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9T0 MOAOOPKA OTKPBITHIX IIPOOJIEM B CO3aBaeMOil Ha HAIUX TJIa3ax AUCKPETHOW TEOPUH II0JIsl, a TaKKe
KJIaccu9IecKoit reomerprn. PopMyIHPOBKHU OOJIBIIMHCTBA 33029 9JIeMEHTaPHbBI 1 UCIOJIB3YIOT TOJIBKO HEOOIhb-
III0€ KOJIMIEeCTBO OIpPEJIeIeHNI, IPUBEIeHHBIX B TeKCTe. B TO Ke BpeMs UX pellleHne IMOABOIUT K BayKHBIM
HjiesM COBpeMeHHOI MaTeMaTnku. Kazkas n3 HyMepoBaHHbBIX 3a/a4 (KpoMe yIpaXKHeHHiT) MOXKeT ObITh Te-
MOT#1 JIJIsT KypCOBO# paboThl. 3a/1a4u MOIXOAT I CTY/IEHTOB JII000ro Kypca. Takzke MPUBOIUTCS MOI00PKA
VIpaKHEeHN! JijIsT OBICTPOrO BBEJEHUSI B Kak/l0e M3 TPeX MCCIeI0BaTe/IbCKUX HallpaBjeHnii. A eme ecTb
crienikypc B Bricrireit [Hkose Sxornomuku B 2017/18 yuebroM ro/y.

This is a collection of visual open problems in discrete field theory created in front of our eyes, and also
in classical geometry. The statements of most problems are elementary and use only a few definitions given
in the text. But their solution leads to important ideas of modern mathematics. Each individual problem
with a number (except exercises) is a topic for a one-year term work. The problems are appropriate at any
education term. A collection of exercises for quick introduction to the 3 research directions is also presented.
There is also a special course in Higher School of Economics in 2017/18 academic year.
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OTKpPBITEIE IPOOJIEMBI B INCKPETHON TEOPUU OIS

Mikhail Skopenkov skopenkov@rambler.ru

1. CrapToBble yIpakKHeHUsI: UTPyIIevTHasd MOJeJb KaJnOPOBOYHOI Teopun

Heckobko ropo/ioB coeguHeHbl goporaMu B (popme perietkn M X N; M. pucyHOK. B Kazk10M ropojie cBou
TOBaphl (B HEOrpAHUUYEHHOM KojimdecTse). Hamnpumep, B ropojie A — anesibcusbl, B ropojie B — 6ananbr. s
napbl cocesaux ropojgoB A u B dukcuposan Kypce oomena U(AB) > 0, nanpumep, 2 6aHaHa 3a alleIbCHH.
Kypc cummerpuuen, T.e. U(BA) = U(AB)™!: 3a 226aHaHa [oJIyJaeM Has3a/l CBOW alle/IbCHH.
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XuTphIil rOpOKAHUH MOYKeT IpoexaTh BOKpyT KBajpara ABC'D pasmepa 1 X 1, MeHSsICh IO TIyTH, B pe-
3yJIbTaTe Yero ero HavdaJbHbI 3amac ToBapos ymuoxurcs va U(AB)U(BC)U(CD)U(DA). Tak, na pucyHake
cJieBa OH HosTyduT 8-KpartHyto npubslib. O6osuaunm U(ABCD) := U(AB)U(BC)U(CD)U(DA).

B wacrroctu, myreniecrBue BoKpyr KBajapara ABC D B TOM W HHOM HAIIPABJICHUU JACT IPUOBLIb, €CIIH
log, U(ABCD) # 0. O6wuti doxod om cnexyisuyudi wsmepserca cymmoii S[U] semmmaun logs U(ABC D) 1o
BeeM KBajparam ABC'D pasmepa 1 X 1 (06xo/gaTest oHM TPOTUB 4acoBoii). Tak, Ha pUCYHKe CJieBa

S[U] = logi U(ABCD) + logi U(DCFE) = (log, 8)* + (log, 3)* = 10.

Bwr — Koposib 1 MOXKeTe yCTaHABIUBATH KypChbl OOMeHa Be3/le, KpoMe I'paHullbl perteTku. Bol ycranaBm-
BaeTe ux, 9To0bl MUHUMU3HpoBaTh Besnauny S[U]. Tlomydentbie Kypcbl HA30BEM ONMUMAALHOLMU.
1. Hasemure mopsjoK B KOPOJIEBCTBE Ha PUCYHKE CJIEBa, T.e. MOJ0EpUTe 3HAYEHHUE T, JIJIT KOTOPOrO MUHMU-
MaJieH OOIIUIl JOXOJ OT CIIEKYJ/IAIUil Ha PUCYHKE B IIEHTPE.

BameruM, uro 3amena nepeMenHbX T(AB) 1= log, U(AB) cubHO ynporaeT BbIpazKeHne JIs TOXO/a:
R 2
Sla] := ZABCD(:B(AB) + #(BC) + #(CD) 4+ z(DA))?.

s kBaapara ABC D pasmepa 1 x 1 obosuaunm x(ABCD) := x(AB) + z(BC) 4+ x(CD) 4+ z(DA). Tak, na
pucynke ciesa r(ABCD) = 3. O603naunm depe3 W MHOXKHUTEb, HA KOTOPBIN YMHOXKUTCSI 3al1aC TOBAPOB
DU IIyTEIIeCTBUU 110 TPAHUIE BCell PEIIeTKH MMPOTUB 4acoBoil crpesiku. Tak, na pucynke ciaea W = 4.
2. Ilpemamnosioxkum, 910 PUKCUPOBAHHDBIE KYPChl OOMEHa Ha IpAHUIE TaKue, KaK HA PUCYHKE, T.e.
2, ecmu nopora AB NpuHAICKUT CEBEPHON WU OKHOM IDAHUIIE PEIIeTKN
U(AB) = U HAIPaBJIEHA IPOTUB YACOBOW CTPEJIKU BJIOJIb TPAHUIIBI;

1, ecsm mopora AB TmpuUHAIEKAT BOCTOYHON WJIN 3allaIHON IpaHuIle PeIeTKH.

