j � �� ��� � n
�
�

u � � NA ��� ����
�
u � C����Q�
 �C�Q�
� dOKAVITE	 �TO��u�� � C� e

��nt� C� � const � ��

�	 ��
 nAJDITE W D��R�
 KAKOE
NIBUDX RE�ENIE SISTEMY

%x � x� y� %y � y � �x� ���t
�

kRITERII OCENOK� �OTLI�NO� � � �� BALLOW� �HORO�O� �
� �� BALLOW� �UDOWLETWORITELXNO� � � � BALLOW PRI MAKSI�
MALXNO WOZMOVNOJ SUMME �� BALLOW�

���� GOD� POTOK MATEMATIKOW� OSNOWNOJ �KZAMEN� LEKTOR
t	a	�APO�NIKOWA

pERWAQ �ASTX ��	� ASTRONOMI�ESKIH �ASA�

�	 ��
 pRI KAKIH ZNA�ENIQH a � R� PLOSKOSTX y � z � C � const
QWLQETSQ HARAKTERISTIKOJ DLQ URAWNENIQ

uxx � �auxy � uyy � a�uzz � u � ��

�oTWET OBOSNOWATX
�

���



�	 ��
 rE�ITE ZADA�U

utt � �u� � � x� y � �� t � ��
u
��
x��

� u
��
x��

� u
��
y��

� u
��
y��

� ��

u
��
t��

� sin ��x sin ��y� ut
��
t��

� �� sin�x sin ��y�

�	 ��
 pUSTX u�t� x
 � RE�ENIE ZADA�I kO�I

utt � �u� x � �x�� x�� x�
� x � R�� t � ��
u
��
t��

� 	�x
� ut
��
t��

� ��x
�

fUNKCII 	 I � IZWESTNY TOLXKO W �AROWOM SLOE � � jxj � ��
gDE IZWESTNO RE�ENIE u�t� x
� �oTWET OBOSNOWATX
�

�	 ��
 rE�ITE ZADA�U kO�I

ut �
�

�
uxx� x � R�� t � �� u

��
t��

� e�x
���x� x � R��

wTORAQ �ASTX ��	� ASTRONOMI�ESKIH �ASA�

�	 ��
 nAJDITE

inf
M

�Z
�

�jruj�� �u�dx� Z
jxj��

u� dS

�
�

GDE � �
�
� � jxj � �

�
� x � �x�� x�� x�
 � R�� M �

�
v �

H���

�� v � � PRI jxj � ���

�	 ��
 nAJTI POTENCIAL PROSTOGO SLOQ	 RASPREDELENNOGO S PLOT�
NOSTX� � � sin�	 NA CILINDRE

�
x�� � x�� � R�� � � x� � H

�
W

TO�KE	 LEVA�EJ NA OSI x��

�	 ��
 pUSTX u�x
� x � R�� UDOWLETWORQET URAWNENI�

�u � u W R��

A TAKVE OCENKE

juj � C� x � R��
dOKAVITE	 �TO u � � W R��
���



�	 ��
 nAJDITE KAKOE
NIBUDX RE�ENIE IZ D��R�
 URAWNENIQ
y�� � �y� � �y � ���x
�

kRITERII OCENOK� �OTLI�NO� � � �� BALLOW� �HORO�O� �
� �� BALLOW� �UDOWLETWORITELXNO� � � � BALLOW PRI MAKSI�
MALXNO WOZMOVNOJ SUMME �� BALLOW�

