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4 JInddepennuaababie (pOPMBI
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7 IIpumepbl myacCOHOBBIX MHOT0O0Opa3mii

7.1 IlyaccoHOBBI MHOTrOoOOpa3us: HAITIOMITHAHUE

Ob6paTuMcs Tenepb K CoJlep:KaTeaIbHbIM ITpuMepaM [lyaccoHOBBIX MHOT0006-
pasmii. [TocKOTbKY MBI y2Ke IPeIbIBUIN CKOOKY MyacCOHA HA CUMILIEKTHYC-
CKOM MHOT000pa3uu, TO $ICHO, YTO JII0O0OE CUMILJIEKTHYECKOe MHOT000pas3ue
apysgercd [lyaccoHoBbIM.

e Yernomepnoe eBkJ10B0 npocrpanctso M = RV, [Ipocreiinuit Bapu-
aHT Pa30BOro MPOCTPAHCTBA ¢ KAHOHMIECKOH CUMIIJIIEKTHIECKOH CTPYK-
TYypoil w = Zj\;l dp; N\ dg; nnn ckobkoit Ilyaccona {g;,p;} = 0, T.e.
r106aJbHO 33 JaHHBIM MOCTOSHHBIM IIYaCCOHOBBIM OHBeKTOpoM ¥ ¢
MaTpudIHbIMH dj1eMenTamu 0, 1. BemoMauB umenno sty dpopmyay du-
pak HakoHell c(hOPMYIUPOBAT KAHOHUUIECKYIO (DOPMYIUPOBKY KBAHTO-
BOIl MexaHuKHU, B KOTOpoii ckoOku [lyaccona xanonuveckusr KOOpIMHAT
3aMEHSIOTCS Ha KOMMYTATOPBI, U TIpu 3TOM aJjiredpa (pyuknuii Ha da-
30BOM ITPOCTPAHCTBE CTAHOBUTCHA HEKOMMYTATUBHOI.

e B 0Gojibiioii crenenu Bce 9TO MEPEHOCUTCS HA KOKACATEIbHbIE PaCC/Io-
eans M = T*M, n gaxke Ha J1000€ CHMILIEKTHYECKOE TTPOCTPAHCTBO



M,,. TlyaccornoB 6uBeKTOp 3aaeTcss 0OPATHON MaTPUIEH CHMILIEKTH-
qeckoit popMbl 2 = w™ !, u Bee cBoifcTBa ckoOkm llyaccoHa BBITOIHS-
10TCs. [UTaBHOE HETPHBUAJIBHOE — COOTHOIIEHHUE

; (K9, + Q9,0 + QUG*F) =0 (1)

9KBUBAJEHTHO YCJIOBUIO 3AMKHYTOCTH dw = () cUMILIEKTHIeCKOi (hop-
MBI.

7.2 IlepBbIit HECUMTIJIEKTUYIECKUIT TIPUMeEP

OnHAKO MOXKHO IMMOCTABUTD O0JIee OOIIYIO 3a/1a9y: HAWTH 6ce HETPpUBUATbHBIE
perrerns ypasHenuit flko6u (1) u Ha3BaTh COOTBETCTBYOIINE MHOrOOOPA3Us,
ocHaleHnbe 6mBeKTOpoM 0¥ myacconoBbMT. HeMme[TeHEbIH BOIIPOC: MOYKHO
JIM HAfiTH pelieHns He OTBeYalollne CUMILIEKTHIeCKAM MHOrooopasuam M7

OTeer HA 3TOT BONPOC JaeT Yy Ke COBCeM MpOCToil mpumep. Paccmor-
PUM €BKJINAO0OBO ITPOCTPAHCTBO Rg 1 NOIIbITaeMCA OIIpeaeJIUTh Ha HEM CKO6Ky
[Iyaccona dpopmyaamu

{z,y} = ~{y, 2z} =2
{y.2} =—{zyt=2 (2)
{Z,ZE} = _{55’ Z} =Yy

(BOODIIE B JATbHEHIIIEM aHTHCHMMETPHIHOCTE OYIeM MOAPA3yMeBATH aBTO-
mMaTH4aeckn!) nim

{xiwxj} = eijkxka iaja k = 17273 (3)