HageuTe 1ops/10K B KOPOJIEBCTBE JIJIA CJIEIYIONINX PA3MEPOB PEIIeTKHU, T.€. 3al0JTHUTE TaOJIUILY:

Penrerka 1x2 1x3 1x N 2x 2

Benmanna W 4
Munumasbhoe 3unadenue S[U|

OnruMasbHbIe KypPChl I BCEX J0POT
Besmmunnst x(AB) quis Beex popor AB
Besnmunust (ABCD) nis KBaIpaTos

3. a) /I kakux 3HaUeHnit Kypca ooMeHa Ha rpanutie pererku M X N MoxKHO nocTidb pasercTsa S[U| =07
b) Jlyist kakux suadenuit M u N onrTumasibHbIe KYPChI OTHO3HAYHO OIPEJIENSIFOTCA KypCaMi Ha TPaHuIe?
¢) Kax cesizanbl M, N, W u MUHUMAJIbHbII JI0XO0J] OT CIIEKYJISIHii?

d) Kakast u3 pemmerok — 8 X 8 wm 7 X 9 — Jlaer MEeHBIIH JTOXO OT CHEeKY/IAIuii Ipu ouHakoBoM W7
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OTKpPBITEIE IPOOJIEMBI B INCKPETHON TEOPUU OIS

Mikhail Skopenkov skopenkov@rambler.ru

DT0 TOIOOPKA OTKPBITHIX MPOOIEM JUCKPeTHO# Teopuu mojst. PopMyIupoBKU OOJBIMMHCTBA 3a1a9 UC-
MOJIB3YIOT TOJIBKO OHATHS, JIOCTYITHBIE IEPBOKYPCHUKAM, HO X PeIeHre MO/IBOUT K BaXKHBIM HJIESIM COBPe-
MeHHOI MaTeMaTuku. Kak/1as n3 HyMepOBaHHBIX 3a/1a4 MOXKET ObITh TeMOll JIJIg KypCcoBOil paboThl. 3aauu
MOJIXOAT JIjIsE CTYJ/IEHTOB JII0OOOro Kypca.

2. OTKpbIThbIe TPOOJIEMBI: 3AKOHBI COXPaHEeHMUSs

Hesn caemytonmux 3a/1a4 — MPOBEPUTH, KaKNe U3 3aKOHOB COXpaHEeHUs, yCTaHOBJIeHHBIX B 2017 romxy mis
KAGCCUMECKOT JIMCKPETHOM Teopun 10Jid |1, BBIIOIHAIOTCS JIJI K6aHMOB0T TEOPUH.
1. Ilyers (z1,...,2y) € RY — ciayuaiinblii BeKTOp, IpHdYeM IJIOTHOCTL BEPOSTHOCTH 3ajaeTrcs popMyIIoit

P(ay,... 1y) = e~ —amen) =y ey =(-aw)? 7

rJIec HOpMHPOBOYHAS TOCTOsIHHAs /Z BBIOMPAETCA TaK, YTOOBI MMOJIHad BEPOATHOCTL paBHsamach 1. Jlokaxkure,
YTO MaTeMATHIeCKOe OXKUJIAHUE CJIYJIaiiHON BeJMYMHBI Ty — T; 1 He 3aBUCUT OT t (T.e. 9Ta BeJUMYHHA “CO-
xpansgiercs”). O6061mumTe STOT pe3yabTar Ha ciaydaiinbie MaTpuibl M X N, eciin B okasaTese SKCIIOHEHTHI
BBITUTAIOTCS KBaJIPAaThl PA3HOCTEN /I BCEX AP COCETHUX JIEMEHTOB MaTPHILHI.
2. Ceasv cummempuii ¢ axonamu corpanenus. 1lycrs L(x,y) — muaddepennupyemas dynkiua R? — R.
Paccmorpum ciydaitibiii BekTop (21, ..., 7y) € RY ¢ miorHocTbIo BepoaTHOCTH

N+1
P(xy,...,xn) =exp | — Z L(ze, e — 1) | /2,
=1

i€ MbI IIOJIaraeM T — 0, TN+1 = ]_7 a HOPMHUPOBOYHadA ITOCTOAHHAA A BbI6I/IpaeTCH TaK, 4TOODLI IIOJIHALA
BepOSTHOCTH paBHsiachk 1. [lycrs Hamumues Takue dynkmun $1(x1, ..., Tx), ..., Sy(T1,...,Ty), 9TO

0

—L(Jlt + )\St, Ty — Ty 1+ )\(St — Stfl)) =0

oA _

A=0
JUIS JIIOOBIX T, ...,xny € Ru 2 <t < N. Bepro jiu, 4T0 MaTeMaTHIecKOe OXKUJAHUE CJIYIailHON BeTUINHBI
oL
st-1(T1, - ,xN)a—y(xu Ty — Ty1)

He 33aBUCUT OT 7

3. Bepnemcs k wurpymeunoit mogenn u3 §1. Ilycrs Ha Kaxkjoil jgopore AB 3a1aHO KOMILIEKCHOE YHCJIO
j(AB), nazeiBaemoe cu.notl moka. s mannoro Habopa Kypcos oomena U 0603HAUUM

S'[U] == ZABCD(U(AB(JD) +U(ADCB) —2) — ZAB U(BA)j(AB).

