
Ëèñòîê 5.

Çàäà÷à 1. Â êîðîáêå 7 êðàñíûõ è 5 áåëûõ øàðîâ. Ñëó÷àéíûì îáðàçîì èç êîðîáêè âûíèìàþò äâà
øàðà. Íàéäèòå ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèþ êîëè÷åñòâà êðàñíûõ øàðîâ. Èçìåíèòñÿ ëè
îòâåò, åñëè âûíèìàòü øàðû ñëåäóþùèì îáðàçîì: âûòàùèëè ïåðâûé øàð è ïîëîæèëè îáðàòíî,
à çàòåì âûòàùèëè âòîðîé øàð?

Çàäà÷à 2.Ìîíåòó, äëÿ êîòîðîé âåðîÿòíîñòü âûïàäåíèÿ ¾îðëà¿ ðàâíà p, áðîñàþòN ðàç. Íàéäèòå
ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèþ êîëè÷åñòâà ¾îðëîâ¿.

Çàäà÷à 3. Áðîñàþò ïÿòü èãðàëüíûõ êîñòåé. Íàéäèòå ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèþ
ñóììû âûïàâøèõ î÷êîâ.

Çàäà÷à 4. Ñòî ïèñåì ðàçëîæèëè ïî ñòà êîíâåðòàì, íà êîòîðûõ óæå áûëè íàïèñàíû àäðåñà,
ñëó÷àéíûì îáðàçîì. Íàéäèòå ìàòåìàòè÷åñêîå îæèäàíèå êîëè÷åñòâà ïèñåì, ëåæàùèõ â êîíâåðòàõ
ñ ïðàâèëüíûìè àäðåñàìè.

Çàäà÷à 5. Ìîíåòó, äëÿ êîòîðîé âåðîÿòíîñòü âûïàäåíèÿ ¾îðëà¿ ðàâíà p, áðîñàþò äî ïåðâîãî
âûïàäåíèÿ ¾îðëà¿. Íàéäèòå ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèþ ÷èñëà áðîñàíèé â ñëó÷àå
(a) ÷èñëî áðîñàíèé íå áîëåå N , ïðè÷åì N -å áðîñàíèå ñ÷èòàåòñÿ óñïåøíûì ïðè ëþáîì èñõîäå,
(b) ÷èñëî áðîñàíèé íåîãðàíè÷åíî.

Çàäà÷à 6. Ñëó÷àéíàÿ âåëè÷èíà ξ èìååò ðàñïðåäåëåíèå Ïóàññîíà ñ ïàðàìåòðîì λ, ò. å. äëÿ
âñåõ öåëûõ íåîòðèöàòåëüíûõ k âåðíî ðàâåíñòâî P (ξ = k) = λke−λ/k!. Íàéäèòå ìàòåìàòè÷åñêîå
îæèäàíèå è äèñïåðñèþ ξ.

Çàäà÷à 7. Íàéäèòå ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèþ ñëó÷àéíûõ âåëè÷èí, ðàñïðåäåëåí-
íûõ ñëåäóþùèì îáðàçîì:

(i) ðàâíîìåðíî íà îòðåçêå [−1, 1];

(ii) ïîêàçàòåëüíî ñ ïàðàìåòðîì λ (ò.å. ïëîòíîñòü ðàñïðåäåëåíèÿ èìååò âèä λe−λtIt>0(t));

(iii) ñîãëàñíî íîðìàëüíîìó çàêîíó N (m,σ2).
Çàäà÷à 8. Íàéäèòå ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèþ ñëó÷àéíîé âåëè÷èíû, ðàñïðåäåëåíèå

êîòîðîé çàäàíî ïëîòíîñòüþ:

(a) %(x) = 1− |x| ïðè |x| ≤ 1 è %(x) = 0 ïðè |x| > 1, (b) %(x) = 1
2e

−|x|, (c) %(x) = sinx ïðè
x ∈ [0, π/2] è %(x) = 0 ïðè x /∈ [0, π/2].

Çàäà÷à 9. Ñóùåñòâóþò ëè íåçàâèñèìûå íåïîñòîÿííûå ñëó÷àéíûå âåëè÷èíû X è Y òàêèå, ÷òî
X2 + Y 2 = 1.

