
1 Ïðèíöèï íàèìåíüøåãî äåéñòâèÿ

2 Çàêîíû ñîõðàíåíèÿ

3 Èíòåãðàëû äâèæåíèÿ è çàäà÷à Êåïëåðà

4 Äèôôåðåíöèàëüíûå ôîðìû

5 Óðàâíåíèÿ Ãàìèëüòîíà

6 Ñêîáêè Ïóàññîíà

7 Ïðèìåðû ïóàññîíîâûõ ìíîãîîáðàçèé

7.1 Ïóàññîíîâû ìíîãîîáðàçèÿ: íàïîìèíàíèå

Îáðàòèìñÿ òåïåðü ê ñîäåðæàòåëüíûì ïðèìåðàì Ïóàññîíîâûõ ìíîãîîá-
ðàçèé. Ïîñêîëüêó ìû óæå ïðåäúÿâèëè ñêîáêó ïóàññîíà íà ñèìïëåêòè÷å-
ñêîì ìíîãîîáðàçèè, òî ÿñíî, ÷òî ëþáîå ñèìïëåêòè÷åñêîå ìíîãîîáðàçèå
ÿâëÿåòñÿ Ïóàññîíîâûì.

• ×åòíîìåðíîå åâêëèäîâî ïðîñòðàíñòâîM = R2N . Ïðîñòåéøèé âàðè-
àíò ôàçîâîãî ïðîñòðàíñòâà ñ êàíîíè÷åñêîé ñèìïëåêòè÷åñêîé ñòðóê-
òóðîé ω =

∑N
j=1 dpj ∧ dqj èëè ñêîáêîé Ïóàññîíà {qi, pj} = δij, ò.å.

ãëîáàëüíî çàäàííûì ïîñòîÿííûì ïóàññîíîâûì áèâåêòîðîì Ωij ñ
ìàòðè÷íûìè ýëåìåíòàìè 0, ±1. Âñïîìíèâ èìåííî ýòó ôîðìóëó Äè-
ðàê íàêîíåö ñôîðìóëèðîâàë êàíîíè÷åñêóþ ôîðìóëèðîâêó êâàíòî-
âîé ìåõàíèêè, â êîòîðîé ñêîáêè Ïóàññîíà êàíîíè÷åñêèõ êîîðäèíàò
çàìåíÿþòñÿ íà êîììóòàòîðû, è ïðè ýòîì àëãåáðà ôóíêöèé íà ôà-
çîâîì ïðîñòðàíñòâå ñòàíîâèòñÿ íåêîììóòàòèâíîé.

• Â áîëüøîé ñòåïåíè âñå ýòî ïåðåíîñèòñÿ íà êîêàñàòåëüíûå ðàññëî-
åíèÿ M = T ∗M , è äàæå íà ëþáîå ñèìïëåêòè÷åñêîå ïðîñòðàíñòâî
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Mω. Ïóàññîíîâ áèâåêòîð çàäàåòñÿ îáðàòíîé ìàòðèöåé ñèìïëåêòè-
÷åñêîé ôîðìû Ω = ω−1, è âñå ñâîéñòâà ñêîáêè Ïóàññîíà âûïîëíÿ-
þòñÿ. Ãëàâíîå íåòðèâèàëüíîå � ñîîòíîøåíèå∑

i

(
Ωki∂iΩ

nj + Ωji∂iΩ
kn + Ωni∂iΩ

jk
)
= 0 (1)

ýêâèâàëåíòíî óñëîâèþ çàìêíóòîñòè dω = 0 ñèìïëåêòè÷åñêîé ôîð-
ìû.