Kypcor obmena Ternepb OyayT CIydailHBIMU KOMILJIEKCHBIMU YUCJIAMU, PABHBIMEU 1 110 MOJIy/I0. A MMEHHO,
IJIOTHOCTH BEPOATHOCTH Habopa KypcoB U paBHa

PlU) =)z

Y

r/le HOpMUPOBOYHAsI TIOCTOsIHHASI / BBIOMPAETCs TaK, YTOOBI MOJIHASA BEPOSTHOCTH PaBHSIIACH 1.
[Iycte O — m06oit HerpanuvHblii Topod, a E, N,W,S — ero cocean crupaBa, CBEpxXy, CJIeBa U CHHU3Y
COOTBETCTBEHHO. BepHO JIM, 9TO MHHUMad 9aCTb MaTeMaTHUI€CKOI'O OXKMIaHN A CﬂyqaﬁHOﬁ BEJINYNHDBI

J(OE)U(EO) + j(ON)U(NO) — U(OW)j(WO) — U(0S)5(SO)

pasra 07 (D10 03HAUANIO OBl corpanerue 3apsda: HATIPHUMED, €CJIM BCe KYPChbl OOMEHa eMHUYHbBIE, TO Pac-
cMaTpuBaeMasl BEJIMYMHA PABHA PA3HOCTH MEKy BTEKAIONMMU U BBITEKAIOMUME 13 y3ya () TOKaMu. )

4. To xe camoe, ecm Kypesl 0OMeHa — YHUTAPHBIE MATPHIBI PA3MEPa 1 X 1, CUJILI TOKOB — IIPOU3BOJILHBIC
KOMIIJIECKHBIE MaTPHUIBI 1 X n, Benmanna S'[U] 3amensercs na

" . _ _ )
S"[U] := Re Tt (ZABCD(U(ABCD) L)=Y"  U(BA) ](AB)) ,
a MHHMad 9aCTb 3aMEHAEeTCd Ha OPTOIOHaJIbHYIO IIPOCKIUIO Ha ITOJIIPOCTPAaHCTBO KOCOIPMUTOBLIX MaTPHIIL.

[1] M. Skopenkov, Discrete field theory: symmetries and conservation laws, preprint, 2017.
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OtkpsoiThiii Bonpoc. Kakne MHOrOyroJIbHUKI MOYKHO CJIOYKUTH U3 MOJOOHBIX JAPYT JPYTY
MPSMOYTOJILHIKOB C JIAHHBIM OTHOIIIEHUEM CTOPOH 7

3. CTapTOBbIe yYnpakKHeHus«l
— YV mena ecmo mowcav! — cxazan ydas, omxpwisas eaada. — Mocav. U s e€ dymaro.

— Kakas Moicav? — cnpocusa Mapmoiuuka.

— Tax cpasy me cradtcewn...

— YV mw! — nodnpviernyaa mapmoiwra. — O, KaKGA TOPOWASL MBLCAL. A MOKHCHO A €€ MOKHCE HEMHONCKO NOAYMato?
I Ocmep, “Babywka ydasa™

1. CHO}KI/ITG KBaJpaT N3 HECKOJIbKUX IPAMOYTI'OJbHUKOB 1M X N, A€ M U N — LeJIble YUCJIa.

2. JluzaitHepy 3aka3a/iu pambl Jjist KBapaTHOro okHa. Ha mpoekrax (pucynku A B) mokasa-
HO, KaK JOJKHBI TPUMBIKATh CTEKJIa JIPYT K JIPYTY, U KaK OHU JIOJI?KHBI ObITH OPUEHTHPOBAHbI
(KOpOTKOI /I JIJIMHHON cTOpOHOI BBEpX). MOXKHO Ji ¢jiesiaTh BCe CTEKJa B KayKJION pame
10JIOOHBIMU TIPAMOYTOJIBHUKAMU !

3. MoxkHo Jin pa3pe3arhb KBaJpaT Ha 3 IHOJ00HBIX, HO HEPABHBIX IIPAMOYTOJIbLHUKA !
4. MorkHo 1 pa3pe3aThb KBaJpaT Ha b KBaJIpaToB?

5. Bce nosikn y mikada Ha pucynke C, Kak 1 BCe JIOCKYTKH, U3 KOTOPBIX CIIUTO OJesJI0 Ha
Y )
pucyake D — kBajiparTHble. fABISIOTCS JIM KBaAPATHBIMEI CaMU MKad U 0JIesI0?

6. MozKHO J11 3aMOCTUTD BCIO IIJIOCKOCTD IIOIIaPHO pal3JIMYHbIMM KBaJdpaTaMW, JJIMHbI CTOPOH
KOTOPbLIX — LEJIbIE qncsaa’

=

o= T

7. MoxKHO /I KBaJpaT paspesaThb Ha IPSMOYTOJIBLHIKI ¢ OTHOIIEHIEM CTOPOH 2 + /27
8. dpmsiercs s 14 /2 cymmoit kagpaTos quces Bujga ¢+ bv/2, tie a u b — panmnoHaIbHb?