Çàäà÷à 10. Îïèøèòå âñå ñëó÷àéíûå âåëè÷èíû ξ òàêèå, ÷òî ξ è sin ξ íåçàâèñèìû.
Çàäà÷à 11.Ïóñòü (x, y) èìååò ðàâíîìåðíîå ðàñïðåäåëåíèå â (a) [0, 1]2, (b) {(x, y) : x2+y2 ≤ 1}.

ßâëÿþòñÿ ëè âåëè÷èíû x è y íåçàâèñèìûìè?
Çàäà÷à 12. Ñëó÷àéíàÿ âåëè÷èíà ξ èìååò ïóàññîíîâñêîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì λ1, ñëó-

÷àéíàÿ âåëè÷èíà η ðàñïðåäåëåíà ýêñïîíåíöèàëüíî ñ ïàðàìåòðîì λ2, ïðè÷åì ξ è η íåçàâèñèìû.
Íàéäèòå ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèþ ñëó÷àéíûõ âåëè÷èí ξ + η, ξη,max{ξ, η}.
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Remarks on the problem set 5

Ex 1. Let N be the number of red balls drawn from the box in two extractions.

We have P(N = 1) =
(7
1)(

5
1)

(12
2 )

=: p1, and P(N = 2) =
(7
2)

(12
2 )

=: p2. This entails

M[N ] = p1 ∗ 1 + 2 ∗ p2 = 7/6, D[N ] = p1 ∗ 12 + p2 ∗ 22 −M[N ]2 = 175/396.

Notice that N = N1 +N2 where Ni takes the value 1 if the i-th ball was red, and
0 otherwise. Since P(Ni = 1) = 7/12 = 1 − P(Ni = 0), from the linearity of the
expectation it follows M[N ] = E[N1] + E[N2] = 2 ∗ 7/12.

Now, if we sample with replacement (second question of the exercise), we still
have M[N ] = 7/6 for the aforementioned reason. However, since now N1 and N2

are independent, we gater D[N ] = D[N1] + D[N2] = 2 ∗ (7/12)(1− 7/12) = 35/72.
Notice that in this second case the variance is higher, and this is quite intuitive.

As a limiting case, you can think about sampling 12 balls. If there is no replacement,
we will get exactly 7 red balls, thus the variance is 0. If we sample with replacement,
then the variance grows with the number of extractions, as we get in this case
12 ∗ (7/12(∗1− 7/12).

Ex 2. We can reason as above, in particular in the case of extraction with

replacement. Let X =number of tails (or tails). Then X =
∑N
i=1Xi where Xi is

1 or 0 depending wether we had a tail at the i-th extraction or not (in particular

M[Xi] = p, D[Xi] = p(1 − p)). Then M[X] =
∑N
i=1 M[Xi] = N p. Since the Xi’s

are independent, V[X] =
∑N
i=1 B[Ni] = N p (1− p).

Ex 3. Let n = 6 be the number of the faces of one die, k = 5 the number of
tossed dice. If N is the result of one die (say, the first), then we have

M[N ] =

n∑
i=1

1
n i = n+1

2 = 7/2

D[N ] =

n∑
i=1

1
6 i

2 −M[N ]2 = n2−1
12 = 35/12

Since the result of each die is independent from the others, reasoning as in the Ex
2, we have that the expectation of the sum of the dice is kM[N ] = 35/2 and the
variance is kD[N ] = 165/12.

Ex 4. If we select a permutation over n elements (here n = 100) randomly (more
precisely, giving to each permutation the same probability 1/n!), the probability
that a given number i ∈ {1, . . . , n} is fixed by the permutation is 1/n. Again,
by linearity of the expectation, the expected number of fixed points is n 1

n = 1,
regardless of n.

Notice that calculating the variance is also possible in this case (yet not required
in the text). As above, let Xi take the value 1 (if i is a fixed point) or 0 (othervise).
We have M[X2

i ] = M[Xi] = 1/n. On the other hand, for i 6= j, M[XiXj ] = 1
n(n−1)

(since it coincides with the probability that i and j are both fixed). Therefore the
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variance of the number of fixed points X =
∑
iXi is calculated as

D[X] =

n∑
i=1

M[X2
i ] +

n∑
i6=j

M[XiXj ] −M[X]2

n 1
n + n(n− 1) 1

n(n−1) − 1 = 1

We calculated previously (Listok 1, Ex 6) the probability that a permutation

over N elements has no fixed point:
∑
k=0N

(−1)k
k! . It follows that the probability

that a permutation over n elements has exactly ` fixed points is

p` = 1
n!

(
n

`

)
︸︷︷︸

choose ` fixed points

(n− `)!
n−∑̀
k=1

(−1)k
k!︸ ︷︷ ︸

perm. with no fixed points on (n − `) el.

= 1
`!

n−∑̀
k=1

(−1)k
k!

We have thus gathered for n ≥ 2

M[1] =
∑
`

p` = 1

M[X] =
∑
`

p` ` = 1

M[X2] =
∑
`

p` `
2 = 2

Can you compute M[Xk] for n ≥ k? [Hint: expand the power as we did for the
square; Result: The Bell number Bk]

Ex 5. If X is the number of tosses, then we have for (a)

pn := PN (X = n) =

{
(1− p)n−1p if 1 ≤ n ≤ N − 1

(1− p)N−1 if n = N

Thus we have

MN [X] =

N∑
n=1

npn = 1−(1−p)N
p DN [X] =

N∑
n=1

n2pn −M[X]2 =
1− p− p(1− p)N (2N − 1)− (1− p)2N

p2

The case (b) is similar, just we get series at the place of finite sums. In this case
M[X] = 1/p and D[X] = (1− p)p−2.

Ex 6. We have

M[X] = e−λ
∞∑
k=0

kλk/k! = e−λλ
∑
k=0

λk/k! = λ

D[X] = e−λ
∞∑
k=0

k2λk/k!−M [X]2 = λ2 + λ− λ2 = λ

Ex 7. We have

(i) M[X] = 0 by symmetry. D[X] =
∫ 1

−1 x
2/2 dx = 2/3.

(ii) M[X] =
∫∞
0
λte−λtdt = λ−1 and D[X] = 2λ−2 −M[X]2 = λ−2.
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(iii) First let’s recall that
∫
R exp(−x2/2)dx =

√
2π (this can be proven by com-

puting the square of such an integral in polar coordinates, or by the means
of the residual theorem). Moreover we have (set y = x2/2 and integrate by
parts) ∫

R
x2 exp(−x2/2)dx =

√
2π

Therefore the change of variables z = (x−m)/σ easily shows that

M[X] = 1√
2πσ2

∫
R
x exp(− (x−m)2

2σ2 )dx = m

D[X] = 1√
2πσ2

∫
R

(x−m)2 exp(− (x−m)2

2σ2 )dx = σ2

Remark on Ex 9 and Ex 10 Let U be a random variable and V = f(U) for
some measurable function f . Then U are V are independent iff V is a.s. constant.
Indeed, if V is constant U and V are trivially independent. Conversely, if U and V
are independent, then for every measurable set A

0 = P(V ∈ Ā, V ∈ A) = P(U ∈ f−1(Ā), V ∈ A)

= P(U ∈ f−1(Ā))P(V ∈ A) = P(V ∈ Ā)P(V ∈ A)

Thus for every A the probability of the event {V ∈ A} is either 0 or 1, which easily
implies that V is costant a.s..

Notice that the same statement does not hold in the following situation. U is a
random variable, and we know that V = g(U) and W = f(U) are independent. In
this case we cannot deduce that either V or W are a.s. constant. For instance take
U uniform in [−1, 1], V = sign(U) and W = |V |.

Ex 9 If X and Y are independent, then X2 and Y 2 are also independent. And
if X2 + Y 2 = 1, then from the previous remark both X2 and Y 2 are constant
a.s., say X2 = cos2(θ) and Y 2 = sin2(θ) for some angle θ. Thus it must happen
X = U cos(θ) and Y = V sin(θ) where U, V are independent random variables with
(a.s.) values in {−1,+1}.

Ex 10 From the previous remark, it follows that ξ a.s. takes value on the inverse
image of sin of some given value u ∈ [−1, 1].

Ex 11 (a) Yes, since the uniform measure on [0, 1]2 is a product measure (it’s
enough to check it on intervals). (b) No for instance

P(X > 2−1/2) = P(Y > 2−1/2) > 0

P(X > 2−1/2, Y > 2−1/2) = 0