7.2 Ïåðâûé íåñèìïëåêòè÷åñêèé ïðèìåð

Îäíàêî ìîæíî ïîñòàâèòü áîëåå îáùóþ çàäà÷ó: íàéòè âñå íåòðèâèàëüíûå
ðåøåíèÿ óðàâíåíèé ßêîáè (1) è íàçâàòü ñîîòâåòñòâóþùèå ìíîãîîáðàçèÿ,
îñíàùåííûå áèâåêòîðîì Ωij ïóàññîíîâûìè. Íåìåäëåííûé âîïðîñ: ìîæíî
ëè íàéòè ðåøåíèÿ íå îòâå÷àþùèå ñèìïëåêòè÷åñêèì ìíîãîîáðàçèÿì M?

Îòâåò íà ýòîò âîïðîñ äàåò óæå ñîâñåì ïðîñòîé ïðèìåð. Ðàññìîò-
ðèì åâêëèäîâî ïðîñòðàíñòâî R3 è ïîïûòàåìñÿ îïðåäåëèòü íà íåì ñêîáêó
Ïóàññîíà ôîðìóëàìè

{x, y} = −{y, x} = z

{y, z} = −{z, y} = x

{z, x} = −{x, z} = y

(2)

(âîîáùå â äàëüíåéøåì àíòèñèììåòðè÷íîñòü áóäåì ïîäðàçóìåâàòü àâòî-
ìàòè÷åñêè!) èëè

{xi, xj} = ϵijkxk, i, j, k = 1, 2, 3 (3)

ñ ïîìîùüþ ïîëíîñòüþ àíòèñèììåòðè÷íîãî òåíçîðà â R3. Ñ ïîìîùüþ
�òîæäåñòâà Ëåéáíèöà� ïðîäîëæèì ýòè ñîîíòîøåíèÿ íà âñå (ïîëèíîìè-
àëüíûå?) ôóíêöèè íà R3, èëè ïîïðîñòó íàïèøåì

{f, g} =
∑
i,j,k

ϵijkxk∂if∂jg (4)

ò.å. Ωij =
∑

k ϵijkxk ÿâëÿåòñÿ ëèíåéíîé ôóíêöèåé êîîðäèíàò. Ñîîòíîøå-
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íèÿ ßêîáè (1) ïðåâðàùàþòñÿ â∑
i

(
Ωki∂iΩ

nj + Ωji∂iΩ
kn + Ωni∂iΩ

jk
)
=

=
∑
l,i

xl (ϵlkiϵinj + ϵljiϵikn + ϵlniϵijl) = 0
(5)

êîòîðûå âûïîëíÿþòñÿ â ñèëó òîæäåñòâ∑
i

(ϵlkiϵinj + ϵljiϵikn + ϵlniϵijl) = 0 (6)

äëÿ àíòèñèììåòðè÷íîãî òåíçîðà. Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî

• Åâêëèäîâî ïðîñòðàíñòâî R3 ÿâëÿåòñÿ ïóàññîíîâûì ìíîãîîáðàçèåì

� â íàèáîëåå îáùåì ñìûñëå ýòîãî ñëîâà.

• Ýòî ïóàññîíîâî ìíîãîîáðàçèå íå ÿâëÿåòñÿ ñèìïëåêòè÷åñêèì, ìàò-
ðèöà Ïóàññîíîâà áèâåêòîðà

∥Ω∥ =


0 z −y

−z 0 x

y −x 0

 (7)

î÷åâèäíî âûðîæäåíà detΩ = 0 è èìååò rank Ω = 2.

• Ëåãêî ýêñïåðèìåíòàëüíî óñòàíîâèòü è ñëåäóþùèé ôàêò: íà ïóàññî-
íîâ ìíîãîîáðàçèè R3 ñóùåñòâóþò ôóíêöèÿ Êàçèìèðà C =

∑
i x

2
i =

x2 + y2 + z2 îáëàäàþùàÿ ñâîéñòâîì

{C, xi} = 0, ∀i (8)

