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2 Çàêîíû ñîõðàíåíèÿ

3 Èíòåãðàëû äâèæåíèÿ è çàäà÷à Êåïëåðà

4 Äèôôåðåíöèàëüíûå ôîðìû

5 Óðàâíåíèÿ Ãàìèëüòîíà

6 Ñêîáêè Ïóàññîíà

6.1 Åùå ðàç î êàíîíè÷åñêèõ óðàâíåíèÿõ

Íàïîìíèì åùå ðàç, ÷òî èç êàíîíè÷åñêèõ óðàâíåíèé Ãàìèëüòîíà

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
, i = 1, . . . , N (1)

òðèâèàëüíûì îáðàçîì ñëåäóåò çàêîí ñîõðàíåíèÿ ýíåðãèè

dH

dt
=

∂H

∂t
+
∑
i

(
∂H

∂qi
q̇i +

∂H

∂pi
ṗi

)
=
(1)

∂H

∂t
(2)

ïðè ∂H
∂t

= 0 ïðè ÿâíî íå çàâèñÿùåé îò âðåìåíè ôóíêöèè Ãàìèëüòîíà.
Òî÷íî òàêæå ìîæíî íàïèñàòü âîîáùå äëÿ ëþáîé ôóíêöèè íà ôàçîâîì
ïðîñòðàíñòâå M

df

dt
=

∂f

∂t
+

∂f

∂qi
q̇i +

∂f

∂pi
ṗi =

∂f

∂t
+
∑
i

(
∂f

∂qi
q̇i +

∂f

∂pi
ṗi

)
=

=
(1)

∂f

∂t
+
∑
i

(
∂f

∂qi

∂H

∂pi
− ∂f

∂pi

∂H

∂qi

)
≡ ∂f

∂t
+ {f,H}

(3)

ãäå ââåäåíî îáîçíà÷åíèå äëÿ ñêîáêè Ïóàññîíà

{f, g} =
∑
i

(
∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi

)
(4)
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ëþáûõ äâóõ ôóíêöèé f = f(p, q) è g = g(p, q) íà M. Ñðàçó î÷åâèäíî,
÷òî

• Äëÿ ëþáîé ÿâíî íåçàâèñÿùåé îò âðåìåíè ∂f
∂t

= 0 ôóíêöèè íà M èç

{f,H} = 0 (5)

ñëåäóåò df
dt

= 0, ò.å. åñëè ôóíêöèÿ íàõîäèòñÿ â ïóàññîíîâîé èíâî-
ëþöèè ñ Ãàìèëüòîíèàíîì, òî îíà ÿâëÿåòñÿ èíòåãðàëîì äâèæåíèÿ �
ò.å. ïîñòîÿííîé íà òðàåêòîðèè äèíàìè÷åñêîé ñèñòåìû.

• Äëÿ êîîðäèíàò Äàðáó ñêîáêè Ïóàññîíà èìåþò êàíîíè÷åñêèé âèä

{qi, pj} = δij, i, j = 1, . . . , N

{qi, qj} = {pi, pj} = 0
(6)

6.2 Ïóàññîíîâà ãåîìåòðèÿ ôàçîâîãî ïðîñòðàíñòâà

Âåðíåìñÿ ê ïðîèçâîëüíîìó ñèìïëåêòè÷åñêîìó ìíîãîîáðàçèþ M, ñ íåâû-
ðîæäåííîé çàìêíóòîé, ïîëîæèòåëüíî îïðåäåëåííîé 2-ôîðìîé ω

ω =
∑
i<j

ωijdx
i ∧ dxj = 1

2

∑
i,j

ωijdx
i ∧ dxj

dω = 0,
∂ωij

∂xk
+

∂ωjk

∂xi
+

∂ωki

∂xj
= 0, ∀ i, j, k

(7)

Ðàññìîòðèì òåïåðü ãàìèëüòîíîâ ïîòîê íà ïðîèçâîëüíîì ñèìïëåêòè÷å-
ñêîì ìíîãîîáðàçèè M, êîòîðûé ìû óæå çàïèñûâàëè â âèäå

ẋ = ξH(x) = ΩdH, or ẋi = ξiH(x) =
∑
j

Ωij ∂H

∂xj
(8)

ãäå dH � äèôôåðåíöèàë ôóíêöèè Ãàìèëüòîíà íà ôàçîâîì ïðîñòðàíñòâå,
à Ωij = ω−1

ij .