[IycTb Ha TPAMOYTOILHOM JINCTE OyMaru HaprcoBaHO pa3bueHne Ha MpsMOYToJIbHUKN. Pa3-
peraeTcs pa3pe3aThb JUCT BJI0JIb JIIOOOTO OTpe3Ka Ha JiBa IMPSAMOYTOJIbHUKA, TOTOM ITPOM3Be-
CTU TaKue OTePaIlni MO-OT/AeTbHOCTI € KayK/I0! N3 MOy IUBIINXCA JacTell, 1 Tak jnajee. Bein
TaKM 00pa30M MOXKHO Peajn30BaTh NCXO/IHOe paszOmeHre, TO HA30BEM €0 MpusuUdAbHbIM.
Hampumep, pazbuenust Ha pucynkax A,B — rpusnasibubie, a C,D — Her.

Cuteryrorne 4 yrpazKHeHud MPeJIJIaraeTcs PEMIUTh MOoAbK0 0AA MPUSUAALHLT PA3OUEHM.

9. Kakne npsiMOyroJibHUKN MOXKHO pa3pe3aTh Ha MPIMOYTOJLHUKU CO CTOPOHOI 17
10. Kakue npsiMOyroibHUKH MOYKHO paspe3aTh Ha KBa[paThl!
11. MoxkHo i KBaJIpaT pa3pe3aTh Ha MPsIMOYTOJILHUKN ¢ OTHOIIEHUEM CTOPOH V27

12. Bce unciia, KOTOpbIe MOXKHO IPEJICTABUTE B Bije & = @+ by/2 ¢ paIoHaIbHBIMI ¢ 1 D,
HA30BEM TopowuMmu. [Ipu KaKux XOPOoIInX & KBaJIpaT MOKHO pa3pe3arh Ha IPIMOYTOJbHUKN
C OTHOIIIEHNEM CTOPOH 7
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Hanpapnenne 1. Harisgnas Teopust noTeHuasia 1 3aMOIICHUST
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4. OTKpBIThIe MPOOJEMBI O 3aMOINeHNAX ¢ PU3NIECKOil MHTepIpeTalueii

1. /lan kouBepT B popMe psaMoyTobHUKa a X b. [Ipn Kaknx BelecTBeHHbIX @ U b €ro MOYKHO
OKJIEUTH KBaJIPATHBIMU MapKamu 6e3 IPOCBETOB U HaJoxKeHuil ¢ obenx cropon? Ksajgpars
paszperraeTcs rneperubaTh yepe3 Kpail npsaMOyroJbHIKa, UX pa3sMepbl MOTYT Pa3/JIndaTbCs.

2. IloBepxHOCTH KaKUX PaBHOI'PAHHBLIX TETPA3IPOB MOXKHO OKJIEUTH KBajpaTaMu 0e3 IIpo-
CBETOB U HAJIOYKEHUI !

3. IloBepxHocTn Kakmx MHOIOIPAaHHHKOB MOYKHO OKJICHMTH KBaJipaTaMu Oe3 IIPOCBETOB U
HaJIOZKeHNi? A KaKixX — NpaBUJILHBIMI TPEYTOJIbLHUKAMIE !

4. Hekoropble mapbl CTOPOH MHOTOYTOJILHUKA Ha PUCYHKe (CJieBa UJIN CIpaBa) CKjeeHbl. [1pu
KaKUX JIJIMHAX CTOPOH TOJIYIEeHHYIO TOBEPXHOCTHh MOXKHO pa3pe3aTh Ha KBaJIpaThbl?

5. CymecTByer /i MHOI'OYTOJIbHUK, KOTOPbII MOXKHO paspe3aTh Ha KBaJAPaTbl, HO HeJIb3sl
MPuUBUAALHO Pa3pe3aTh Ha KBaJpaThl (Olpejeserne gaHo B §3, cM. Bepcuio Ha caiire)?

6. Kakne MHOroyro/JilbHUKH MOYKHO paspe3aTh Ha poMObl ¢ yriiom 60°7

7. CytiecTByer Ji HeHTPaJIbHO-CUMMETPUIHBIIT MHOMOYTOJIbHUK, KOTOPBIIT MOXKHO pa3pe3arh
Ha [paBUJIbHBIE TPEYTOJbHUKN, HO HEJIb3s pa3pe3arh Ha POMObBI ¢ yrjioMm 60°7

8. Korma 3 napaJsuiesenuiesos, Mo100HbIX TaHHOMY, MOYKHO COCTaBUTH Ky0?

3

IIpobaemul, yorce svibpartvie cmydernmamu
9. Kakune npsiMmoyroJibHUKI MOYKHO Pa3pe3aTb Ha HPsIMOYTIOJIbHUKU C JaHHBIMU TOPOWUMU
OTHOIIEHUSIMI CTOPOH x U ¥ (ompe/jie/ieHne JIaHo B §3, ¢M. Bepcuio Ha caiire)?

Permrerne ony6imkosano B [4] u nasee ymporieno B [3].
10. Kaxne MHOrOyroIbHIKI MOYKHO Pa3Pe3aTh Ha HPSMOYTOJBHUKHI C JAHHBIM OTHOIICHHEM
CTOPOH X7
11. Kaxmne MHOIOYTOJBHUKH MOYKHO Pa3pe3aTh Ha MPABUJIBHBIE TPEYTOTbLHIKI]
12. Kaxme MHOrOyTOJBHIUKH MOYKHO Pa3pe3aTh Ha TPATCIIN, TOMOTETHIHbIE TAHHO?
13. MoxHo sin 6yMazKHbIH MPABUIBLHBII TETPasIp Pa3pe3aTh Ha KBAPATHI!