ò.å. êîòîðàÿ íàõîäèòñÿ â ïóàññîíîâîé èíâîëþöèè ñ ëþáîé ôóíêöèåé
íà R3. Îòìåòèì ñðàçó òåðìèíîëîãè÷åñêèé ìîìåíò: èíîãäà ïðîèñõî-
äèò ïóòàíèöà ìåæäó ôóíêöèÿìè Êàçèìèðà (èëè �êàçèìèðàìè�) è
èíòåãðàëàìè äâèæåíèÿ (èëè �ãàìèëüòîíèàíàìè�) � ïîñëåäíèå íà-
õîäÿòñÿ â èíâîëþöèè ñ Ãàìèëüòîíèàíîì {Hi, H} = 0 èëè â áîëåå
îáùåì èíòåãðèðóåìîì êîíòåêñòå � ìåæäó ñîáîé {Hi, Hj} = 0, íî
âîâñå íå ñî âñåìè ôóíêöèÿìè íà ïóàññîíîâîì ìíîãîîáðàçèè.
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7.3 Ñòðóêòóðà ïóàññîíîâûõ ìíîãîîáðàçèé

×òî ýòî îçíà÷àåò? Ïîñêîëüêó ôóíêöèÿ Êàçèìèðà �ÿâëÿåòñÿ ÷èñëîì�, òî
ïîñìîòðèì íà åå �ëèíèè óðîâíÿ�

C(x) =
∑
i

x2
i = J2

(9)

ïðåäñòàâëÿþùèå ñîáîé ñåìåéñòâî êîíöåíòðè÷åñêèõ ñôåð âîêðóã íà÷àëà
êîîðäèíàò â R3. Òàêèì îáðàçîì, çàôèêñèðîâàâ çíà÷åíèå ôóíêöèè Êàçè-
ìèðà ìû ñÿäåì íà íåêîòîðîå ïîäìíîãîîáðàçèå â R3, à ìåíÿÿ åå çíà÷åíèÿ
� ïîëó÷èì íåêîòîðóþ ñòðàòèôèêàöèþ ïóàññîíîâà ìíîãîîáðàçèÿ.

Ëåãêî âèäåòü, ÷òî ãàìèëüòîíîâû âåêòîðíûå ïîëÿ äëÿ ëþáîé ôóíêöè
f ∈ Fun(R3) êàñàòåëüíû ê ëèíèè óðîâíÿ C = J2 â ñèëó {C, f} = 0,
ò.å. çíà÷åíèå ôóíêöèè Êàçèìèðà ïîñòîÿííî âäîëü ëþáûõ ãàìèëüòîíî-
âûõ ïîòîêîâ. Òàêèì îáðàçîì ìîæíî îãðàíè÷èòü ãàìèëüòîíîâó äèíàìè-
êó íà òàêèå ïîäìíîãîîáðàçèÿ. Áîëåå òî÷íî òåîðåìà Ëè ãîâîðèò î òîì,
÷òî ëþáîå Ïóàññîíîâî ìíîãîîáðàçèå äîïóñêàåò ñòðàòèôèêàöèþ íà ñèì-
ïëåêòè÷åñêèå ëèñòû. Ïóàññîíîâó ñòðóêòóðó â R3 ìîæíî îãðàíè÷èòü íà
ïîäìíîãîîáðàçèå MJ ⊂ R3, î÷åâèäíî, ÷òî dimMJ = 2.

Â äàííîì ñëó÷àå ýòî ñäåëàòü ñîâñåì ëåãêî, äîñòàòî÷íî ïåðåïèñàòü îä-
íî èç ñîîòíîøåíèé (2), íàïðèìåð {x, y} = z â ñôåðè÷åñêèõ êîîðäèíàòàõ
(äëÿ ïðîñòîòû J = 1)

x = sin θ cosϕ, y = sin θ sinϕ, z = cos θ(
∂x

∂θ

∂y

∂ϕ
− ∂x

∂ϕ

∂y

∂θ

)
{θ, ϕ} = {x, y}|J=1 = z|J=1 = cos θ

(10)

Âû÷èñëÿÿ ëåâóþ ÷àñòü ïîëó÷èì

{θ, ϕ} =
1

sin θ
(11)

ò.å. MJ ÿâëÿåòñÿ ñèìïëåêòè÷åñêèì ìíîãîîáðàçèåì ñ íåâûðîæäåííîé çà-
ìêíóòîé 2-ôîðìîé ω = sin θdϕ ∧ dθ.