¢ TIOMOIIBIO HOJHOCTBIO AHTHCHMMETPHYHOrO Tenzopa B R3. C mOMOIIBIO
“roxkmecra JlefiOHUIA” TPOIOIKUM STH COOHTOIIEHUsT HA BCe (HOJIMHOMH-
anbHble?) by Ha R3) wim nonpocTy Hammimem

{f,9} = epardifd;g (4)

i7j7k

Te. Q7 = ), €%y, ABIsgETCA NuHeHOH dyHKUMed KoopanuaT. CooTHOMIE-



must Zlkobu (1) mpeBparmaiorcs B
> (M0 + Q90 + Qo) =

= E @y (€ki€ing + €ji€ikn + €mi€iji) = 0

i
KOTOPBI€ BBITIOIHAIOTCA B CHITY TOMKICCTB
E (€1ki€inj + €lji€ikn + €mi€iji) =0 (6)
i
JUIS AaHTHECHMMETPHYIHOTO TeH30pa. TakuM 06pa3oM, Mbl MOTYIHIH, ITO

e EBkmioBo mpocrpancTBo R? aBidercd nyacconosvim mro2006pasuem
— B HamboJIee oOIIeM CMBICJIE 3TOTO CJIOBA.

® DTO IyacCOHOBO MHOI00Opa3ue e ABIAeTCS CUMILIEKTHYCCKUM, MaT-
puna llyacconoBa d6uBekTOpa

0 =z —y
Q=1 -2 0 = (7)
y —z 0

oueBuiHO BeIpOKIeHaA det (2 = 0 u umeer rank €2 = 2.

e Jlerko sKcIepuMeHTATIbHO YCTAHOBUTD U CJeAyIONuil (pakT: Ha myacco-
HOB MHOr00Opasznu R? cymectsyior dbynknus Kasumupa C = > a2 =
2% + y? + 22 obnajaiomas CBOHCTBOM

T.€. KOTOpas HAXOJAUTCH B IIyaCCOHOBOI MHBOJIIONUY C 410607 (hyHKITUE
na R3. OrmernM cpasy TepMHHOJIOIMYECKUH MOMEHT: HHOT/a TPOUCX0-
JTUT myTaHuna Mexkay dbyakimusavu Kasumupa (mwim “kasuvmupamu’) u
WHTerpajaMu JIBUZKeHUs (WIH “TaMUIbTOHWAHAME) — TIOCJIeHIE Ha-
xozsTcss B uHBoMONMA ¢ Lammibrornanom {H;, H} = 0 mwiu B Gosee
00IIleM MHTerpupyeMoM KOHTeKcTe — Mexy coboit {H;, H;} = 0, Ho
BOBCE HEe CO BCeMU (DYHKIMAMU Ha MyaCCOHOBOM MHOTOOOPA3HH.



7.3 CrpykTypa IIyacCOHOBBIX MHOT000pa3umii

Yro s1o o3nagaer? [Tockonbky dyukinus Kaznmupa “apiasercs aucaom”’, TO
IIOCMOTPUM Ha ee “JINHUM YPOBHS

C'(J:):Zi:x?:JZ 9)

MpeJICTABIAIONIE co00H CeMelCTBO KOHIEHTPUIECKUX C(ep BOKPYT Hadaa
koopauHaT B R3. Taknum ob6paszoM, 3acdukcnposas 3Hadenne pynknun Kasn-
MEpPa MBI CIeM Ha HeKOTOpoe HoaMHoroodpasue B R3, a MeHsAd ee 3HaUeHHA
— MOJIYYMM HEKOTOPYIO CMpamu@uratuto TyacCOHOBA MHOTOOOPA3Hs.

Jlerko BHIeTh, YTO FrAMHJIBTOHOBBI BEKTOPHBIE ITOJIS J1JIst JTI000H (DyHKITH
f € Fun(R3) kacareabnnl K junun yposua C' = J% B cuny {C, f} = 0,
T.e. 3HaUeHne GpyHKIMM KaszmMupa TOCTOSHHO BIOJIL JTIOOBIX TaMIILTOHO-
BBIX IMOTOKOB. Takmm 00pa3zoM MOKHO OTPAHUYHTH FAMHUJIBTOHOBY IHHAMU-
Ky Ha Takue mojmMHoroobpasusi. bosaee Touno Teopema JIu roBoput o TOM,
qrto Jitoboe llyacconoBo MHOrooOpasme JIONycKaeT cTpaTuUKAIMIO HA CUM-
naexmuueckue aucmol. IlyacconoBy cTpykTypy B R? M0KHO OrpaHHYnTD Ha
noamuoroobpasue M ; C R3, oueBmano, uro dimM ; = 2.