Î÷åâèäíî, ÷òî ýòî óðàâíåíèå ïåðåïèñûâàåòñÿ ÷åðåç ñêîáêè Ïóàññîíà
â âèäå:

ẋ = {x,H}, {f, g} =
∑
i,j

Ωij ∂f

∂xi

∂g

∂xj

=
∑
i,j

Ωij∂if∂jg (9)
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ãäå Ωij = −Ωji � êîìïîíåíòû òàê íàçûâàåìîãî ïóàññîíîâà áèâåêòîðà.
Êàêîâ ãåîìåòðè÷åñêèé ñìûñë ïîëó÷åííîé ôîðìóëû? Ïîñìîòðèì íà êîì-
ìóòàòîð äâóõ ãàìèëüòîíîâûõ âåêòîðíûõ ïîëåé [ξf , ξg], äëÿ ïðîèçâîëüíûõ
ôóíêöèé f è g íà M. Èìååì

[ξf , ξg] =
[
ξif∂i, ξ

j
g∂j

]
=

(
ξif∂iξ

j
g − ξig∂iξ

j
f

)
∂j (10)

÷òî ïîêà îçíà÷àåò ëèøü òî, ÷òî âåêòîðíûå ïîëÿ îáðàçóþò àëãåáðó Ëè � â
ïðàâîé ÷àñòè ñòîèò âåêòîðíîå ïîëå ξ(f, g) =

∑
k ξ

k(f, g)∂k, ãäå ξk(f, g) =∑
i(ξ

i
f∂iξ

k
g − ξig∂iξ

k
f ). Åñëè æå âåêòîðíûå ïîëÿ ãàìèëüòîíîâû, òî

ξk(f, g) =
∑
i

(ξif∂iξ
k
g − ξig∂iξ

k
f ) = −

∑
l

Ωkl∂lh (11)

ñ íåêîòîðîé ôóíêöèåé h = h(f, g) íà M, ò.å. ãàìèëüòîíîâû âåêòîðíûå
ïîëÿ îáðàçóþò ïîäàëãåáðó â àëãåáðå Ëè âñåõ âåêòîðíûõ ïîëåé. Áîëåå
òîãî, ïðÿìûì âû÷èñëåíèåì (ðàçîáðàòü ïîäðîáíî íà ñåìèíàðå?) ìîæåò
áûòü äîêàçàíà

Òåîðåìà: Êîììóòàòîð äâóõ ãàìèëüòîíîâûõ âåêòîðíûõ ïîëåé íà M

[ξf , ξg] = −ξh (12)

ÿâëÿåòñÿ òîæå ãàìèëüòîíîâûì âåêòîðíûì ïîëåì, ãäå

h = {f, g} =
∑
i,j

Ωij∂if∂jg (13)

åñòü íè ÷òî èíîå, êàê ñêîáêà Ïóàññîíà ñîîòâåòñòâóþùèõ ôóíêöèé.

Äîêàçàòåëüñòâî: Â ñàìîì äåëå:

ξk(f, g) =
∑
i,j,n

(
Ωij∂jf∂i

(
Ωkn∂ng

)
− (f ↔ g)

)
=

=
∑
i,j,n

(
ΩknΩij∂jf∂i∂ng + Ωij∂iΩ

kn∂jf∂ng − (f ↔ g)
)
=

=
∑
i,j,n

Ωkn∂n
(
Ωij∂jf∂ig

)
+

+
∑
i,j,n

(
−Ωkn∂nΩ

ij∂jf∂ig + Ωij∂iΩ
kn (∂jf∂ng − ∂jg∂nf)

)
(14)
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Ïåðâûé ÷ëåí â ïðàâëé ÷àñòè äàåò áóêâàëüíî óòâåðæäåíèå òåîðåìû (12),
(13), à äëÿ âòîðîé ñóììû (ìåíÿÿ íåìûå èíäåêñû ñóììèðîâàíèÿ) èìååì∑

i,j,n

(
−Ωki∂iΩ

nj∂jf∂ng + Ωij∂iΩ
kn∂jf∂ng − Ωin∂iΩ

kj∂jf∂ng
)
=

= −
∑
j,n

∂jf∂ng
∑
i

(
Ωki∂iΩ

nj + Ωji∂iΩ
kn + Ωni∂iΩ

jk
) (15)

Ýòî ñëàãàåìîå îáíóëÿåòñÿ â âèäó òîæäåñòâà∑
i

(
Ωki∂iΩ

nj + Ωji∂iΩ
kn + Ωni∂iΩ

jk
)
= 0 (16)

ïðåäñòàâëÿþùåãî ñîáîé êâàäðàòè÷íîå ñîîòíîøåíèå, ýêâèâàëåíòíîå (7),
ïåðåïèñàííîå â îáðàòíûõ ìàòðèöàõ (ïðîâåðèòü íà ñåìèíàðå!), ê ãåîìåò-
ðè÷åñêîìó ñìûñëó êîòîðîãî ìû åùå âåðíåìñÿ.

Ó ýòîé òåîðåìû èìååòñÿ âàæíåéøåå:

Ñëåäñòâèå: Åñëè äâå ôóíêöèè íà M

{f, g} = 0 (17)

íàõîäÿòñÿ äðóã ñ äðóãîì â èíâîëþöèè îòíîñèòåëüíî ñêîáêè Ïóàññîíà
(èíîãäà íà æàðãîíå ãîâîðÿò � �ïóàññîíîâî êîììóòèðóþò�), òî ñîîòâåò-
ñòâóþùèå âåêòîðíûå ïîëÿ

[ξf , ξg] = 0 (18)

êîììóòèðóþò.

6.3 Ñâîéñòâà ñêîáîê Ïóàññîíà

Ïî ñâîåìó îïðåäåëåíèþ ñêîáêà Ïóàññîíà îáëàäàåò ðÿäîì ñâîéñòâ, èç êî-
òîðûõ ìíîãèå � ïî÷òè î÷åâèäíû:

• Àíòèñèììåòðè÷íîñòü

{f, g} = −{g, f} (19)
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• Ëèíåéíîñòü

{a1f1 + a2f2, g} = a1{f1, g}+ a2{f2, g}, a1, a2 ∈ C (20)

ïî êàæäîìó àðãóìåíòó.

• �Òîæäåñòâî Ëåéáíèöà�

{fg, h} = f{g, h}+ {f, h}g (21)

êîòîðîå ðàñïðîñòðàíÿåò ïóàññîíîâûõ ñîîòíîøåíèé äëÿ îáðàçóþ-
ùèõ íà ïðîèçâîëüíûå ôóíêöèè. Åãî ìîæíî äåéñòâèòåëüíî ïîíè-
ìàòü êàê ïðàâèëî Ëåéáíèöà, ïîñêîëüêó

{f, h} =
∑
i,j

Ωij∂if∂jh =
∑
i

ξih(x)∂if = ξh(f)

{fg, h} = ξh(fg) = (ξhf)g + f(ξhg)

(22)

• Íàêîíåö, ìåíåå òðèâèàëüíûì ÿâëÿåòñÿ òîæäåñòâî ßêîáè

{h, {f, g}}+ {g, {h, f}}+ {f, {g, h}} = 0 (23)

äëÿ ëþáûõ òðåõ ôóíêöèé f , g è h íà M, êîòîðîå ýêâèâàëåíòíî
òîæäåñòâó ßêîáè

[ξh, [ξf , ξg]] + [ξg, [ξh, ξf ]] + [ξf , [ξg, ξh]] = 0 (24)

â ñîîòâåòñòâóþùåé àëãåáðå Ëè ãàìèëüòîíîâûõ âåêòîðíûõ ïîëåé.

Òîæäåñòâî (24) ýëåìåíòàðíî äîêàçûâàåòñÿ ïðÿìûì âû÷èñëåíèåì, ÿâ-
íî ðàñïèñûâàÿ êîììóòàòîðû [ξf , ξg] = ξf · ξg − ξg · ξf , à çàòåì � ïîâòîðíûå
êîììóòàòîðû, ïðè ýòîì ñëåäÿ çà ïîðÿäêîì. Ýêâèâàëåíòíîå åìó òîæäå-
ñòâî (23) â êàêîì-òî ñìûñëå ìåíåå òðèâèàëüíî, è îáåñïå÷èâàåòñÿ êâàä-
ðàòè÷íûì ñîîòíîøåíèåì (16) íà ïóàññîíîâ áèâåêòîð. Òàêèì îáðàçîì,
ôóíêöèè íà ôàçîâîì ïðîñòðàíñòâå � à â áîëåå îáùåì ñëó÷àå íà ëþáîì
ïóàññîíîâîì ìíîãîîáðàçèè � îáðàçóþò àëãåáðó Ëè îòíîñèòåëüíî ñêîáêè
Ïóàññîíà.
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6.4 Ñêîáêè Ïóàññîíà è èíòåãðàëû äâèæåíèÿ

Íàïîìíèì, ÷òî èíòåãðàëàìè äâèæåíèÿ íàçûâàþòñÿ ôóíêöèè

df

dt
=

∂f

∂t
+ {f,H} = 0 (25)

êîòîðûå, â òîì ñëó÷àå êîãäà ÿâíî íå çàâèñÿò îò âðåìåíè, îïðåäåëÿþòñÿ
òåì, ÷òî îíè íàõîäÿòñÿ â ïóàññîíîâîé èíâîëþöèè ñ ãàìèëüòîíèàíîì H

{f,H} = 0 (26)

Çàäà÷à: äîêàçàòü, ÷òî ñêîáêà ïóàññîíà äâóõ èíòåãðàëîâ äâèæåíèÿ ÿâ-
ëÿåòñÿ òîæå èíòåãðàëîì äâèæåíèÿ. Óêàçàíèå: íà÷àòü ñ áîëåå ïðîñòîì
ñëó÷àå � ÿâíî íå çàâèñÿùèõ îò âðåìåíè èíòåãðàëîâ, è âîñïîëüçîâàòüñÿ
òîæäåñòâîì ßêîáè.