Çàäà÷à: Ïðîâåñòè ýòó ïðîöåäóðó, íàçûâàåìóþ ãàìèëüòîíîâîé ðåäóê-
öèåé, íàó÷íûì îáðàçîì.

Çàìå÷àíèå: Íà ôîðìóëó (6) ìîæíî ñìîòðåòü êàê íà òîæäåñòâî äëÿ
ñòðóêòóðíûõ êîíñòàíò àëãåáðû Ëè g = so3 âðàùåíèé òðåõìåðíîãî ïðî-
ñòðàíñòâà. Ôîðìóëû ïîñëåäíèõ äâóõ ðàçäåëîâ èìåþò åñòåñòâåííîå îáîá-
ùåíèå, íàçûâàåìîå êîíñòðóêöèåé Êèðèëëîâà-Êîñòàíòà.
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Âìåñòî åâêëèäîâà ïðîñòðàíñòâà R3 â îáùåì ñëó÷àå èìååòñÿ âåêòîðíîå
ïðîñòðàíñòâî äâîéñòâåííîé àëãåáðû Ëè � ëèíåéíûõ ôóíêöèîíàëîâ íà g

g∗ ≃ Rdim g (12)

íà êîòîðîì êîììóòàöèîííûå ñîîòíîøåíèÿ â àëãåáðå Ëè

[ti, tj] = fijktk, i, j, k = 1, . . . , dim g (13)

çàäàþò ñêîáêó Ïóàññîíà, åñòåñòâåííûì îáðàçîì çàïèñàííóþ íà îáðàçó-
þùèõ ⟨xi, tj⟩ = δij êàê

{xi, xj} = fijkxk, i, j, k = 1, . . . , dim g∗ (14)

Äëÿ ýòîé ñêîáêè ìîæíî ïðîâåðèòü âñå ñâîéñòâà ïóàññîíîâîñòè, òîæ-
äåñòâî ßêîáè áóäåò àâòîìàòè÷åñêè âûïîëíÿòüñÿ èç-çà ñîîòíîøåíèÿ íà
ñòðóêòóðíûå êîíñòàíòû, îáåñïå÷èâàþùèå òîæäåñòâî ßêîáè äëÿ àëãåáðû
Ëè g. Ìåíåå òðèâèàëüíûì óòâåðæäåíèåì ÿâëÿåòñÿ òî, ÷òî ñèìïëåêòè÷å-
ñêèå ëèñòû ÿâëÿþòñÿ îðáèòàìè êî-ïðèñîåäèíåííîãî äåéñòâèÿ ãðóïïû G
íà g∗.

7.4 Ñôåðà êàê ôàçîâîå ïðîñòðàíñòâî

Îáû÷íîå ôàçîâîå ïðîñòðàíñòâî êëàññè÷åñêîé òåîðèè ÿâëÿåòñÿ êîêàñà-
òåëüíûì ðàññëîåíèåì T ∗M ñ ñèìïëåêòè÷åñêîé ôîðìîé

ω =
n∑

j=1

dpj ∧ dqj, dω = 0 (15)

ãäå n = dimM, {q1, . . . , qn} - êîîðäèíàòû íà M, à {p1, . . . , pn} - êî-
îðäèíàòû â ñëîå. Ñèìïëåêòè÷åñêîé ôîðìå (15) îòâå÷àåò ñêîáêà Ïóàñ-
ñîíà {qi, pj} = δij, åñòåñòâåííûì îáðàçîì ïðîäîëæàåìàÿ íà ôóíêöèè
{f(q, p)} ∈ Fun(T ∗M).

