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ìéóôïë 1

úÁÄÁÞÁ 1. Á) äÏËÁÖÉÔÅ ÄÌÑ ÐÒÏÉÚ×ÏÌØÎÏÇÏ n ÒÁ×ÅÎÓÔ×Ï (1 + q)(1 + q2)(1 + q4) : : : (1 + q2n) = 1−q2n+1

1−q . Â) äÏ-
ËÁÖÉÔÅ ÒÁ×ÅÎÓÔ×Ï (1 + q)(1 + q2)(1 + q4) · · · = 1

1−q (× ÌÅ×ÏÊ ÞÁÓÔÉ | ÂÅÓËÏÎÅÞÎÏÅ ÐÒÏÉÚ×ÅÄÅÎÉÅ); ÄÁÊÔÅ ÔÏÞÎÏÅ
ÏÐÒÅÄÅÌÅÎÉÅ ×ÙÒÁÖÅÎÉÊ × ÌÅ×ÏÊ É ÐÒÁ×ÏÊ ÞÁÓÔÉ. ×) äÏËÁÖÉÔÅ, ÞÔÏ ÐÒÏÉÚ×ÏÌØÎÏÅ ÎÁÔÕÒÁÌØÎÏÅ ÞÉÓÌÏ ÍÏÖÎÏ
ÅÄÉÎÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ ÚÁÐÉÓÁÔØ × Ä×ÏÉÞÎÏÊ ÓÉÓÔÅÍÅ ÓÞÉÓÌÅÎÉÑ. Ç) ïÂßÑÓÎÉÔÅ ×ÓÅ ×ÏÚÍÏÖÎÙÅ Ó×ÑÚÉ (ÞÔÏ ÉÚ
ÞÅÇÏ ÓÌÅÄÕÅÔ) ÍÅÖÄÕ ÐÕÎËÔÁÍÉ 1Á, 1Â É 1×.
úÁÄÁÞÁ 2. äÁÎÙ ÓÌÅÄÕÀÝÉÅ ÏÐÒÅÄÅÌÅÎÉÑ ÞÉÓÅÌ
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ÄÌÑ ×ÓÅÈ 0 < k < n; 3)
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| ËÏÌÉÞÅÓÔ×Ï k-ÜÌÅÍÅÎÔÎÙÈ ÐÏÄÍÎÏÖÅÓÔ× ÍÎÏÖÅÓÔ×Á
{1; 2; : : : ; n}; 4) ∑n
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tk = (1 + t)n; 5)
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| ËÏÌÉÞÅÓÔ×Ï ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ x1 + · · · + xk+1 = n − k ×
ÃÅÌÙÈ ÎÅÏÔÒÉÃÁÔÅÌØÎÙÈ ÞÉÓÌÁÈ; 6)
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)

