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Ëèñòîê 3. Äèôôåðåíöèàëüíûå ôîðìû

Àíàëèç íà ìíîãîîáðàçèÿõ 2017, ñðîê ñäà÷è � 20.2.2017

Äëÿ U ⊂ Rn çàôèêñèðóåì åâêëèäîâî ñêàëÿðíîå ïðîèçâåäåíèå ( , ) è ôîðìó
îáú¼ìà w = dx1 ∧ · · · ∧ dxn.

3⋄1 Ïóñòü v1, . . . , vn � âåêòîðû â Rn. Äîêàæèòå, ÷òî

det ∥(vi, vj)∥1≤i,j≤n = (w(v1, . . . , vn))
2.

Äëÿ ãëàäêîé ôóíêöèè f îïðåäåëèì ãðàäèåíò � âåêòîðíîå ïîëå grad f â
êàæäîé òî÷êå ðàâåíñòâîì (grad f, v) = df(v) äëÿ âñÿêîãî âåêòîðà v.

3⋄2 Äîêàæèòå, ÷òî â òî÷êå, ãäå grad f ̸= 0, îòíîøåíèå ïðîèçâîäíîé f âäîëü
âåêòîðà v ê äëèíå v ìàêñèìàëüíî, åñëè v ïðîïîðöèîíàëüíî grad f â ýòîé
òî÷êå. Âûðàçèòå ýòî îòíîøåíèå ÷åðåç äëèíó grad f .

Äëÿ âåêòîðíîãî ïîëÿ v (ãëàäêîãî ñå÷åíèÿ êàñàòåëüíîãî ðàññëîåíèÿ) îïðå-
äåëèì ôîðìó ðàáîòû αv ïîòî÷å÷íûì ðàâåíñòâîì αv(u) = (v, u). Äëÿ îðè-
åíòèðîâàííîé êðèâîé C îïðåäåëèì ðàáîòó (ñèíîíèì � öèðêóëÿöèþ) v êàê∫
c
αv.

3⋄3 Äîêàæèòå, ÷òî ñëåäóþùèå äâà îïðåäåëåíèÿ ïîòåíöèàëüíîãî âåêòîðíîãî

ïîëÿ ýêâèâàëåíòíû:
(i) ðàáîòà v ïî ëþáîìó çàìêíóòîìó êîíòóðó ðàâíà íóëþ
(ii) v ñîâïàäàåò ñ ãðàäèåíòîì íåêîòîðîé ôóíêöèè (îíà íàçûâàåòñÿ ïîòåí-

öèàëîì v).

Äëÿ âåêòîðíîãî ïîëÿ v îïðåäåëèì ôîðìó ïîòîêà ϕv = ivw, ãäå iv � ñâ¼ðò-
êà âåêòîðíîãî ïîëÿ ñ ôîðìîé. Äëÿ îðèåíòèðîâàííîé ãèïåðïîâåðõíîñòè S
îïðåäåëèì ïîòîê âåêòîðíîãî ïîëÿ ÷åðåç S êàê

∫
S
ϕv.

3⋄4 Ïóñòü v =
∑

i fi∂/∂xi. Äîêàæèòå, ÷òî

αv =
n∑

i=1

fidxi, ϕv =
n∑

i=1

(−1)i+1fidx1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxn.

3⋄5 à) Äîêàæèòå, ÷òî dϕv ïîòî÷å÷íî ïðîïîðöèîíàëüíî w. Âû÷èñëèòå â êî-
îðäèíàòàõ êîýôèöèåíò ïðîïîðöèîíàëüíîñòè. Îí íàçûâàåòñÿ äèâåðãåíöèåé

âåêòîðíîãî ïîëÿ v è îáîçíà÷àåòñÿ div v
á) Âû÷èñëèòå â êîîðäèíàòàõ ëàïëàñèàí ôóíêöèè ∆f = div grad f .
â) Äîêàæèòå, ÷òî äëÿ âåêòîðíîãî ïîëÿ v è ãëàäêîé ôóíêöèè f âûïîëíåíî
div (fv) = (grad f, v) + fdiv v.

3⋄6 Ïóñòü D ⊂ Rn � ñâÿçíîå ìíîæåñòâî ñ ãëàäêîé ãðàíèöåé, S � ãðàíèöà D ñ
èíäóöèðîâàííîé îðèåíòàöèåé. Ïóñòü v � âåêòîðíîå ïîëå íà D. Äîêàæèòå,
÷òî ïîòîê v ÷åðåç S ðàâåí

∫
D
(div v)w.

3⋄7 Ïóñòü J : R2 → R2 � ïîâîðîò íà π/2 ïî ÷àñîâîé ñòðåëêå. Äîêàæèòå, ÷òî
ïîëå v â R2 ÿâëÿåòñÿ ïîòåíöèàëüíûì òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿ-
åòñÿ div J(v) = 0, ãäå J ïðèìåíÿåòñÿ ê êàñàòåëüíîìó ïðîñòðàíñòâó â êàæäîé
òî÷êå
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Äëÿ âåêòîðíîãî ïîëÿ v = f1∂/∂x1+f2∂/∂x2+f3∂/∂x3 â R3 îïðåäåëèì ðîòîð

êàê

rot v = det

∂/∂x1 ∂/∂x2 ∂/∂x3

f1 f2 f3
∂/∂x1 ∂/∂x2 ∂/∂x3

 =

= (∂f3/∂x2−∂f2/∂x3)∂/∂x1+(∂f1/∂x3−∂f3/∂x1)∂/∂x2+(∂f2/∂x1−∂f1/∂x2)∂/∂x3

3⋄8 à) Äîêàæèòå, ÷òî äëÿ âåêòîðíîãî ïîëÿ â R3 âûïîëíåíî dαv = ϕrot v.
á) Ïóñòü S � îðèåíòèðîâàííàÿ ãèïåðïîâåðõíîñòü â R3, C � ãðàíèöà S
ñ èíäóöèðîâàííîé îðèåíòàöèåé, v � âåêòîðíîå ïîëå íà S. Äîêàæèòå, ÷òî
ðàáîòà v âäîëü êîíòóðà C ðàâíà ïîòîêó rot v ÷åðåç ïîâåðõíîñòü S.

3⋄9 Äîêàæèòå, ÷òî ñëåäóþùàÿ ïîñëåäîâàòåëüíîñòü ÿâëÿåòñÿ òî÷íîé:

C∞(R3)
grad−→ Vect(R3)

rot−→ Vect(R3)
div−→ C∞(R3).

3⋄10* à*) Äîêàæèòå, ÷òî äëÿ ëþáîé 1-ôîðìû ω â R2 â îêðåñòíîñòè êàæäîé
òî÷êè, â êîòîðîé ω ̸= 0, ñóùåñòâóåò ôóíêöèÿ f ̸= 0, äëÿ êîòîðîé d(fω) = 0.

á*) Âåðíî ëè ýòî â áîëüøèõ ðàçìåðíîñòÿõ?

3⋄11* Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå, Mk = M × · · ·×M (âñåãî k ñîìíîæè-
òåëåé), ∆ ⊂ Mk � äèàãîíàëü, ñîñòîÿùàÿ èç òî÷åê (x, x, . . . , x). Ïóñòü C∧k �
ïðîñòðàíñòâî êîñîñèììåòðè÷åñêèõ ôóíêöèèé íà Mk, òî åñòü äëÿ êîòîðûõ
f(xσ(1), . . . , xσ(k)) = Sign(σ)f(x1, . . . , xk).

à*) Äîêàæèòå, ÷òî âñÿêàÿ ôóíêöèÿ èç C∧k èìååò íîëü êðàòíîñòè ïî êðàé-
íåé ìåðå k(k − 1)/2 íà ∆.

á*) Óñòàíîâèòå èçîìîðôèçì ôàêòîðïðîñòðàíñòâà C∧k ïî ïîäïðîñòðàíñòâó
ôóíêöèé ñ íóë¼ì êðàòíîñòè áîëüøåé k(k−1)/2 ñ ïðîñòðàíñòâîì (k−1)-ôîðì
íà M òàê, ÷òîáû îòîáðàæåíèå

df(x1, . . . , xk+1) =
∑
σ∈Sn

Sign(σ)f(xσ(1), . . . , xσ(k))

çàäàâàëî äèôôåðåíöèàë.
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