Îäíàêî äëÿ êâàíòîâîé (ìàëåíüêîé!) ñèñòåìû ñèìïëåêòè÷åñêîå ôàçî-
âîå ïðîñòðàíñòâî íå îáÿçàíî áûòü êîêàñàòåëüíûì ðàññëîåíèåì. Ìû óæå
ðàññìîòðåëè ïðèìåð ïðîñòåéøåãî êîìïàêòíîãî ôàçîâîãî ïðîñòðàíñòâà -
äâóìåðíîé ñôåðû

S2 : x2
1 + x2

2 + x2
3 = J2

x1 = J sin θ cosϕ, x2 = J sin θ sinϕ, x3 = J cos θ
(16)
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ñ ñèìïëåêòè÷åñêîé ôîðìîé (òåïåðü åå íîðìèðóåì!)

ω =
1

2J2
ϵijkxidxj ∧ dxk =

1
2
J sin θdθ ∧ dϕ (17)

êîòîðàÿ â êîìïàêòíîì ñëó÷àå äîëæíà óäîâëåòâîðÿòü óñëîâèþ öåëî÷èñ-
ëåííîñòè ∫

S2

ω = 4πJ ∈ 2πZ (18)

ò.å. �ñïèí� J îáÿçàí áûòü ïîëóöåëûì.

Îòêóäà áåðåòñÿ ýòî óñëîâèå? Äàâàéòå ðåøèì êàêóþ-íèáóäü äèíàìè-
÷åñêóþ çàäà÷ó. Îòâå÷àþùàÿ (17) ñêîáêà Ïóàññîíà èìååò âèä

{xi, xj} = ϵijkxk, i, j, k = 1, 2, 3 (19)

ñîâïàäàþùèé ñî ñòðóêòóðîé àëãåáðû Ëè su(2)

[Ŝi, Ŝj] = iϵijkŜk, i, j, k = 1, 2, 3 (20)

äëÿ îïåðàòîðîâ âðàùåíèÿ èëè ñïèíà, è ìîæåò ðàññìàòðèâàòüñÿ êàê åå
êëàññè÷åñêèé ïðåäåë.

Äëÿ ãàìèëüòîíèàíà H = −x3 = −J cos θ óðàâíåíèÿ äâèæåíèÿ ïðèíè-
ìàþò âèä

ẋ1 = {x1, H} = x2, ẋ2 = {x2, H} = −x1, ẋ3 = 0 (21)

èëè, â óãëîâûõ êîîðäèíàòàõ

θ̇ = 0, ϕ̇ = 1 (22)

ò.å. îí ÿâëÿåòñÿ ïðîñòî ãåíåðàòîðîì âðàùåíèé âîêðóã òðåòüåé îñè, à ðå-
øåíèÿìè óðàâíåíèé äâèæåíèÿ ÿâëÿþòñÿ òðàåêòîðèè-�íàìîòêè�

θ(t) = θ0, 0 ≤ θ0 ≤ π

ϕ(t) = ϕ0 + t, 0 ≤ ϕ0 ≤ 2π
(23)

ñðåäè êîòîðûõ çàìêíóòûå íà îòðåçêå âðåìåíè 0 ≤ t ≤ T óäîâëåòâîðÿþò
ïåðèîäè÷åñêèì ãðàíè÷íûì óñëîâèÿì

ϕ(T ) = ϕ0 + 2πn, n ∈ Z (24)
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Íà òàêèõ òðàåêòîðèÿõ ìîæíî îïðåäåëèòü àíàëîã êëàññè÷åñêîãî äåéñòâèÿ

S =

∫ T

0

(αt −Hdt) = J

∫ T

0

dt
(
(1− cos θ)ϕ̇+ cos θ

)
(25)

ãäå αt - âû÷èñëåííàÿ íà òðàåêòîðèè 1-ôîðìà α = J(1 − cos θ)dϕ, òàêàÿ
÷òî dα = ω, êîòîðàÿ îïðåäåëåíà, âîîáùå ãîâîðÿ, íåîäíîçíà÷íî. Îäíàêî
åñëè òðàåêòîðèÿ çàìêíóòà, òî∫ T