YacTuunole pemicHu d IMOoCJIEJHNX ABYX 3a/a4 I'OTOBATCA K Hy6ﬂI/IKaL[I/H/I [17 2]
[1] Banakun A., Paspesanue nosmsapasbHBIX HOBEpXHOCTE(, npenpunt, 2017.
[2] 3Bepes U.C., Paspesanusi MHOrOyroJabHUKOB Ha Tpallelyy, 10J00HbIe JaHHOI, npenpust, 2017.
[3] Psi6os I1., Honoanenune k pesynsraram @. [[laposa, upenpunt, 2017.

[4] lapos ®.A., Paspesanus npsiMOyroJbHUKA Ha [PSIMOYTOJIBHUKU C 3aJIaHHBIMU OTHOIIEHUSIMU CTOPOH // MareMarndeckoe Ipocse-
menne. Cep. 3. 2016. Berm. 20. C. 237-252.

Beoonwvie 3adavwu no meme

[1] Kagpar u3 1nomoGHBIX NPSIMOYTOJBHHUKOB, 26-51 JIeTHsisi KOH(EpPEeHIHsl MeKJyHapOJHOIO MaTeMarudeckoro TypHHpa Tropojos,
http://wuw.turgor.ru/lktg/2014/3/index . .htm
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OtkpsIThiii Boripoc. Ha kaknx moBepxHOCTSX depes KazKIyl TOUKY IIPOXOIT 2 IHapa-
00JIbI ¢ BePTUKAJIBLHBIMUI OCSIMU !

5. CrapToBble ynpaKHEeHUS

[Tycts [4 m [y — 1Be mpsiMble Ha MJIOCKOCTH, [ — TpsMasd, He TapaJsiie/ibHasd HU OJHOI n3
HuX. [lapasnesvroim npoexmuposanuem TPAMOil [1 Ha MPAMYIO ls OTHOCUTE/ILHO HallpaBJie-
HIST [ HA3BIBAIOT OTOOparkeHne, KOTopoe Touke A HpsiMoit [; cTaBUT B COOTBETCTBHE TOUKY
repecevdeHust MMpsiMoii [ 4, mapaJuiesibHoi [ u mpoxosineit depe3 A, ¢ npsamoit [s.

14. Jlioboe nu mapaJsenbHoe MPOEKTHPOBAHNIE MPAMOI Ha MPIMYIO COXpaHdAeT JIJIMHBI OT-
pPE3KOB?

IIpocmuim omuowenuem yrnopsiiodennoii Tpoitku Touek A, B, C' na npsimoit (B # (')
Ha3bIBaeTCsI Takoe ducsio x, uro AC' = x - BC.

15. a) Ilpocroe orHoIeHIEe YIIOPsITOYEHHON TPOHKN TOUEK Ha HpsiMoii paBHo x. Haiiaure
IIPOCTHIE OTHOIIEHUS STUX TOYEK, 3allNCAHHBIX BO BCEX JIPYTUX MOPSIKAX.

b) IlpocToe oTHOIIEHNE YIIOPSIOUEHHON TPONKN TOUEK Ha TPSAMOil COXPAHSIETCs MPH TapaJ-
JIETHHOM TTPOEKTUPOBAHMIT.

16. a) Kommosumnueit HeCKOJIBKIX MapaJiieJbHbIX TPOEKTHPOBAHUIT IPSMOIT MOYKHO TIepeBe-
CTH JTIOObIE JIBE pa3/IMIHble TOYKHU B JIIOOBIE JIDYTHUE JIBE PA3JINIHbIE TOTKH.

b) BepHo Jin aHas0ornYIHOE yTBEPXK/ICHUE JIJIST ABYX TPOEK TOUEK HA TIPSIMOI?

c¢) aiire omnpejesenne napaJjiiebHONO TIPOEKTUPOBAHSI OJIHOf IJIOCKOCTH B MPOCTPAHCTBE
Ha JIPYTYIO.

d) Kommosurueit #HecKoIbKIX MapaJsiieIbHbIX TPOEKTHPOBAHII MIJIOCKOCTH MOXKHO TI€PEBECTH
JII000I TPEYTOJILHUK B JIIOOOM JIPYTOil.

e) Bepro jin anajiornaHoe yTBepiKeHIe It ABYX YEThIPEXYTOJTbHIUKOB?

17. a) Kaxkmast ctopoHa TpeyroJibHUKA MOJeJIeHA HA TPU PABHbIE YaCTH, U TOYKU JIJICHUST
COEJINHEHBI C IIPOTUBOIIOJIOXKHBIMU BepiinHamMu. Jlokaxkure, 9TO JuaroHa i ‘‘BHYTPEHHEro”
6-yroJIbHUKa IepeceKaloTcsd B OJTHONH TOYKE.

b) B KakoM OTHOIIEHUN JIEJINT OCHOBAHUS TPAIICIUN MPsMAast, TPOXOJIAIIAsi 9epe3 TOUKY T1e-
pecedeHus JuaroHaJieii 1 TOUKY IepecedeHns MPOA0JIKeHNT OOKOBBIX CTOPOH?

¢) Haubl jBe mapasiesnbHble npsiMble 1 Toukn A, B Ha omHoit n3 Hux. Ilocrpoiite ojHOl
JINHENKOi cepennnay oTpe3ka AB.