B JaHHOM CJIydae 3TO ¢IeIaTh COBCEM JIETKO, JIOCTATOYHO IIePEHHCATh O/l
HO U3 cooTHommenuii (2), Hanpumep {x,y} = z B chepuaeckux KOOpIUHATAX
(urst upocrorer J = 1)

xr =sinfcos¢, y=sinfsing, 2z =cosh

(B:E dy 0z dy

10
%871)_8725%) {00} = {z,y},_1 = 2|, = cosd o

Boranciaasa JIEBYIO 9aCThb IIOJIYyYUM

{0,0} = (11)

T.e. M SIBISIETCS CUMIIEKTHIECKAM MHOT00Opa3neM ¢ HEBBIPOZKIEHHOIT 3a-
MKHYTOH 2-hopmoit w = sin 0deo N db.

1
sin 0

3adawa: TlpoBecTr 3Ty IpoOUEAyPY, HA3BIBAEMYIO TaMUJIBTOHOBON PEIyK-
nueit, HAyIHBIM 0OPaA30M.

3ameuarue: Ha dopmyny (6) MOKHO cMOTpPeTh KaK HA TOMKJIECTBO JIJIsk
CTPYKTYPHBIX KOHCTAHT ajredpnl JIu g = sos Bpaiienuii TpexmMepHOro mnpo-
crpanctBa. QopMyJbl MOCAETHUAX JABYX Pa3/Ie/I0B UMEIOT eCTECTBEHHOE 0000-
IeHne, Ha3biBaeMoe KOHCTpyKmueit Kupuinosa-KocranTa.
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BumecTo eBKINI0Ba TpocTpancTsa R? B 00meM ciaydae nMeercs BeKTOPHOE
IIPOCTPAHCTBO JIBOMCTBEHHOU aareOpnl JIu — jimHefiHbIX (hyHKIHOHAIOB Ha ¢

g* ~ Rdimg (12)
Ha KOTOPOM KOMMYTAIIMOHHBIE COOTHOIIEHU B ajredpe Jlu
[tht]’} = fijktka i,j,k’ = 1,...,dimg (13)

3a1a10T ckoOKy [lyaccona, ectecTBeHHBIM 00pa30M 3allHCAHHYIO Ha 0Opa3y-
fomux (z;,t;) = 0;; Kak

{xi,ajj} = fijkte, 1,5 k=1,...,dimg" (14)

g ’Toit CKOOKM MOXKHO IPOBEPHTH BCE CBOMCTBa IIyacCOHOBOCTH, TOXK-
nmectBo fIkoOM OymeT aBTOMATHYECKHM BBIMOJIHSITHCS M3-33 COOTHOIIEHHS Ha,
CTPYKTYPHbIE KOHCTAHTbHI, O0ECIIeYMBAIOIIHE TOXKIECTBO SIKOOU J1Jist aaredpol
JIu g. Menee TpuBHAIBHBIM YTBEPKICHUEM SIBISETCS TO, YTO CUMILIEKTHIE-
CKI€ JINCTHI ABISAI0TCS OPOUTAMU KO-TIPUCOETMHEHHOTO JAeiicTBrus rpynnbl G
Ha ¢~.

7.4 Cdepa kak (pa3oBoe IPOCTPAHCTBO

Ob6wrarOe (pa30BOE MPOCTPAHCTBO KJIACCHIECKON TEOPWH SABJSIETCS KOKaCa-
TeJabHBIM pacciioenneMm 1% M ¢ cuMmiuiekTudeckoir popMoit

w= Z dpj Ndgj,  dw=0 (15)

j=1

rne n = dimM, {q,...,q,} - xoopmuuarsr Ha M, a {p1,...,pn} - KO-
opaunarhl B cioe. Cummiektudaeckoii dopme (15) orseuaer ckobka [Tyac-
cona {¢;,pj} = d;j, ecrecrBeHHBIM 00pa30M NpoOjOJZKAeMas Ha (DYHKIUHA

{f(g,p)} € Fun(T"M).