GOD� POTOK MATEMATIKOW� OSNOWNOJ �KZAMEN� LEKTOR
w	a	kONDRATXEW

�	 A� sFORMULIROWATX TEOREMU kO�I
kOWALEWSKOJ�
B�dOKAZATX	 �TO WSQKOE LINEJNOE URAWNENIE WTOROGO PORQDKA

S POSTOQNNYMI KO�FFICIENTAMI MOVNO PRIWESTI K KANONI�ES�
KOMU WIDU�
W� w KAKOJ OBLASTI URAWNENIE

uxy � ��x� y � z
uxz � ��x� y � z
uyz � �

QWLQETSQ GIPERBOLI�ESKIM�

�	 A� kAK STAWITSQ WNE�NQQ ZADA�A dIRIHLE DLQ URAWNENIQ

lAPLASA�
B� dOKAZATX EDINSTWENNOSTX RE�ENIQ WNE�NEJ ZADA�I nEJ�

MANA DLQ URAWNENIQ lAPLASA W R��
W� nAJTI RE�ENIE WNE�NEJ ZADA�I nEJMANA

�u � �� x� � y� � �� u
��
x��y���

� x��

�	 A� dATX OPREDELENIE INTEGRALA	 RAWNOMERNO SHODQ�EGOSQ W
TO�KE�
B� dOKAZATX	 �TO POTENCIAL PROSTOGO SLOQ � NEPRERYWNAQ

FUNKCIQ�
W� nAJTI

lim
�x�y	��

Z
�������

��� � ���
 ln ��x� �
� � �y � �
�
�
dS��� �

�	 A� kAK STAWITSQ SME�ANNAQ KRAEWAQ ZADA�A DLQ URAWNENIQ
KOLEBANIJ STRUNY�

���



B� nAPISATX FORMULU kIRHGOFA RE�ENIQ ZADA�I kO�I DLQ
WOLNOWOGO URAWNENIQ� dOKAZATX	 �TO RE�ENIE	 POSTROENNOE PO
�TOJ FORMULE	 UDOWLETWORQET NA�ALXNYM USLOWIQM�
W� pUSTX u�x� y� z� t
 � RE�ENIE ZADA�I kO�I

utt � ��u� u
��
t��

� 	�x
� ut
��
t��

� ��

GDE 	�x
 OTLI�NA OT NULQ TOLXKO WNUTRI PARALLELEPIPEDA

�� � x � �� ��� � y � �� � � z � ��

pRI KAKIH t u������ �� t
 	� ��
�	 A� dATX OPREDELENIE OBOB�ENNOJ PROIZWODNOJ PO sOBOLEWU

�j�ju
�x��� ��� �x�nn

�

B� dOKAZATX POLNOTU PROSTRANSTWA H���
�
W� pRI KAKIH 
 FUNKCIQ

u�x� y
 � ln��x� � xy � �y�


PRINADLEVIT H���
� GDE � � KWADRAT jxj � �� jyj � ��

kRITERII OCENOK� �OTLI�NO� � TRI ZADANIQ POLNOSTX��
�HORO�O� � DWA ZADANIQ POLNOSTX�� �UDOWLETWORITELXNO� �
ODNO ZADANIE POLNOSTX�� wREMQ NAPISANIQ � � ASTRONOMI�ES�
KIH �ASA�

���� GOD� POTOK MATEMATIKOW� OSNOWNOJ �KZAMEN� LEKTO

RY e	w	rADKEWI�� t	d	wENTCELX

�	 dLQ URAWNENIQ utt � �uxx RASSMATRIWAETSQ KRAEWAQ ZADA�A

u
��
x��

� u
��
x��

� �� u
��
t��

� x��� x
� u�t
��
t��

� sin�x�

A� ��
 nAJTI f���
� GDE f�t
 �

�Z
�

�
u�t � �u

�
x

�
dx�

B� ��
 nAJTI FUNKCI� u�x� �
 I NARISOWATX EE GRAFIK�

���



�	 A� ��
 dATX OPREDELENIE HARAKTERISTIKI DLQ URAWNENIQX
aijuxixj � ��

B� ��
 nAJTI HARAKTERISTIKI URAWNENIQ uxx � y�uyy � ��
PROHODQ�IE �EREZ TO�KI ��� �
� ��� �
�

�	 A� ��
 sFORMULIROWATX TEOREMU OB USTRANIMOJ OSOBENNOSTI�
B� ��
 dOKAZATX	 �TO WR� DLQ FUNKCII u�x
� GARMONI�ESKOJ W

R�n�� GDE � � NEKOTORAQ OGRANI�ENNAQ OBLASTX	 OGRANI�ENNOJ
W R� n�� SU�ESTWUET PREDEL lim

x��u�x
�

W� ��
 nAJTI �TOT PREDEL W SLU�AE	 KOGDA � � EDINI�NYJ

KRUG	

u
��
r��

� f�	
�

�
Z
�

f�	
 d	 � ��

�	 dLQ URAWNENIQ utt � �uxx � � STAWITSQ SLEDU��AQ ZADA�A�

u
��
x��

� �� u
��
t��

�

�
sinx� x � ��� ���
�� x �� ��� ��� � u�t

��
t��

� ��

A� ��
 nARISOWATX GRAFIK RE�ENIQ PRI t � ���
B� ��
 tO VE PRI DOPOLNITELXNOM USLOWII u

��
x��


� �� x �
��� ����
W� ��
 tO VE PRI DOPOLNITELXNOM USLOWII u�x

��
x��


� �� x �
��� ����

�	 rASSMATRIWAETSQ RE�ENIE URAWNENIQ

utt � �u

��ISLO PROSTRANSTWENNYH PEREMENNYH RAWNO �
	 UDOWLETWORQ��
�EE NA�ALXNYM USLOWIQM

u
��
t��

� �� u�t
��
t��

�

�
��x
 W ��
� W R� n��

GDE � � OGRANI�ENNAQ OBLASTX W R��
A� ��
 gDE W PROSTRANSTWE �x� t
 FUNKCIQ u�x� t
 RAWNA NUL�

NEZAWISIMO OT FUNKCII ��x
� ESLI � � EDINI�NYJ KRUG x�� �
x�� � ��

���



B� ��
 pRI ��x
 �
�
� � kxk���� � �

�
x�� � x�� � �

�
NAJTI

lim
t�� t u�x� t
�

�	 A� ��
 kAK STAWITSQ ZADA�A kO�I DLQ URAWNENIQ TEPLOPRO�
WODNOSTI�
B� ��
 dOKAZATX	 �TO ESLI NA�ALXNAQ FUNKCIQ NE�ETNAQ	 TO