0

αt =

∮
γ

α =

∫
D

ω (26)

ãäå ãðàíèöåé äèñêà ∂D = γ ÿâëÿåòñÿ çàìêíóòûé êîíòóð íà ñôåðå. Òà-
êîé äèñê ìîæíî âûáðàòü äâóìÿ ñïîñîáàìè, íî ðàçíèöà ñâîäèòñÿ ê

∫
S2 ω

ïî âñåé ñôåðå, è ïîýòîìó â ñèëó (18) âåëè÷èíà exp(i
∮
γ
α) óæå îïðåäå-

ëåíà îäíîçíà÷íî. Â ïðåäåëüíîì ñëó÷àå, êîãäà òðàåêòîðèÿ ñòÿãèâàåòñÿ ê
îäíîìó èç äâóõ ïîëþñîâ, óæå ñàì èíòåãðàë â (26) ðàâåí èëè íóëþ, èëè
èíòåãðàëó ïî âñåé ñôåðå, è òîãäà âûáîð α = J(1− cos θ)dϕ îáåñïå÷èâàåò
åãî öåëî÷èñëåííîñòü.

7.5 Ïóàññîíîâû ìíîãîîáðàçèÿ Ôîêà-Ãîí÷àðîâà

Ýòî ñïåöèàëüíûé òèï ïóàññîíîâûõ ìíîãîîáðàçèé ñ êâàäðàòè÷íîé ïî ïå-
ðåìåííûì ñêîáêîé Ïóàññîíà.

Ðàññìîòðèì ãðàô (èëè êîë÷àí) Γ - íàáîð |Γ| âåðøèí, ñîåäèíåííûõ
ïðîèçâîëüíûì êîëè÷åñòâîì îðèåíòèðîâàííûõ ðåáåð (ñòðåëîê). Â êîë÷à-
íàõäàííîãî òèïà çàïðåùàþòñÿ òîëüêî ñòðåëêè èç ëþáîé âåðøèíû â ñåáÿ.
Ïðèïèøåì êàæäîé âåðøèíå I ∈ Γ (êîìïëåêñíóþ èëè âåùåñòâåííóþ, òî÷-
íåå � èç C× èëè R+) ïåðåìåííóþ xI , I = 1, . . . , |Γ|, è áóäåì íà íèõ ñìîò-

ðåòü êàê íà íåêîòîðîé êàðòå (C×)
|Γ| ïóàññîíîâà ìíîãîîáðàçèÿ. Íà ýòèõ

ïåðåìåííûõ îïðåäåëèì êâàäðàòè÷íóþ ñêîáêó Ïóàññîíà ïî ôîðìóëå (â
êîòîðîé, åñòåñòâåííî, íåò íèêàêîãî ñóììèðîâàíèÿ ïî èíäåêñàì)

{xI , xJ} = ΩIJ(x) = εIJxIxJ , I, J = 1, . . . , |Γ| (27)

ãäå êîñîñèììåòðè÷íàÿ εIJ ïðåäñòàâëÿåò ñîáîé ìàòðèöó ñìåæíîñòè ãðàôà

εIJ = #arrows (I → J)−#arrows (J → I) (28)
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î÷åâèäíî, ÷òî εIJ = −εJI . Çàäà÷à: ïðîâåðèòü äëÿ (29) òîæäåñòâî ßêîáè.
Â ïðèíöèïå â äàííîì êîíòåêñòå â ìàòðèöå (28) äîïóñêàþòñÿ èíîãäà íå
òîëüêî öåëûå (à íàïðèìåð � ïîëóöåëûå) çíà÷åíèÿ.

Â ôîðìóëå (29) íåò ñóììèðîâàíèÿ ïî I, J , ò.å. â ëîãàðèôìè÷åñêèõ
ïåðåìåííûõ

{log xI , log xJ} = εIJ , I, J = 1, . . . , |Γ| (29)

ýòà ñêîáêà ïîñòîÿííàÿ.

Ïðèìåðû:

• Ìíîãîîáðàçèå Ïóàññîíà-Âîðîíîâà {xI , xJ} = 0, ∀I, J . Ýòî ìíîãîîá-
ðàçèå î÷åâèäíî íå ÿâëÿåòñÿ ñèìïëåêòè÷åñêèì.

• Ïðîñòåéøèé íåòðèâèàëüíûé ãðàô èç äâóõ âåðøèí, ñîåäèíåííûõ
îäíîé ñòðåëêîé. Ñîîòâåòñòâóþùàÿ ñêîáêà {x, y} = xy ïåðåõîäîì
â ëîãàðèôìè÷åñêèå êîîðäèíàòû x = eq è y = ep ïðåâðàùàåòñÿ â
êàíîíè÷åñêóþ {q, p} = 1.

Òàêèì îáðàçîì ìîæíî îïðåäåëèòü Ïóàññîíîâî ìíîãîîáðàçèå (òî÷-
íåå ïîêà � åãî êàðòó (C×)|Γ|), íàçûâàåìîå X-êëàñòåðíûì ìíîãîîáðàçèåì
Ôîêà-Ãîí÷àðîâà. Ýòè ìíîãîîáðàçèÿ äîïóñêàþò ðÿä ïóàññîíîâûõ îïåðà-
öèé, ò.å. îòîáðàæåíèé, ñîõðàíÿþùèõ ïóàññîíîâó ñòðóêòóðó

• Äëÿ ëþáîãî ïîäãðàôà Γ′ ⊂ Γ ìîæíî ïîëîæèòü

εIJ ′ = 0, ∀ I ∈ Γ, ∀ J ′ ∈ Γ′ (30)

÷òî îòâå÷àåò ïðîñòî �çàáâåíèþ� âñåõ âåðøèí ãðàôà Γ ñ ïåðåìåííû-
ìè {xJ ′}, J ′ ∈ Γ′.

• Ñêëåèâàíèå äâóõ ãðàôîâ Γ1 è Γ2 ïóòåì îòîæäåñòâëåíèÿ (÷àñòè)
èõ âåðøèí Γ′

1 = Γ′
2 = Γ′, ïîëó÷àÿ íîâûé ãðàô

Γ = Γ1 ∪ Γ2 = Γ1�Γ′
1 ∪ Γ′ ∪ Γ2�Γ′

2 (31)

ñ ïåðåìåííûìè xI1 = x
(1)
I1

âî âñåõ íåçàòðîíóòûõ âåðøèíàõ I1 ∈
Γ1�Γ′

1, xI2 = x
(2)
I2

äëÿ I2 ∈ Γ2�Γ′
2, è ïðîèçâåäåíèÿìè xI′ = x

(1)
I′ x

(2)
I′
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y

~ ~
zy

~~

1/(xw)

zyzxw

Ðèñ. 1: Ïðèìåð êëàñòåðíîãî ïðåîáðàçîâàíèÿ: ñêëåéêà, à òàêæå ìóòàöèÿ â

ñêëååííîé âåðøèíå è ïîñëåäóþùåå åå �çàáâåíèå� ïîðîæäàþò ãðóïïîâóþ

ñòðóêòóðó íà ïóàññîíîâûõ ãðàôàõ îïðåäåëåííîãî òèïà.

äëÿ ñêëååííûõ I ′ ∈ Γ′. Äëÿ ìàòðèöû ñìåæíîñòè ñêëååííîãî ãðàôà
(31) ìîæíî íàïèñàòü

εIkJ = ε
(k)
IkJ

, J ∈ Γ, Ik ∈ Γk�Γ′
k, k = 1, 2

εI′J ′ = ε
(1)
I′J ′ + ε

(2)
I′J ′ , I ′, J ′ ∈ Γ′

(32)

Ïðè ýòîì ñëåäóåò èçáàâëÿòüñÿ îò âñåõ ñòðåëîê òèïà 	.

Íàêîíåö, âàæíåéøèì ïóàññîíîâûì ïðåîáðàçîâàíèåì ÿâëÿþòñÿ ìóòà-
öèè, êîòîðûå ìîæíî ïðîèçâîäèòü â êàæäîé èç âåðøèí ãðàôà Γ.

• Ïóàññîíîâà ñòðóêòóðà (29) ñîõðàíÿåòñÿ ïðè ìóòàöèÿõ ãðàôà è ñî-
îòâåòñòâóþùèõ ïðåîáðàçîâàíèÿõ x-ïåðåìåííûõ

µJ : xJ → 1

xJ

, xI → xI

(
1 + x

sgn(εIJ )
J

)εIJ
, I ̸= J (33)

êîòîðûå ïîçâîëÿþò ðàñïðîñòðàíèòü ñêîáêó ïóàññîíà ñ äàííîé êàð-
òû íà âñå êëàñòåðíîå ìíîãîîáðàçèå. Ïðè ýòîì

ϵIK 7→ ϵIK +
ϵIJ |ϵJK |+ ϵJK |ϵIJ |

2
(34)

÷òî ëåã÷å ïîÿñíèòü �ñëîâàìè� íà îïåðàöèÿõ ñ ãðàôàìè.

Ïðèìåð ïóàññîíîâûõ ïðåîáðàçîâàíèé ïðèâåäåí íà êàðòèíêå 1.
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• Consider a multiplication (y → x) · (w → z) = y → xw → z, according
to the gluing rule.

• After mutating at the intermediate point, the variables according to
(33) transform as

xw → 1

xw
, y → y(1 + xw) = ỹ, z → z

(
1 +

1

xw

)−1

= z̃ (35)

which corresponds to the second graph from �g. 1, with an extra arrow
between ỹ and z̃ re�ecting, that

{ỹ, z̃} =

{
y(1 + xw), z

(
1 +

1

xw

)−1
}

=

= (1 + xw)z

{
y,

(
1 +

1

xw

)−1
}

+ y

(
1 +

1

xw

)−1

{(1 + xw), z} =

= yxwz = ỹz̃
(36)

• Forgetting the intermediate vertex, as at �g. 1, one gets the original
graph ỹ → z̃ but with the new variables in the vertices.

Êàêóþ ìû ïîëó÷èëè ãðóïïó?

Îòâåò: The simplest graph y → x corresponds to the subgroup of upper-
triangular matrices in SL(2) or PGL(2) (sometimes it is easier just to forget
about the determinant). More strictly, consider it as a short-hand notation
for

y −→
E

x = Y EX =

(
y 0

0 1

)(
1 1

0 1

)(
x 0

0 1

)
=

(
yx y

0 1

)
(37)

with the matrix in r.h.s. considered as an element of PGL(2).

The rule to get them exactly corresponds to(
y −→

E
x
)
·
(
w −→

E
z
)
=

(
yx y

0 1

)(
wz w

0 1

)
=

(
yxwz y(1 + xw)

0 1

)
=

=

(
ỹz̃ ỹ

0 1

)
= Ỹ EZ̃ = ỹ −→

E
z̃

(38)
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multiplication of the upper-triangular matrices.

Ïðèìåðàìè ïóàññîíîâûõ êëàñòåðíûõ ìíîãîîáðàçèé ÿâëÿþòñÿ ãðóïïû
Ëè è ïðîñòðàíñòâà Òåéõìþëëåðà. Ïðèâåäåííûì ðàññóæäåíèåì ìû ïðî-
äåìîíñòðèðîâàëè èäåþ òîãî, êàê êëàñòåðíûå êîîðäèíàòû çàäàþòñÿ íà
ïóàññîíîâûõ ïîäìíîãîîáðàçèÿõ â ãðóïïàõ Ëè.
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