| ËÏÌÉÞÅÓÔ×Ï ÐÕÔÅÊ × ÐÒÑÍÏÕÇÏÌØÎÉËÅ k × (n − k). ëÁÖÄÙÊ ÐÕÔØ
ÎÁÞÉÎÁÅÔÓÑ × ÌÅ×ÏÍ ÎÉÖÎÅÍ ÕÇÌÕ, ÚÁËÁÎÞÉ×ÁÅÔÓÑ × ÐÒÁ×ÏÍ ×ÅÒÈÎÅÍ É ÐÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ÌÏÍÁÎÕÀ ÉÚ n ÇÏÒÉ-
ÚÏÎÔÁÌØÎÙÈ É ×ÅÒÔÉËÁÌØÎÙÈ Ú×ÅÎØÅ× ÄÌÉÎÙ 1. Á) äÏËÁÖÉÔÅ, ÞÔÏ ÏÐÒÅÄÅÌÅÎÉÅ 1 ÜË×É×ÁÌÅÎÔÎÏ ÏÐÒÅÄÅÌÅÎÉÑÍ
2 É 3. Â) äÏËÁÖÉÔÅ, ÞÔÏ ÏÐÒÅÄÅÌÅÎÉÅ 2 ÜË×É×ÁÌÅÎÔÎÏ ÏÐÒÅÄÅÌÅÎÉÑÍ 3, 4, 5 É 6. ×) äÏËÁÖÉÔÅ, ÞÔÏ ÏÐÒÅÄÅÌÅÎÉÅ
3 ÜË×É×ÁÌÅÎÔÎÏ ÏÐÒÅÄÅÌÅÎÉÑÍ 4, 5 É 6. Ç*) äÏËÁÖÉÔÅ, ÞÔÏ ÏÐÒÅÄÅÌÅÎÉÅ 4 ÜË×É×ÁÌÅÎÔÎÏ ÏÐÒÅÄÅÌÅÎÉÑÍ 5 É 6.
Ä) äÏËÁÖÉÔÅ, ÞÔÏ ÏÐÒÅÄÅÌÅÎÉÅ 5 ÜË×É×ÁÌÅÎÔÎÏ ÏÐÒÅÄÅÌÅÎÉÀ 6. ÷ÓÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÜË×É×ÁÌÅÎÔÎÏÓÔÅÊ ÓÌÅÄÕÅÔ
ÐÒÏÉÚ×ÏÄÉÔØ ÎÁÐÒÑÍÕÀ, ÎÅ ÓÓÙÌÁÑÓØ ÎÁ ÒÅÚÕÌØÔÁÔÙ ÄÒÕÇÉÈ ÐÕÎËÔÏ×.
úÁÄÁÞÁ 3. Á) äÏËÁÖÉÔÅ ÒÁ×ÅÎÓÔ×Ï ∑∞
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3Á?
úÁÄÁÞÁ 4. îÁÚÏ×ÅÍ ÞÉÓÌÏ n ÈÏÒÏÛÉÍ, ÅÓÌÉ
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| ÞÅÔÎÏÅ ÞÉÓÌÏ ÄÌÑ ×ÓÅÈ 1 ≤ k ≤ n − 1. îÁÐÒÉÍÅÒ, ÞÉÓÌÏ
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= 15). Á) äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ n |
ÈÏÒÏÛÅÅ ÞÉÓÌÏ, ÔÏ
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)
| ÎÅÞÅÔÎÏÅ ÞÉÓÌÏ ÄÌÑ ×ÓÅÈ 0 ≤ k ≤ n− 1. Â) äÏËÁÖÉÔÅ ÉÎÄÕËÃÉÅÊ ÐÏ m, ÞÔÏ ÅÓÌÉ n

| ÈÏÒÏÛÅÅ ÞÉÓÌÏ É 0 ≤ k ≤ m ≤ n− 1, ÔÏ
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ÉÍÅÀÔ ÏÄÉÎÁËÏ×ÕÀ ÞÅÔÎÏÓÔØ. ×) äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ
n | ÈÏÒÏÛÅÅ ÞÉÓÌÏ, ÔÏ 2n | ÔÏÖÅ ÈÏÒÏÛÅÅ ÞÉÓÌÏ. ÷Ù×ÅÄÉÔÅ ÏÔÓÀÄÁ, ÞÔÏ ×ÓÅ ÞÉÓÌÁ ×ÉÄÁ 2m, m = 1; 2; : : : ,
| ÈÏÒÏÛÉÅ. Ç) äÏËÁÖÉÔÅ, ÞÔÏ ÄÒÕÇÉÈ ÈÏÒÏÛÉÈ ÞÉÓÅÌ (ËÒÏÍÅ ÓÔÅÐÅÎÅÊ 2) ÎÅ ÓÕÝÅÓÔ×ÕÅÔ. Ä) îÁÒÉÓÕÊÔÅ (×
ÍÁÓÛÔÁÂÅ) ÐÅÒ×ÙÅ 2100 ÓÔÒÏË ÔÒÅÕÇÏÌØÎÉËÁ ðÁÓËÁÌÑ mod2: ÞÅÔÎÙÅ ÞÉÓÌÁ ÏÂÏÚÎÁÞÁÊÔÅ ÂÅÌÙÍÉ ÔÏÞËÁÍÉ, Á
ÎÅÞÅÔÎÙÅ | ÞÅÒÎÙÍÉ.
úÁÄÁÞÁ 5. Á) ðÕÓÔØ Fn | ÍÎÏÖÅÓÔ×Ï ÐÏÄÍÎÏÖÅÓÔ× ÍÎÏÖÅÓÔ×Á {1; : : : ; n}, ÎÅ ÓÏÄÅÒÖÁÝÉÈ ÓÏÓÅÄÎÉÈ ÞÉÓÅÌ.
äÏËÁÖÉÔÅ, ÞÔÏ ËÏÌÉÞÅÓÔ×Ï ÜÌÅÍÅÎÔÏ× × ÍÎÏÖÅÓÔ×Å Fn | (n + 1)-Å ÞÉÓÌÏ æÉÂÏÎÁÞÞÉ. Â) ðÕÓÔØ Rn(q) =∑
{a1;:::;am}∈Fn q

a1+···+am . (åÓÌÉ m = 0, ÔÏ ÅÓÔØ ÍÎÏÖÅÓÔ×Ï ÐÕÓÔÏÅ, ÓÕÍÍÁ ÓÞÉÔÁÅÔÓÑ ÒÁ×ÎÏÊ 0.) ÷Ù×ÅÄÉÔÅ
ÒÅËÕÒÒÅÎÔÎÕÀ ÆÏÒÍÕÌÕ, ×ÙÒÁÖÁÀÝÕÀ Rn(q) ÞÅÒÅÚ Rn−1(q) É Rn−2(q). ×) äÏËÁÖÉÔÅ, ÞÔÏ limn→∞Rn(q) =
1 + ∑∞

n=1
qn2

(1−q)(1−q2):::(1−qn) .

úÁÄÁÞÁ 6. Á) äÏËÁÖÉÔÅ, ÞÔÏ ËÏÌÉÞÅÓÔ×Ï pk(n) ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ x1 + 2x2 + · · ·+ kxk = n × ÃÅÌÙÈ ÎÅÏÔÒÉ-
ÃÁÔÅÌØÎÙÈ ÞÉÓÌÁÈ ÒÁ×ÎÏ ËÏÌÉÞÅÓÔ×Õ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ y1 + · · · + yk = n, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÎÅÒÁ×ÅÎÓÔ×ÁÍ
0 ≤ y1 ≤ y2 ≤ · · · ≤ yk. Â) äÏËÁÖÉÔÅ, ÞÔÏ pk(n) ÒÁ×ÎÏ ËÏÌÉÞÅÓÔ×Õ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ y1 + · · ·+yn = n × ÃÅÌÙÈ
ÞÉÓÌÁÈ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÎÅÒÁ×ÅÎÓÔ×ÁÍ 0 ≤ y1 ≤ y2 ≤ · · · ≤ yn ≤ k. ×) äÏËÁÖÉÔÅ ÒÁ×ÅÎÓÔ×Ï ∑∞

n=0 pk(n)tn =
1

(1−t)(1−t2):::(1−tk) . Ç) ðÕÓÔØ p(n) | ËÏÌÉÞÅÓÔ×Ï ÃÅÌÏÞÉÓÌÅÎÎÙÈ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ y1 + · · ·+yn = n, ÕÄÏ×ÌÅÔ×Ï-
ÒÑÀÝÉÈ ÎÅÒÁ×ÅÎÓÔ×ÁÍ 0 ≤ y1 ≤ y2 ≤ · · · ≤ yn. äÏËÁÖÉÔÅ ÒÁ×ÅÎÓÔ×Ï ∑∞