RE�ENIE u�x� t
 UDOWLETWORQET USLOWI� u��� t
 � ��
W� ��
 dOKAZATX	 �TO ESLI NA�ALXNAQ FUNKCIQ NE�ETNAQ	 TO

RE�ENIE u�x� t
 NE�ETNO PO x�

kRITERII OCENOK� �OTLI�NO� � � �� BALLOW� �HORO�O� �
� �� BALLOW� �UDOWLETWORITELXNO� � � � BALLOW PRI MAKSI�
MALXNO WOZMOVNOJ SUMME �� BALLOW�

���� GOD� POTOK MATEMATIKOW� OSNOWNOJ �KZAMEN� LEKTOR
s	n	kRUVKOW

�	 pUSTX u�t� x
� x � �x�� x�� x�
 � KLASSI�ESKOE RE�ENIE ZADA�I

kO�I W �� � �����
�R� DLQ URAWNENIQ utt � �u S NA�ALXNY�
MI USLOWIQMI

u
��
t��

� 	�x
� u�t
��
t��

� ��x
�

PRI�EM �	�x
 � � I ���x
 � � DLQ x � K� �
�
x � jxj � ���

a� wYWESTI	 �TO

u�t� x
 � 	�x
 � t��x


W KONUSE C� �
�
�t� x
 � jxj� � �� � t
�� � � t � �

�
� NE PRIMENQQ

PRQMU� PROWERKU �TOJ FORMULY �S U�ETOM TEOREMY EDINSTWEN�
NOSTI
�
B� dOKAZATX	 �TO ESLI W R� n K� 	�x
 � � I ��x
 � �� TO