OnHako Jyuisi k6anmo6otl (MaleHbKOM!) cHCTeMbl CUMILTIEKTHYECKOe (ha3o-
BOE MPOCTPAHCTBO He 00s13aHO OBITH KOKACATEJLHBIM paccjaoenneM. Mbl yike
PACCMOTPEIU IPUMEDP MPOCTERIIero KOMIAKTHOTO (ha30BOTO MPOCTPAHCTBA -
JIByMepHOit chepbl

S 22 tastas=J2
(16)

x1 = Jsinfcosp, x5 = Jsinfsing, x3=Jcost
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¢ cumIiekTHIeckoii hopmoii (Tenepn ee Hopmupyem!)

1

KOTOpad B KOMIAKTHOM CJly4dae JOJI2KHa Yy/J0BJIETBOPATL YCJIOBUIO HEJIOYUC-
JICHHOCTH

/ w=4nJ € 217 (18)
SQ

T.e. “cuiun” J 00g3aH OBITH IOJIYIIEJIBIM.

Orkynma 6epercs 3To ycaosue?! /laBaiiTe permmmm KakyO-HUOYIH JTHHAMEA-
geckyto 3aga4y. Orpevarormas (17) ckobka [Tyaccona mveer Bu

{.I’i,CUj} :eijkxk, i,j,k = 1,2,3 (19)
COBIAAONIMIA CO CTPYKTYpOit anredbpbt Jlu su(2)
[Si, 8] = ieiSe,  i,jk=1,2,3 (20)

JJIS OTIepPATOPOB BPAINEHUS WJIN COUHA, U MOYKET PACCMATPUBATHCI KaK ee
KJIACCUYICCKUI TIpeaet.

g ramunpronnana H = —x3 = —J cos § ypaBHeHUs TBUKEHUS MTPUHHU-
MAalOT BUJL

iy ={v, H} =23, dy=A{ay, H} =21, d3=0 (21)

HJIk, B YIVIOBBIX KOOPpJAHWHATAX

6=0¢$=1 (22)

T.e. OH SIBJISETCS IIPOCTO FeHepaTOPOM BpAIlleHHil BOKPYT TpeTheil ocu, a pe-
IMIEHUSIME YPABHEHHUH JIBUZKEHUS SBJISIOTCS TPACKTOPUU-HAMOTKHU

6’(75)290, OSQ()STF

P(t) =do+1, 0< o <2 29)

cpeJiu KOTOPBIX 3aMKHYThie Ha oTpe3ke BpeMenu 0 < ¢ < T yji0BJIeTBOPSIOT
IePUOJNICCKUM I'PAHUIHBIM YCJIOBUAM

&(T)=¢o+2mn, ne’ (24)
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Ha raknx TpaekTopusx MOYKHO ONMPeIeInTh aHAJIOT KJIACCHIeCKOro AeicTBIs

S:/T(at—Hdt):J/Tdt<(1—cosﬁ)gﬁ+0089> (25)

rje (y - BBIYHCIeHHAsi Ha TpaekTopun l-popma a = J(1 — cos#)dep, rakas
9T0 dov = W, KOTOpasg ompejenena, BoobIe roBops, Heoano3Ha4uHo. OmgHaKO
€CJIN TPAEKTOPHS 3aMKHYTa, TO

/OTatzéa:/Dw (26)

rae rpauuneil aucka 0D = 7y gBiaserca 3aMKHYTBIE KoHTYp Ha cdepe. Ta-
KOii JIMCK MOKHO BBIOpaTh ABYMsl CIIOCOGAMH, HO DA3HHIA CBOIUTCA K [¢; W
o Beeit cdepe, u mostomy B cuty (18) Besmumba exp(i fw Q) yzKe olpejie-
JIeHa OJHO3HAYHO. B IpesesbHOM ¢iIydae, KOrjua TPAeKTOPHUsS CTAMMBACTCA K
OJIHOMY W3 JIBYX TIOJIIOCOB, Y2Ke caM HHTerpat B (26) paBeH WIH HYJIO, WK
unTerpasy no seeit cdepe, n rorga Beioop « = J(1 — cos 6)d¢ obecneauBaer
ero IMeJJOYHCICHHOCTD.