18. Ilyctb nenpepoiBHas oueknusa f: R — R cepennny J110060ro orpeska mepeBojnT B cepe-
nuHY ero obpasa, a Touku 0 u 1 ocrapisier Ha Mecte. Torma juid Bcex x,y € R um,n € 7Z,

a) f(2z) =2f(x); D) fx+y) = f2)+ fy); ¢ f(m/n)=m/n; d) f(z)==2.

Bagada [dusi. Ocrosnas meopema adpurnoti ecomempuu ( Mébuyc—pon HImaydm,). JTio-
60e HelpepbhIBHOE B3aMMHO-OJHO3HATHOE O0TOOparKeHHe ILJIOCKOCTH, MePeBOJIsInee MpsMble B
[PSIMBIE, SIBJISIETCS] KOMIIO3UIINEN apaJlIie/IbHbIX TPOEKTHPOBAHMTII.
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Direction I. Discrete field theory

Mikhail Skopenkov skopenkov@rambler.ru

2. Leading exercises: toy model of gauge theory

Several cities are connected by roads in the shape of an M x N grid; see the figure. Each city has its own
type of goods (in unlimited quantity). E.g., city A has apples and city B has bananas. For two neighboring
cities A and B an exchange rate U(AB) > 0 is fixed, e.g., 2 bananas for an apple. The rate is symmetric,
i.e., U(BA) = U(AB)™': one gets back an apple fozr 2 bananas.

2
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A cunning citizen can travel and exchange along a 1 x 1 square ABC'D to multiply his initial amount of
goods by a factor of U(AB)U(BC)U(CD)U(DA). E.g., in the figure to the left the factoris 2-1-4-1=8.
Denote U(ABCD) := U(AB)U(BC)U(CD)U(DA).

In particular, a trip along the square ABC'D gives profit in one of the directions, if log, U(ABCD) # 0.
The total speculation profit is measured by the sum S[U] of the values logs U(ABCD) over all 1 x 1 squares
ABCD (say, bypassed counterclockwise). E.g., in the figure to the left

S[U] = logi U(ABCD) + logs U(DCFE) = (log, 8)* + (log, )* = 10.

You are the king, who can set exchange rates except those on the boundary of the grid. You set them to
minimize the quantity S[U]. The resulting rates are called optimal.
1. Clean up the kingdom in the left figure, i.e., find the number = for which the total speculation profit in
the middle figure is minimal.

Notice that the change of variables x(AB) := log, U(AB) simplifies the expression for the profit a lot:

Slx] := ZABCD(x(AB) + 2(BC) + z(CD) 4 z(DA))%

For each 1 x 1 square ABC'D denote x(ABCD) = x(AB) + 2(BC) + 2(CD) + x(DA). E.g., in the
figure to the left, 2(ABCD) = 3. Denote by W the factor multiplying the initial amount of goods for a
counterclockwise travel around the whole boundary. E.g., in the figure to the left, W = 4.

2. Assume that the fixed rates at the boundary are as in the figure, i.e.,

2, if AB is on the southern or northern border of the grid

U(AB) = and is directed counterclockwise along the boundary;
1, if AB is on the eastern or western border of the grid.
Clean up the kingdom for the following particular grid sizes, i.e., complete the table:
Grid 1x2 1x3 1xN 2x2
The value W 4

The minimal value for S[U]

Optimal rates U(AB) for all roads AB
Values x(AB) for all roads AB

Values x(ABCD) for all 1 x 1 squares

3. a) For which values of the boundary rates in an M x N grid one can achieve S[U| = 07

b) For which values of M and N the optimal rates are uniquely determined by the boundary rates?
¢) How M, N, W and the minimal speculation profit are related?
d) Which of the grids — 8 x 8 or 7 x 9 — has smaller speculation profit, if W is the same?
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Direction II. Visual potential theory and tilings

Mikhail Skopenkov skopenkov@rambler.ru

Open question. Which polygons can be tiled by rectangles of given side ratio x?

3. Leading excercises
— I have a thought! — said Boa and opened his eyes. — A thought. And I think it.

— Which thought? — asked Monkey.
— It takes time to explain...
— Wow! — jumped Monkey. — What a good thought! May I also think it a bit?

G. Oster, “Boa’s grandmother”

1. Form a square from rectangles m x n, where m and n are integers.

2. A designer was offered to make square window frames. In Figures A B it is shown how
the panes should be adjacent to each other and how they should be oriented (with the short
side or with the long one to the top). Can all panes in each frame be similar rectangles?

3. Is it possible to dissect a square into 3 similar, but not equal rectangles?
4. Is it possible to dissect a square into 5 squares?

5. All shelves in Figure C, and all scraps, from which consists the piecework in Figure D,
are squares. Are the board and the piecework also squares?

7. Is it possible to dissect a square into rectangles of side ratio 2 + /27
8. Is 14 v/2 a sum of squares of numbers of the form a + bv/2, where a and b are rational?

A tiling by rectangles is drawn on a rectangular sheet of paper. One may cut the sheet of
paper along any straight line segment into two rectangles, then repeat the same operation
separately for each of the obtained parts, and so forth. If it is possible to represent the initial
tiling in this way, then the tiling is called trivial. For instance, the tilings shown in Figure A,B
are trivial, but those in Figure C,D are not.

It is suggested that you solve the following 4 exercises only for trivial tilings.

9. Which rectangles can be tiled by rectangles with one of the sides equal to 17
10. Which rectangles can be dissected into squares?
11. Is it possible to dissect a square into rectangles of side ratio v/2?

12. All numbers, which can be represented in the form x = a + byv/2 with rational a and b,
are called good. For which good x a square may be tiled by rectangles of side ratio x?

Updated version: http://www.skopenkov.ru/skopenkov-pdf/problems. pdf 2017



4. Open tiling problems with networks interpretation

1. An envelope has the shape of a rectangle a x b. For which real a and b it can be completely
covered by disjoint square postmarks from both sides? It is allowed to bend the squares across
the edges of the envelope, their sizes may be different.

2. Which tetrahedra having four equal faces and made of paper can be dissected into squares?
And into regular triangles?

3. Which polyhedra made of paper can be dissected into squares? And into regular triangles?

4. Some pairs of sides of the polygon in the figure (to the left or to the right) are glued. For
which side lengths the resulting surface can be tiled by squares?

5. Is there a polygon which can be tiled by squares but cannot be trivially tiled by squares
(see the definition in §3)7

6. Which polygons can be tiled by rhombi with a 60° angle?

7. Is there a centrally-symmetric polygon which can be tiled by regular triangles but cannot
be tiled by rhombi with a 60° angle?

8. When a cube can be tiled by parallelipipeds similar to a given one?

¥

Problems already taken by the students
9. Which polygons can be tiled by rectangles of side ratios x and y, where  and y are given
good numbers (see the definition in §3)7?
A solution is published in [4] and simplified in [3].
10. Which polygons can be tiled by rectangles of given side ratios x?
11. Which polygons can be tiled by regular triangles?
12. Which polygons can be tiled by trapezoids homothetic to a given one?
13. Can a regular tetrahedron made of paper be dissected into squares?

The latter two problems are partially solved in |2, 1].
[1] A. Balakin, Dissections of polyhedral surfaces, preprint, 2017.
[2] I. Zverev, Dissections of polygons into similar trapezoids, preprint, 2017.
[3] P. Ryabov, A compement to the results by F. Sharov, preprint, 2017.

[4] F. Sharov, Dissection of a rectangle into rectangles with given side ratios, Mat. Prosveschenie 3rd ser. 20 (2016), 200-214 (in Russian)
http://arxiv.org/abs/1604.00316 (in English and in Russian).
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5. Inverse problem for alternating-current networks

LAn alternating-current network is a (not necessarily planar) graph with a fixed subset of
vertices (boundary vertices) and a complex number ¢(xy) with positive real part (conductance)
assigned to each edge xy |2, Section 2.4]. The wvoltage is any complex-valued function v(x) on
the set of vertices such that for each nonboundary vertex y we have >, c(zy)(v(z) —v(y)) =
0, where the sum is over all the edges containing the vertex y. One can see that the voltage
is uniquely determined by its boundary values [2, Section 5.1]. The current flowing into
the network through a boundary vertex y is i(y) := >_, c(zy)(v(x) — v(y)). The network
responce is the matrix of the linear map taking the vector of voltages at the boundary vertices
to the vector of currents flowing into the network through the boundary vertices.

The general electrical-impedance tomography problem is to reconstruct the network from its
response. For direct-current planar networks, meaning that all the conductances are positive,
the problem has been solved in [1].

Teaser. There is a matrix realizable as the response of the network in the figure to the
right (for the boundary vertices N1, Ny, N3 and some edge conductances Ry, R, R3) but not
to the left. . N

Re 2 N, N,

Denote by W, the set of complex b x b matrices A having the following 4 properties:

1) A is symmetric;

2) the sum of the entries of A in each row is zero;

3) ReA is non-negatively definite;

4)if U = (Uy,...,U) € R” and UT(ReA)U = 0 then Uy = --- = U,

14. Prove that the set of responses of all the possible connected alternating-current networks
with b boundary vertices is the set Wy,

(
(
(
(

It is known that Conditions (1-4) are necessary. Sufficiency is known for b = 2 and b = 3
|2, Theorem 4.7|. For general b there is a solution by G. Rote (private communication).
15. Given a response matrix provide an algorithm to reconstruct the network and the edge
conductances.
16. Describe the set of all the responses of all the possible series-parallel networks with edge
conductances having positive real parts.
17. Describe the set of all the responses of all the possible planar networks with edge
conductances having positive real parts.
18. Let the conductance of each edge be either w or 1/w, where w is a variable. Describe
the set of all the possible responses of such networks as functions in w.

This is known for b = 2 boundary vertices — Foster’s reactance theorem |2, Theorem 2.5|.

[1] E. B. Curtis and J. A. Morrow, Inverse problems for electrical networks, Series on Appl. Math. 13, World Scientific,
Singapore, 2000.

[2] M. Prasolov and M. Skopenkov, Tilings by rectangles and alternating current, J. Combin. Theory A 118:3 (2011), 920-937,
http://arxiv.org/abs/1002.1356.

1Published in Discrete differential geometry, Oberwolfach Reports, 2015
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6. Asymptotic estimates for conductance

The Green function R(x,y) is the resistance between the origin and

the vertex (z,y) in a infinite square lattice of unit resistors. T Ty
Teaser. R(0,1) =1/2, R(1,1) = 2/7, and R(z,y) = 3 In(z*+4*)+O(1). .’I T
The same asymptotic form holds for triangular and hexagonal lattices. i\ * ;“‘“7'
19. Prove the same for arbitrary nondegenerate uniform orthogonal lattice. L. -/
20. Discrete harmonic functions on orthogonal lattices are Lipschitz, i.e., |u(z) — u(w)| =

O(|z — wl).