n=0 p(n)tn = 1
(1−t)(1−t2)::: (× ÚÎÁÍÅÎÁÔÅÌÅ

ÂÅÓËÏÎÅÞÎÏÅ ÐÒÏÉÚ×ÅÄÅÎÉÅ).
õËÁÚÁÎÉÅ. ãÅÌÏÞÉÓÌÅÎÎÙÅ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ x1 + x2 + · · ·+ xk = n, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÅ ÎÅÒÁ×ÅÎÓÔ×ÁÍ x1 ≤
x2 ≤ · · · ≤ xk, ÎÁÚÙ×ÁÀÔÓÑ ÒÁÚÂÉÅÎÉÑÍÉ (ÞÉÓÌÁ n ÎÁ k ÞÁÓÔÅÊ). éÈ ÐÏÌÅÚÎÏ ÉÚÏÂÒÁÖÁÔØ × ×ÉÄÅ ÄÉÁÇÒÁÍÍ
àÎÇÁ: ÓÔÕÐÅÎÞÁÔÁÑ ÆÉÇÕÒÁ, ×ÙÒÏ×ÎÅÎÎÁÑ ÐÏ ÌÅ×ÏÍÕ ËÒÁÀ; ÎÉÖÎÑÑ ÓÔÒÏËÁ ÓÏÄÅÒÖÉÔ x1 ËÌÅÔÏË, ÓÌÅÄÕÀÝÁÑ
| x2 ËÌÅÔÏË, É Ô.Ä.; ×ÓÅÇÏ n ËÌÅÔÏË É k ÓÔÒÏË.
úÁÄÁÞÁ 7. ðÕÓÔØ r(n) | ËÏÌÉÞÅÓÔ×Ï ÎÁÂÏÒÏ× ÃÅÌÙÈ ÞÉÓÅÌ (x1; : : : ; xk) (ÓÏ ×ÓÅ×ÏÚÍÏÖÎÙÍÉ k), × ËÏÔÏÒÙÈ
0 < x1 < x2 < · · · < xk É x1 + · · ·+ xk = n. Á) äÏËÁÖÉÔÅ ÒÁ×ÅÎÓÔ×Ï 1 + ∑∞

n=1 r(n)tn = (1 + t)(1 + t2)(1 + t3) : : : .
Â) äÏËÁÖÉÔÅ ÒÁ×ÅÎÓÔ×Ï (1+t)(1+t2)(1+t3) · · · = 1

(1−t)(1−t3)(1−t5)::: (× ÚÎÁÍÅÎÁÔÅÌÅ ÐÏËÁÚÁÔÅÌÉ | ×ÓÅ×ÏÚÍÏÖÎÙÅ
ÎÅÞÅÔÎÙÅ ÞÉÓÌÁ). ×) äÏËÁÖÉÔÅ, ÉÓÐÏÌØÚÕÑ ÒÅÚÕÌØÔÁÔ ÐÕÎËÔÏ× 7Á É 7Â, ÞÔÏ r(n) ÒÁ×ÎÏ ËÏÌÉÞÅÓÔ×Õ ÒÅÛÅÎÉÊ
ÕÒÁ×ÎÅÎÉÑ y1 + · · · + yn = n × ÃÅÌÙÈ ÐÏÌÏÖÉÔÅÌØÎÙÈ ÎÅÞÅÔÎÙÈ ÞÉÓÌÁÈ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÎÅÒÁ×ÅÎÓÔ×ÁÍ 1 ≤



y1 ≤ y2 ≤ · · · ≤ yn. Ç) äÏËÁÖÉÔÅ ÔÏÔ ÖÅ ÒÅÚÕÌØÔÁÔ, ÎÅ ÉÓÐÏÌØÚÕÑ ÐÕÎËÔÏ× 7Á É 7Â, Á ÐÏÓÔÒÏÉ× Ñ×ÎÏÅ ×ÚÁÉÍÎÏ
ÏÄÎÏÚÎÁÞÎÏÅ ÓÏÏÔ×ÅÔÓÔ×ÉÅ ÍÅÖÄÕ ÍÎÏÖÅÓÔ×ÏÍ ÒÅÛÅÎÉÊ (y1; : : : ; yn) ÕÒÁ×ÎÅÎÉÑ ÉÚ ÐÕÎËÔÁ 7× É ÍÎÏÖÅÓÔ×ÏÍ
ÎÁÂÏÒÏ× (x1; : : : ; xk) ÉÚ ÏÐÒÅÄÅÌÅÎÉÑ r(n).