7.5 IlyacconoBbl MmHOroobpa3us ®oka-I'onuaposa

DTO CHenuaJIbHBIH THIT MyaCCOHOBBIX MHOTO0O0Opa3uil ¢ KBaAPATUIHON 1O Ie-
peMeHHBIM CKOOKOIt [lyaccona.

Pacemorpum rpad (wim koauan) I - waGop |I'| Bepiun, coeganHeHHBIX
IPOU3BOJILHBIM KOJIMYECTBOM OPHEHTHPOBAHHBIX pebep (cTpesok). B komua-
HAXJAHHOTO THIIA 3aIPEIAI0TC TOJBKO CTPEJKH U3 000 BEPIINHBL B ¢e0s.
[Mpunurrem kazkaoi Bepinuae [ € [' (KOMILUIEKCHY O HTH BeIeCTBEHHY O, TOY-
wee — u3 C* win R, ) nepemennyto zy, I = 1,...,|['|, u Gyaem Ha HEX cMOT-
peTh KaK Ha HEKOTOPOH Kapre (Cx)m yaccoHoBa MHOroobpasus. Ha sTux
HepeMeHHbBIX ONpeJeJnM keadpamuyunyto ckoOKy Ilyaccona mo dbopmyne (B
KOTODOii, eCTECTBEHHO, HET HUKAKOIO CYMMUPOBAHHUS 110 WHIEKCAM )

1J
{zr,2;} = Q" () =epyxixy, [,J=1,...,|T] (27)
IJie KOCOCUMMeTPUYHAd €77 IIpeJicTaB/IsgeT coboil MATPUILY CMe:KHOCTH Ipada

g1y = #arrows (I — J) — #arrows (J — I) (28)



OYeBUJIHO, 9TO €157 = —€ 7. 3adana: npoBeputh mis (29) ToxaecTso Akobw.
B npuHnune B JaHHOM KOHTEKCTe B MaTpulle (28) HOMyCKATCs WHOTIA He
TOJIBKO TeJIbie (& HATPUMEp — MOJIYIEIble) SHAYCHHUSI.

B dopmyie (29) wem cymmvmupoanus mo I,.J, T.e. B sorapudMuIecKux
mepeMeHHBIX

{logz,logz;} =¢75, I,J=1,...,|] (29)

3Ta CKOOKA HOCTOAHHAL.

IIpumepot:

e Muoroobpasue ITyaccona-Boponosa {z, x;} = 0, VI, J. 910 MHOT00G-
pa3ue O4eBUJIHO HE ABJIACTCA CUMIIJIEKTHYICCKHUM.

o [Ipocreiimuit HeTpUBHAJBLHBINA TI'pad U3 JIBYX BEPIIHH, COEIUHEHHBIX
onuoit crpeskoii. CoorBercrByomas ckobka {x,y} = zy mepexogom
B JiorapudmMmudeckue koopauuarbl © = e? u y = eP upespaiaercs B
KaHoOHW4IeCKy1o {q,p} = 1.

TakuM 06pa3oM MOXKHO ompeaeauTh llyaccoHoBo muOrootpasme (Tod-
nee noka — ero kapry (C*)'), massBaemoe X-xmacrepeiM MHOroo6pasumem
®oxka-l'onuapoBa. DT MHOr00Opa3Ud JOMYCKAIOT Pl MyacCOHOBBIX OIlepa-
Ui, T.€. 0OTOOPaXKeHuii, COXPAHIONIUX TyaCCOHOBY CTPYKTYPY

e Jlna mo6oro nogrpada IV C I' MoxkHO MOI0KATE
ey =0, VIET, ¥ J el (30)

9TO OTBEYaeT IpOCTOo ‘3abBeHnI0” Bcex BepiiuH rpada I’ ¢ nepemeHHbI-
vu {z,}, J €I

e CkiemBanne aByx rpados I'y u I's myrem omoscdecmsaenus (qactn)
ux Beprmun [} =1, =1V noxyvas wossrit rpad

I=T,Ul, =TI} UlY UDT\JY (31)

(1)

¢ MEPeMEHHBIMEU Ty, = I’ BO BCEX HE3ATPOHYTBIX BepIIHHAX [1 €

C\IY, xp, = xg) s Iy € Do\, u npousBejeHusIMU Ty = xﬁ})xf)
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o090
1/(xw)
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Puc. 1: Ilpumep K1acTtepHOro npeobpa3oBaHus: CKJICHKA, & TaKXKe MYTAIHs B
CKJICEHHOH BepIHHe H MOCJEIVIoNiee ee ‘“3abBeHme” MOpOKIaI0T I'PYIITOBYIO
CTPYKTYDY Ha IYacCOHOBBIX I'padax olIpeeIeHHOIO THIIA.

i ckaeeHublx I € IV, [lyig MaTpuibl CMEeXKHOCTH CKJIeeHHOIro rpada
(31) MOXKHO HANHCATD

e =cwh,  Jel, Lye I\I}, k=12 2
ey = 6% + 5%,, I''JeTl

[Ipu 3ToMm ciieryer u3baBAATHCA OT BCEX CTPENOK Tuia O.

Hakomer, Ba:KHEHIIMM IIyacCOHOBBIM NPEOOPA3OBAHUEM SIBJIAIOTCS MYyTa-
UK, KOTOPbIE MOYKHO IIPOU3BOJUTDL B KaxKJ0i u3 Bepinun rpada I'.

e I[IyacconoBa cTpykTypa (29) coxpaHsgercs pu mymayusz rpada u co-
OTBETCTBYIOIIUX MPeoOPa30BAHUAX T-ITePEMEHHBIX
1 sgnle €rJ
py: Ty — —, $I—>x1<1+xf(”)> £ T (33)
Ty
KOTOPBIE MO3BOJIAIOT PACIPOCTPAHUTH CKOOKY IIyAcCOHA ¢ JAHHOM Kap-
Thl Ha BCE KJacTepHoe MHOToobpasue. [Ipu srom

erslesx| + erxlers| (34)

€1k > €1k + 5

YTO JIerde MOgCHUTD “cjioBaMu’ Ha olepalusx ¢ rpadamu.

[Ipumep myaccoHOBBIX Hpeobpa3oBaHuil IIPUBEJ/ICH HA KapTHHKE 1.



e Consider a multiplication (y — z)- (w — z) = y — zw — z, according
to the gluing rule.

e After mutating at the intermediate point, the variables according to
(33) transform as

1 1\
zw— —, y—y(l+azw) =7, z—>2(1+—) =7z (3hH)
W TW

which corresponds to the second graph from fig. 1, with an extra arrow
between y and z reflecting, that

(5.5} = {y(l - aw), 2 (1 . ﬁ)l} _

=14 zw)z {y, (1+£)_1} +y (1+$)_1{(1+$w),z}:

= Yyrwz = Yz
(36)

e Forgetting the intermediate vertex, as at fig. 1, one gets the original
graph y — 2z but with the new variables in the vertices.
Kakyo Mbl TOTyYUIN TPy ?

Omsem: The simplest graph y — x corresponds to the subgroup of upper-
triangular matrices in SL(2) or PGL(2) (sometimes it is easier just to forget
about the determinant). More strictly, consider it as a short-hand notation
for

e () () )-(50)
E 0 1 0 1 01 0 1

with the matrix in r.h.s. considered as an element of PGL(2).

The rule to get them exactly corresponds to

T wz W zwz  y(1+4 zw)
(y?l“)'(w?z):(yo ?)(0 1):<y0 ’ | )



multiplication of the upper-triangular matrices.

[Ipumepamu 1myacCOHOBBIX KJIaCTEPHBIX MHOTO00pA3uil ABJIAIOTCH I'PYIIIIbI
JIu m npocrpancTa Teiixmiosuiepa. [IpuBeieHHbIM paccykK/IeHIEM MbI TIPO-
JEMOHCTPUPOBAJIA HJICI0 TOT'O, KaK KJIACTEpHble KOOPJAWHATHEL 33Jal0TCA Ha
MyacCOHOBBIX MOJIMHOT000pa3ngax B rpynmnax Jlm.
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