21. Generalize star-triangle transformation to nonrhombic lattices.

7. Convergence of dicrete analytic functions to their continuous counterparts

A quadrilateral lattice is a finite graph () C C with rectilinear edges such that each bounded
face is a quadrilateral. A complex-valued function f on the vertices of () is called discrete
analytic, if for each quadrilateral face z1292324 we have

flz1) = f(z3)  f(z2) — f(24)

Z1 — 23 Z9 — Z4

The real part of a discrete analytic function is called a discrete harmonic function. The
discrete Dirichlet problem is to find a discrete harmonic function with given values at the

boundary. A function u is equicontinuous, if |u(z) —u(w)| = O(¢(|z —w|)) for some function
¢(z) such that lim, o ¢(z) = 0.

2

Teaser. The function f(z) = z is discrete analytic but f(z) = 2 is not unless the faces of

() are parallelogramms.
e
1 T

22. Is it true that discrete harmonic functions are equicontinuous?

23. Isit true that the solution of the Dirichlet problem converges to its continuous counterpart
under lattice refinement?
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Open problems in geometry and potential theory
Direction III. Visual geometry for architecture

Mikhail Skopenkov skopenkov@rambler.ru

This is a collection of visual open problems in geometry. The statements of most problems
are elementary and use only a few definitions given in the text. But their solution leads to
important ideas of modern mathematics. Each individual problem with a number is a topic
for a one-year term work. The problems are suitable at any education term.

8. Surfaces containing two parabolas through each point

24. On which surfaces there pass two parabolas with vertical axes through each point?

FExample. The surfaces given by the equations
z = zy(z + y) (left figure) or 2 = 22 + y? (middle figure)

An isotropic circle is either a parabola with the axis parallel to Oz (middle figure) or an
ellipse whose projection into the plane Oxy is a circle (right figure).
25. Find all surfaces in R? containing two isotropic circles through each point.

26. Which sets of circles can be the top view of the isotropic circles on such surfaces?

27. Find all surfaces in R? enveloped by two families of cones of revolution.

Hint. Use isotropic model of Laguerre geometry |7, §2|.

28. Find all surfaces in R? containing 3 isotropic circles through each point. Find all
hexagonal webs from isotropic circles on surfaces (except isotropic spheres).

Problems already taken by students

29. Find all functions f: R? — R with the following property: through each point of the
plane one can draw two lines such that the restriction of the function f to each of the lines
are quadratic functions.

30. Find all surfaces in R? containing a line and an isotropic circle through each point.

Updated version: http://www.skopenkov.ru/skopenkov-pdf/problems. pdf 2017



9. Surfaces containing two circles through each point

Torus Translation of a circle along another one Hyperboloid

31. Let r and R be fixed. Find all surfaces in R? such that through each point of the surface
one can draw two circles of radii 7 and R fully contained in the surface.

32. Let a be fixed. Find all surfaces in R? such that through each point of the surface one
can draw two circles fully contained in the surface and intersecting at angle a.

33. Let a be fixed. Find all surfaces in R? such that through each point of the surface one
can draw two circles fully contained in the surface, the planes of which intersect at angle a.

Hint. Deduce from the classification of surfaces in R? containing 2 circles through each point.

The surface ®(u,v) = (aiu + Bv + vi)(uv + iu + v + i)~ in R* for random «, 3,y € H
contains a line and a circle through each point but it not a quadric, cf. [4].
34. Find all surfaces in R* containing a line and a circle through each point.

35. Consider the surface in R* = H parametrized as
(I)(S, t) = (CLQSt + a18 + CLQt + &3)([)08t + bls + bgt + bg)_l,

where a;,b; € H are fixed, and s, € R are variables. How many circles can the surface
contain through each point?

Hint. The surface contains at least 2 circles through each point. Consider the stereographic
preimage of the surface.

e what degree does it have (cf. [2])7
e is it always the intersection of the unit sphere in R® with two other quadrics?
e what is the configuration of the planes of the circles on it (cf. [5])?

36. Does each surface in R* containing 3 circles through each point belong to this class of
surfaces (cf. [3])7
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[1] Dietz, R., Hoschek, J., Jiittler, B., An algebraic approach to curves and surfaces on the sphere and on other quadrics, Comp. Aided
Geom. Design, 10:3(1993), 211-229.

[2] R. Krasauskas, S. Zube, Bezier-like parametrizations of spheres and cyclides using geometric algebra. In: K. Guerlebeck (Ed.),
Proceedings of 9th International Conference on Clifford Algebras and their Applications in Mathematical Physics, Weimar, Germany,
2011.

[3] N. Lubbes, Families of circles on surfaces, arXiv:1302.6710, preprint.

[4] F. Nilov, M. Skopenkov, A surface containing a line and a circle through each point is a quadric, Geom. Dedicata 163:1 (2013),
301-310.

[5] H. Pottmann, L. Shi, M. Skopenkov, Darboux cyclides and webs from circles, Comput. Aided Geom. D. 29:1 (2012), 77-97.
[6] J.Schicho, The multiple conical surfaces, Contrib. Algeb. Geom. 42:1 (2001), 71-87.

[7] M. Skopenkov, H. Pottmann, Ph. Grohs, Ruled Laguerre minimal surfaces, Math. Z. 272 (2012), 645-674.
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