Ñëåäñòâèåì ýòîãî ÿâëÿåòñÿ òî, ÷òî â àëãåáðå Ëè ôóíêöèé íà M ñó-
ùåñòâóåò ïîäàëãåáðà èíòåãðàëîâ äâèæåíèÿ.

Óòâåðæäåíèå: Àëãåáðà Ëè ãðóïïû ñèììåòðèé ñèñòåìû (ïî òåîðåìû
Íåòåð) èçîìîðôíà ïóàññîíîâîé àëãåáðå èíòåãðàëîâ äâèæåíèÿ ñèñòåìû.

Äåéñòâèòåëüíî, âñïîìíèì, ÷òî ñîãëàñíî òåîðåìå Íåòåð ñèììåòðèè ãå-
íåðèðóþòñÿ âåêòîðíûìè ïîëÿìè

X =
N∑
i=1

χi(q)
∂

∂qi
(27)

äåéñòâóþùèìè íàM , à ñîîòâåòñòâóþùèå èì èíòåãðàëû äâèæåíèÿ èìåþò
âèä

IX =
∑
i

∂L

∂q̇i
χi(q) =

∑
i

χi(q)pi (28)

Ñêîáêà Ïóàññîíà äâóõ òàêèõ èíòåãðàëîâ (IZ =
∑

i ζ
i(q)pi)

[IX , IZ ] =
∑
k

(
∂IX
∂qk

∂IZ
∂pk

− ∂IX
∂pk

∂IZ
∂qk

)
=

=
∑
i

pi
∑
k

(
ζk
∂χi

∂qk
− χk

∂ζ i

∂qk

)
= −I[X,Z]

(29)

ÿâëÿåòñÿ èíòåãðàëîì äâèæåíèÿ, îòâå÷àþùèì êîììóòàòîðó âåêòîðíûõ
ïîëåé â àëãåáðå Ëè ãðóïïû íåòåðîâñêîé ñèììåòðèè.
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Ïðèìåðû:

• Çàêîí ñîõðàíåíèÿ èìïóëüñà äëÿ öèêëè÷åñêîé êîîðäèíàòû dpA
dt

= 0
ãåíåðèðóåòñÿ ñäâèãîì ñîîòâåòñòâóþùåé êîîðäèíàòû, ò.å. âåêòîð-
íûì ïîëåì

XA =
∂

∂qA
(30)

Ñîîòâåòñòâóþùèé èíòåãðàë äâèæåíèÿ â ãàìèëüòîíîâîé êàðòèíå IA =
pA. Â ñëó÷àå íåñêîëüêèõ öèêëè÷åñêèõ êîîðäèíàò ñîîòâåòñòâóþùèå
âåêòîðíûå ïîëÿ êîììóòèðóþò

[XA, XB] =

[
∂

∂qA
,

∂

∂qB

]
= 0 (31)

è ýòîìó îòâå÷àþò íóëåâûå êàíîíè÷åñêèõ ñêîáêè Ïóàññîíà

{IA, IB} = {pA, pB} = 0 (32)

ñîîòâåòñòâóþùèõ èìïóëüñîâ.

• Ïðåîáðàçîâàíèÿ âðàùåíèÿ, ãåíåðèðóþùèåñÿ âåêòîðíûìè ïîëÿìè

Vi = −ϵijkqj
∂

∂qk
, [Vi, Vj] = ϵijkVk (33)

ïðè i, j, k = 1, 2, 3 â R3. Ìû âûâîäèëè, ÷òî ñîîòâåòñòâóþùèå èíòå-
ãðàëû äâèæåíèÿ � êîìïîíåíòû âåêòîðà ìîìåíòà èìïóëüñà

Mi = ϵijkqjpk, i = 1, 2, 3 (34)

Çàäà÷à: âû÷èñëèòü ñêîáêè Ïóàññîíà {Mi, qj}, {Mi, pj} è {Mi,Mj}.
Îòâåò î÷åâèäåí.
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