u�t� x
 � �� W KONUSE C��

�	 dANY POSLEDOWATELXNOSTX OBLASTEJ �m �
n
x � �x�� x�
 �

jxj � �
m

o
NA PLOSKOSTI R�� m � �� �� �� � � �� I POSLEDOWATELX�

NOSTX um�x
 KLASSI�ESKIH RE�ENIJ ZADA�I dIRIHLE DLQ URAW�
NENIQ lAPLASA W

�
x � jxj � �m

�
TAKIH	 �TO

��um�x
�� � ��
a� dOKAZATX	 �TO ESLI PRIm�� POSLEDOWATELXNOSTX um�x


W NEKOTOROJ TO�KE SHODITSQ K �ISLU U� TO um � U PRI m ��
���



RAWNOMERNO W L�BOM KOLXCE
n
x � � � � � jxj � �

�

o
�ZDESX m �

m��

�

B� w SLU�AE �m �
n
x � �x�� x�
 � jxj � �

m

o
PRI USLOWIQH

jum
���
��m

j � �

m
� um

���
jxj�m

� �

POKAZATX	 �TO um�x
 � �
� PRI m � � RAWNOMERNO W L�BOM

KOLXCE
n
x � � � � � jxj � �

�

o
�ZDESX m � m��

� REKOMENDU�

ETSQ SRAWNITX u�x
 S SOOTWETSTWU��IMI RE�ENIQMI URAWNENIQ
lAPLASA WIDA a ln jxj� b �a I b � KONSTANTY
�

���� GOD� POTOK MATEMATIKOW� PERESDA�A� LEKTOR

e	m	lANDIS

�	 u�x� t
 � C��R�x�t
 � RE�ENIE URAWNENIQ utt�a�uxx � � W R�x�t�
nA INTERWALE

�

 � x � �� t � �

�
u � ut � �� gDE NA PLOSKOSTI

R�x�t u�x� t
 NEOBHODIMO RAWNO NUL��

�	 u�x� t
 � RE�ENIE URAWNENIQ ut � uxx W POLUPOLOSE � �
�
� �

x � l� t � �
�
� NEPRERYWNOE W �� u

��
x��

� u
��
x�l

� �� k �EMU

STREMITSQ RE�ENIE PRI t���
�	 nAJTI RE�ENIE ZADA�I

�u � � W KRUGE K �
�
�x� y


��x� � y� � �
�
� u

��
�K

� sin �	�

�	 u�x� y
 � POTENCIAL DWOJNOGO SLOQ GLADKOJ ZAMKNUTOJ KRIWOJ

L � R�� dOKAZATX	 �TO

u�x� y
 � O
� �p

x� � y�

�
PRI x� � y� ���

�	 B � Rn � OTKRYTYJ �AR	 u�x
 NEPRERYWNA W B I �x � B
��x � � TAKOE	 �TO �AR B�x� �x
 RADIUSA �x S CENTROM W TO�KE

x SODERVITSQ W B I

u�x
 �
�

jB�x� �x
j
Z

B�x��x	

u�y
 dy�

dOKAZATX	 �TO u�x
 � GARMONI�ESKAQ FUNKCIQ�

���



���� GOD� POTOK MEHANIKOW� DOSRO�NYJ �KZAMEN� LEKTOR
a	s	kALA�NIKOW

�	 ��
 sU�ESTWUET LI URAWNENIE WIDA

�X
i�j��

aij�x�� x�� x�
uxixj � �

S NEPRERYWNYMI W R� KO�FFICIENTAMI aij� QWLQ��EESQ �LLIP�
TI�ESKIM NA NEKOTOROM NEPUSTOM MNOVESTWE �� � R�	 �� 	� R�	
I GIPERBOLI�ESKIM NA EGO DOPOLNENII �� � R�n��� oTWET OB�
OSNOWATX�

�	 i�ETSQ RE�ENIE u�x� t
 URAWNENIQ utt � uxx S USLOWIQMI

u�x� x
 � 	�x
� � � x � �� u�x� �x
 � ��x
� � � x �
�

�
�

zDESX 	 � C�
�
��� ��

�
� � � C�

��
�� ��

��
� 	�k	��
 � �� ��k	��
 � � DLQ

k � �� �� ��
A� ��
 oPISATX S POMO�X� NERAWENSTW MNOVESTWO � WSEH ZNA�

�ENIJ �x� t
 � R�� DLQ KOTORYH ODNOZNA�NO OPREDELQETSQ RE�E�
NIE u�x� t
 �TOJ ZADA�I� oTWET OBOSNOWATX�
B� ��
 nARISOWATX �TO MNOVESTWO ��
W� ��
 nAJTI RE�ENIE u�x� t
 RASSMATRIWAEMOJ ZADA�I�

�	 ��
 pUSTX � �
�
�r� �


��� � r � �� � � � � �
�

�
� �r� �
 �

POLQRNYE KOORDINATY NA PLOSKOSTI� nAJTI FUNKCI� u�r� �
 SO
SLEDU��IMI SWOJSTWAMI� u � C��
 �C���
�

�u � � W �� u�r� �
 � u
�
r�
�

�

�
� �� � � r � ��

u��� �
 � �� � ���� � � � �
�

�
�

�	 ��
 pUSTX � �
�
x � �x�� x�


�� � � x� � �� � � x� � �
�
� f�x
 �

sign�x� � x�
� wERNO LI	 �TO f � H���
� oTWET OBOSNOWATX�

�	 A� ��
 sFORMULIROWATX OPREDELENIE OBOB�ENNOGO RE�ENIQ

ZADA�I dIRIHLE DLQ URAWNENIQ pUASSONA�
B� ��
 dOKAZATX OGRANI�ENNOSTX SNIZU KWADRATI�NOGO FUNK�

CIONALA	 SOOTWETSTWU��EGO ZADA�E dIRIHLE�

���



W� ��
 dOKAZATX	 �TO OBOB�ENNOE RE�ENIE ZADA�I dIRIHLE

QWLQETSQ RE�ENIEM WARIACIONNOJ ZADA�I �OBRATNOE UTWERVDE�
NIE NE DOKAZYWATX
�

�	 A� ��
 sFORMULIROWATX TEOREMU kO�I
kOWALEWSKOJ�
B� ��
 dOKAZATX	 �TO ZAKL��ENIE �TOJ TEOREMY STANOWITSQ

NEWERNYM	 ESLI NA�ALXNYE USLOWIQ ZADA�TSQ NA HARAKTERISTI�
KE�

�	 ��
 rASSMATRIWAETSQ KRAEWAQ ZADA�A DLQ URAWNENIQ ut � uxx W
PRQMOUGOLXNIKE Q �

�
�x� t


��� � x � �� � � t � �
�
S USLOWIQMI

u
��
t��

� 	�x
� � � x � �� u
��
x��

� u
��
x��

� �� � � t � ��

kORREKTNA LI �TA ZADA�A W PARE PROSTRANSTW �E�� E�
� GDE

E� �
�
u�x� t


��u � C�Q
 �C���
x�t

�
��� �
� ��� �������u��

E�
� max

Q

��u�x� t
���
E� �

�
	�x


��	 � C�
�
��� ��

�
� 	��
 � 	��
 � �

�
���	��

E�
� max


����

��	�x
���
oTWET OBOSNOWATX�

���


